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PREFACE TO THE EIGHTH EDITION 


The subject-matter of this book is undergoing continual modi¬ 
fication, and it is always difficult, as Prefaces to previous Editions 
testify, to decide what can be pruned to make room for new 
material. However, experience has shown the great value of 
setting out the matter in a broadly historical sequence. This is 
not only in general a natural arrangement but new developments 
are seen in true perspective against their background. This order 
has been in the main preserved and deletions and compressions 
made sparingly and with care, especially as in the past discarded 
matter has often come back into prominence. This has happened 
recently with several aspects of Electrostatics, which have found 
new importance in industry and in Nuclear Physics. 

Nevertheless, very considerable additions and revisions have 
been made throughout the book in appropriate places in order to 
bring the text up to date. The following are the topics most 
affected by changes: geo-magnetism, magnetic properties of 
substances, theories of magnetism, electronic conduction and 
electronic devices such as the cathode-ray tube. X-rays, cosmic 
rays, elementary particles, nuclear physics (including artificial 
radioactivity and nuclear fission), and atomic structure and its 
relation to the Periodic Table. Some new charts illustrative of 
these topics have been added. The opportunity has also been 
taken to amplify both the Contents and the Index. 

The assistance of correspondents and others in suggesting 
corrections and additions is much appreciated, and the acknow¬ 
ledgments made in previous Editions still stand. One of us 
(A. J. W.) wishes also to thank colleagues in the Physics, Chemistry 
and Electrical Engineering Branches of the Royal Military College 
of Science, Shrivenham, and especially Messrs. L. A. Wiles, 
D. H. Fender, and C. G. Wilson, for suppl5dng information and 
for advice.. 


Sydney G. Starling 
Chislehurst 


Arthur J. Woodall 
Shrivenham 
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CHAPTER I 

MAGNETISM (INTRODUCTORT) 

Magnets and Magnetic Poles.—^The original observations which 
led to the development of the study of Magnetism are—the setting 
in one particular direction of a piece of lodestone or magnetite 
when freely suspended, and the picking up of small pieces of 
magnetite or iron by a larger piece of magnetite. Further, a 
similar polarity is produced in pieces of steel by the simple 
process of rubbing from one end to the other with that part of 
the magnetite where iron filings cling in greatest quantity. The 
piece of steel will then set with one particular end pointing 
approximately north when suspended so that it is free to turn 
in a horizontal plane, and it will pick up iron filings. 

A knitting needle may be used for the purpose of the above 
experiment, and by magnetising several such needles and sus¬ 
pending each of them in turn in a stirrup supported b^^ a single 
silk fibre, the ends which point to the north may be determined. 
These ends are called the north-seeking poles, or, more shortly, 
the N poles of the needles ; the other ends are of course the south¬ 
seeking or S poles. If then one of the needles be suspended and 
the poles of one of the others brought in turn near its poles, it will 
be seen that two N poles repel each other, as do two S poles, 
but that a N pole and a S pole attract each other. 

When two magnetic poles are brought near to each other, the 
force between them is the most important guide we have with 
regard to the strength of the poles; in fact, we can only 
say that two poles are equal when they experience equ^ 
forces on being brought in turn into identical positions with 
respect to a third pole. If we follow out this conception and 
imagine a number of equal poles to be produced, we shall then 
see that by combining these arbitrary unit poles, which we will 
imagine to be all of one kind, to form two poles A and B, the 
force between Mand B is proportional to the product of the 
number of units in each; for if either be increased n times by 
the addition of more units, the force is also increased n times, 
provided that the force between any two units is in no way 
affected by the presence of other poles. Experience tells us that 
magnetic forces are in this respect like gravitational forces; the 
presence of a third body does not affect the force between any 

I 
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two. Hence we may say that the force between two magnetic 
poles varies as the product of their strengths. 

The Inverse Square Law.—The law of variation with their 
distance apart, of the force between two poles, must be deter¬ 
mined experimentally. But here again a consideration of the 
case of gravity helps us. If we imagine two magnetic poles each 
concentrated at a point, the force between them wiU vary 
inversely as the square of their distance apart. The experi¬ 
mental proof was first undertaken by Coulomb, who, using his 
torsion balance, showed the law to be true within about three 
parts per hundred. 

A similar degree of accuracy may be obtained with the Hibbert 
magnetic balance, but all these direct and simple proofs are made 
on the assumption that the poles of magnets are situated at or 
near definite points close to the ends of the magnets, whereas 
this is never the case. In the experiment of picking up the iron 
filings or of approaching one magnet to another to observe the 
force between poles, it is evident that the magnetic effects extend 
over large parts of the surfaces of the magnets, being very small 
or zero near the middle and increasing towards the ends. The 
conception of point poles, however, is a very important one, and 
we have every reason to believe that for such poles the law of 
force is the inverse square law ; that is 

Force-A’!^* 

where mi and m, denote the strengths of the poles measured in 
any arbitrary units and r is their distance apart. If the N pole 
be given a positive sign and the S pole a negative one, it follows 
if A is positive that a positive force is a repulsion, whereas an 
attraction is negative. The direct experimental proof of this 
law is impossible, but we shall see on p. 12 that the experiments 
of Gauss establish it with a fair degree of accuracy. The most 
important reason for accepting the truth of the law lies in the 
fact that, without exception, effects calculated on the assumption of 
its truth are in accordance with experimental results, always within 
the limits of accuracy of which the experimental work is capable. 

Units. —In choosing our units, those of force and distance are 
already fixed for us on the scientific system, otherwise known as 
the Centimetre-Gramme-Second system. It * therefore most 
convenient to choose our unit of magnetic pole so that the constant 
A in our equation becomes unity, and tids will be the case if the 
unit values of mi and m, are such that the force between the 
poles is one dyne when their distance apart is one centimetre. 
The medium in which the poles are situated will not be considered 
at present; they will be assumed to be situated in vacuo, or 
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what is nearly the same thing for magnetic purposes—in air. 
Thus the unit pole may be defined as the pole which placed 
in air one centimetre from an equal pole repels or attracts it with 
a force of one dyne; and for the force between any two poles 
whose strengths are measured in terms of these units. 

Force dynes.(1) 


Magnetic Field.—Relation (1) by itself is of very little use ; we 
can only find, by means of it, the force on a pole when the magni¬ 
tude and position of all other poles are known. These are never 
known in any real case ; in fact, the force may not, strictly 
speaking, be due to poles '' at all; and yet it is very important 
to be able to express the force on the given pole in terms of 
external effects. The resultant of all forces acting on the pole 
for any given arrangement of magnetic bodies depends upon its 
position, and if the pole be a N pole of unit strength, the foice 
upon it is called the Strength of Magnetic Field at the point, or 
the Magnetic Force, or Intensity, the symbol usually used to 
denote it being H. 

It follows that the force on any pole of strength m is equal to 
Hm dynes, or F ==Hw .(2) 

It must be noticed that H is a vector quantity like a force, 
and is subject to the law of addition of vectors, sometimes known 
as the law of the parallelogram of forces. 

We can now calculate the magnetic field in several simple 
cases, the general process being to imagine a unit N pole to be 
placed at the point at which we require the field, calculate the 
force upon it due to each known pole, and then find the resultant. 

Thus the field at a distance r cm. from a N pole of strength m 
m 

is : for putting mi = +w, and Jn 2=+1 in equation (1) we 


«-- d 


m 

have F — the strength of field required. 

Field due to Magnet. —Case (i). 

Let the point P (Fig. 1), at which _ 

the field is required, be situated on ^ 

the line joining the poles of the Fig. i. 

magnet and at H distance d from 
its middle point. 

If m be the strength of pole of the magnet and I half its length. 


Field at P due to 


§9 99 


„ s= 


m 

\d+¥ 
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Since these two are in the same line, 

Tj . c ,j tn m Amid 

Resultant 

If the length of the magnet is so small that is negligible in 
comparison with d^, 

\ml 


Resultant field= 


Case (ii). 

P being situated on a line bisecting the magnet at right angles 


(Fig. 2), the field PA due to N has strength 
Similarly field due to S, PB = 


m 


d^+l^ 


, since PN = 



; \/i\ 


m 

The resultant field is evidently PR, and from the 
geometry of the figure we see that 



PR^1« 
PA PN 


PR=PA 


NS 


thus. 


resultant field 
2nd 


PN 
m 21 




As in Case (i), if is small in comparison with d*, 

2ml 


resultant field=' 


d^ 


Magnetic Moment. —We are now in a position to deal with the 
case of a suspended magnet, free to turn in a horizontal plane. 
Such a magnet comes to rest with its N pole pointing north. 
The magnet is evidently situated in a magnetic field, known in 
this case as the Earth’s Field ; and assuming this to be equivalent 
to a horizontal magnetic field of strength H/lthe N pole of the 
suspended magnet experiences a force +Hw and the S pole a 
force —Hw, the two giving rise to a couple whose turning 
moment is equal to either force multiplied by the perpendicular 
distance AN between them (Fig. 3). 

Couple=Hw(AN) 

>=Hm. NS . sin 
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This couple vanishes when the magnet has a position parallel to 
H, the magnetic meridian, that is, when 0=0 ; 
the setting of the compass needle in a N and S 
direction. 

The expression for the couple acting on the 
needle consists of three parts, H depending on 
the Earth, 0 on the position of the magnet, and 
m . NS depending on the magnet itself. The 
last quantity is called the magnetic moment M 
of the magnet. In the case of a fictitious 
magnet consisting of two point poles, it is the 
strength of pole multiplied by the distance between 
the poles, but the definition of magnetic moment 
from the expression 

Couple=HM sin 0 . . . (3) 

does not depend upon any such fiction, for any magnet may be 
suspended in a magnetic field and the couple required to maintain 
it in a given position measured, and M therefore found. 

If the magnet be maintained at right angles to the magnetic 
field, 0=90® and sin 0=1. 


which explains 



Couple=HM, 

and we may, from this, define the moment of a magnet as the 
couple required to maintain it at right angles to a magnetic field of 
unit strength. 

We see that the expressions for the field due to a magnet 
become 


Case (i) 

2m 

2M 


73 

Case (ii) 

M 

M 

"" 7s 

(i2+/2)« 


where M is substituted for 2ml, the length of the magnet being 
2/. An ordinary magnet cannot be said to have any definite 
length, as the pole is a collection of point poles, but if situated in 
a uniform field, the centre of force for all the parallel forces may 
be found, just as in a case of finding the centre of gravity of a 
body, and the cfistance between these two effective poles multi¬ 
plied by the strength of either, may be seen to lead to the same 
definition of magnetic moment as was derived from the con¬ 
sideration of the couple in uniform field. 

The Magnetometer. —The position of equilibrium of a magne¬ 
tised needle suspended in two magnetic fields at right angles to 
each other may now be found. 

H and F being the strengths of the respective fields and M the 
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magnetic moment of the magnet, MH sin 0 is the couple tending 
to rotate it into the direction of H, and MF sin (90“—=MF cos 6 
is the couple tending to rotate it in the direction of F 
(Fig. 4). The needle is therefore in equilibrium when these 
couples are equal, i.e. when 

MH sin 0=MF cos 0 


or. 


H 


=tan 0. 


The same result might have been obtained by remembering 
that the magnet will set in the direction of the resultant field, 

F 

and that the resultant is inclined at an angle tan“* to the field H. 

The field F may be due to a variety of causes; later, when 
considering galvanometers we shall have to treat it as due to an 
electric current in a coil of wire, but in the present case we may 
consider it to be due to a bar magnet. 

The magnet being situated E or W of, and at a distance d from. 



the suspended needle O (Fig. 5, i), the field at 0, due to the 
2M 

magnet, is and hence the needle O will come to rest when at 
an angle 0 to its positioft;:9f equilibrium with the magnet absent. 


Then, 


or. 


2M 


=tan 0, 


M rfs, - 

R-2 *“ *• 


If the position (ii) be employed the magnet iS situated N or S 
of the needle but still pointing E and W. 


Then, 

«r. 


M 

M 

H 


dan 0, 
'd* tan 


0 . 
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If the length of the magnet is not so small that its square may 
be neglected in comparison with the square of the distance 
between the magnet and the needle, the more exact formulae 
must be used, i.e., 


Case (i) 
Case (ii) 


M (rf2-/2)2 

tan *. 

„ = tan «, 


Fig. 6 shows a common form of simple magnetometer for 
carrying out the measurements of deflection. The needle is a 
short one and is attached to a light pointer, which may be a fine 
piece of aluminium wire, or a piece of glass tubing drawn out 
fine while soft. The suspension may be a silk fibre, or a needle¬ 
point bearing in an agate cup. The whole instrument is placed 
so that the ends of the pointer are at 0°—0° on the scale when 
no deflecting magnet is present. 

There are several sources of error, but their effects may be 



Fig. 6. 


eliminated by taking a series of readings, provided that the 
errors themselves are small. 

(a) The point of suspension may not be at the centre of the 
circular scale, and therefore both ends of the pointer are read. 

(b) The deflecting magnet may not be symmetrically magne¬ 
tised. To eliminate this error the magnet is turned over so that 
its N and S poles change places and the readings are taken again. 

(c) The point of suspension may not be at the zero of the long 
straight scale, and therefore the magnet must now be placed at 
an equal distance, according to the scale, on the other side of 
the needle and the previous readings repeated. 

In this way eight readings are made and the mean is free from 
the errors mentioned. In making the instrument, care must be 
taken that the pointer is at right angles to the needle. If this 
is not done the zero line when the instrument is set up will not 
be at right angles to the meridian, and the magnet w^ not be 
in such a position that the fields due to earth and magnet are at 
right angles. Consequently our equations do not apply. In 
order to make sure that the line joining the ends of the pointer 
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is at right angles to the magnetic axis of the needle, the needle 
should be suspended and the positions of the ends of the pointer 
marked. Then the system should be turned over and suspended 
from the other side. If now the pointer covers its first position 
it must be at right angles to the magnetic axis, but if it does not, 
it must be bent or in some way moved until it indicates the same 
reading whichever way up the needle is suspended. 

By taking various distances and using Cases (i) and (ii) in turn, 
M M 

the relations tan 6, and tan 0, or, if the magnet is 

HZ H 

not short enough, the more exact relations, may aU be verified. 

M 

Again, since the quantity — has been found, we may, by 

H 

changing the magnet for another, find the ratio of the two 
magnetic moments. 

tan 01 , tan 02 

H H 

* * M2 ^2^ ^2 

or, by using the same magnet and transferring the magnetometer 
from one place to another, we may find the ratio of the earth's 
horizontal magnetic fields at the two places. 

M M 

^ tan 01 ^ tan 

Hj H 2 

^ Hj ^ 2 ^ tan 02 
tan 0/ 

The form of the moving part in the simple magnetometer does 
not allow of great accuracy in observing the deflection, for the 
thickness of the pointer itself is quite a large fraction of the size 
of a division of an ordinary scale of degrees. Although error due 
to parallax is avoided by fixing the scale on a piece of plane 
mirror so that the eye may always be kept vertically over the 
scale, the image of the pointer in the mirror and the pointer 
itself being made to coincide, there is still the fact that the thick¬ 
ness of the pointer is perhaps ^ of the total deflection to be read. 
To make the scale larger would mean using a longer pointer, and 
thus a larger apparatus; the increase in weight of the pointer 
would require a stouter support, which again would mean a loss 
of sensitiveness. What is wanted is a long weightless pointer, 
and fortunately this is exactly what we have in a beam of light. 
As the method of a reflected beam is so largely employed in the 
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case of galvanometers as well as for magnetometers we will 
consider it somewhat in detail. 

Fig. 7 is a plan of the arrangement. F is the filament of some 
form of electric glow lamp, and its position is near the principal 
focus of the lens L, which is merely a condensing lens, to bring 
the fight from the filament into a suitable direction. The 
magnetometer mirror is usually concave, having a radius of 
curvature of about a metre, and produce.^ upon the scale S an 
image of a vertical scratch upon the lens. The magnetic ‘ ‘ needle ” 
consists of a few pieces of magnetised watch spring attached to 
the back of the mirror as shown at M'. The distance LS upon 
the scale, where L is supposed to be the middle of the scale, is a 
measure of the deflection, and for many purposes this is all that 
we require. But if the actual angular deflection is required, the 
distance LM from the mirror to the scale must be found; and 
remembering that the reflection occurring at the mirror doubles 




the rotation of the beam of fight, the actual rotation of the 
SL 

mirror is i tan~i - In most cases the deflection is so small 
LM 


that the angle and its tangent do not differ greatly, and then we 
may teke the deflection as proportional to SL. Sometimes, 
instead of the lamp and lens we have a telescope, and in this 
case (Fig. 8) the suspended mirror is plane instead of concave, 
the telescope being focused upon the image of the scale in the 
mirror. The position of the cross wire in the eye-piece as seen 
upon the image of the scale, enables us to observe the deflection 
of the needle. 

Gauss’s Proof of the Inverse Square Law. —The two expressions 


foMhe strength of field near a magnet, 
M 


2Md 
(<^ 2 -/ 2 ) 2 


for Case (i) and 


for Case (ii), are both obtained on the assumption of 
the inverse square law, and the resulting equations for the 
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magnetometer, tan 6 and tan 6, also 

LX 2d H 

in their turn depend upon the truth of the law. 

In either case, if we measure 6 for different values of d, we 

M 

may prove the constancy of g, and thus demonstrate the truth 

of the inverse square law. It should be noticed that I the half- 
length of the magnet is not accurately known, since the poles are 
not at the ends, neither are they point poles. However, I may 
be found to a first approximation by taking two readings for 6 

M 

and d, in one case, and equating the values of obtained. We 

H 

thus have an equation in /, and this may then be calculated and 
substituted in the other determinations. This method is only 
an approximation ; it is better to use an exceedingly sensitive 




magnetometer so that reasonably accurate readings of the deflec¬ 
tion may be made, with a magnet so small and so far distant that 

M ^^3 M 

the relations ^ 7 = 7 ^- tan 6, and ^^d^ tan 0, may be used. With 

rl 2 H 

a length of magnet of 4 cm. at a distance of 50 cm. from the 
needle, d^=2SQQ and and thus the error involved in 

neglecting in comparison with d^ is about 0*16 per cent. In 
practice the deflection might amount to, say, 15 scale divisions, 
with a probable error of one-tenth of a division. It is thus seen 
that the error introduced by neglecting is decidedly less than 
the unavoidable error in reading the deflection. 

Employing the position of Case (i). Gauss observed the deflec¬ 
tion for a given magnet at a given distance. He called this the 
A position. Next placing the magnet in the position of 
Case (ii), which he called the “ B '' position, the deflection was 
again observed. 
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are not identical with the Faraday tubes of force, which will be 
described in Chapter IV. 

If the tubes or lines tend to shrink in length, and at the same 
time to expand laterally, just as tubes of a solid material under 
tensile strain would do, the forces between poles would follow ; 
but we must be careful not to push the analogy too far. Although 
the idea may be a useful one in concentrating our attention upon 
the medium rather than the poles, we must keep quite an open 
mind as to the nature of the medium. 

The tension in the lines would tend to pull N and S together 
(Fig. 9, i), while the lateral push of the lines, together with the 
puU of the lines to each side, would also tend to urge N and N 
apart (Fig. 9, ii). 



Fig. 9 . 


Potential.—There is another way of defining a field of force. 
Just as the flow of heat occurs in the direction of greatest varia¬ 
tion in temperature, so the resultant direction of the magnetic 
field is that in which a quantity which we shall call magnetic 
potential varies most rapidly. Potential may be defined us a 
quantity whose space rate of variation in any direction is the strength 
of the field in that direction. This idea is common to all fields of 
force, and most of the results obtained here may be transferred, 
with mere alteration of the names of the quantities, to problems 
in gravitation, electricity, etc. 

From our definition of potential we see that if V is the potential 


at any point x 


V 
' dx 


is the rate of change of potential as we pass 


from point to point, or the ratio of difference of potential to 
distance travelled, for a very small path. If then by definition 
of V, this quantity is the strength of field at the place considered, 


F 


dx 


the use of the negative sign being conventional and 


indicating that in magnetic problems the force between like 
poles is a repulsion, the potential diminishing as the distance 
from the pole increases. 
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If a unit pole be placed at x. Fig. 10, the force experienced by 

dV 

it is given by the above expression, F= ——. The work done 
for a small movement dx is then 


N 


A jr B 

Fig. 10 . 


Fdx^ — dx^-dV. 
dx 


which means that the difference in the potential between the two 
points A and B is the work done in carrying a unit magnetic pole 
from one point to the other. 

Now consider the force to be due to a N pole of strength m 
situated at N. The strength of field at x due to this is or 



Potential can therefore only be measured by its differences, as 
there is no absolute zero of potential, and consequently we can¬ 
not speak of the absolute potential of any point. Nevertheless 
it should be noted that there is no difference of potential between 
two points, that is, they are at the same potential, when a" 
magnetic pole may be conveyed from one of the points to 
the other without the expenditure of work. At an infinite 
distance from all poles, the forces are zero, and therefore all 
points are at the same potential. If we choose as the zero from 
which potential shall be measured, this potential at infinity, we 

see on putting B==c3o in our equation, that V=—, where V is 

now the potential at A due to the pole m. 

The potential at a point may therefore be defined as the work done 
in bringing a unit N pole from infinity to the point, 

m 

The potential at distance r from a N pole of strength w is 

m 

and at distance r from an equal S pole it is-. 

Further, the work done in carrying a unit pole from any one 
point to any other is independent of the path by which the pole 
is taken: for if BCA be any path from B to A (Fig. 11), the 
work done is the same as in travelling from B to A' along the 
straight line BDA', provided that A and A' are equidistant from 
N. The path A'A, which is an arc of a circle, is everywhere at 
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right angles to the field due to N, so that no work is done in 
carr 5 dng the unit pole from A' to A. Hence the work for all 
paths such as BCA is the same as that for the path BDA', and is 
therefore constant. 

The same conclusion is reached if we imagine the unit pole to 
be carried round any closed path, such as ACBDA'A. The total 
work done is zero, for everything is now 
in the same condition as at the start, and 
therefore the work done for the path 
ACB is equal and opposite to that for the 
path BDA'A, and is therefore equal to 
that for the path AA'DB. Hence what¬ 
ever path we take from A to B the work done is the same in 
amount. 

Potential due to Magnet.—Referring to Fig. 1 we see that the 

fft 

potential at P due to N is + -— ; and potential at P due to S 

a—I 


"a!-F 

Fig. 11 . 


IS 


m 


d-\-r 


Actual potential at P= 


tn 

i-l 

2ml 

M 

"^ 2_/2 


m 

'd+t 


For a very short magnet the potential becomes 
In Fig. 2 


M 

2^' 


Potential at P due to N=- 


m 




S=- 


m 


As these values are equal and opposite it follows that every 
point on the line bisecting the magnet 
at right angles is at zero potential. For 
a point P on a hne passing through the 
middle of the magnet and inclined at 
an angle 6 to the magnet, drop perpen¬ 
diculars from N and S to OP (Fig. 12). 

Then if the magnet is very small com¬ 
pared with the distance OP, we may 
without sensible error write 

QP=NP. and. RP-SP. 
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Then, Potential at P= 


NP SP 


‘QP RP 


OP-OQ OP+OR* 

If, as before, OP—d, and NS==2^ we have, 

Potential at ^ 

Potential at F—, 


which for a very short magnet gives- 


Potential at P= 


M cos 0 


The same result would have been obtained if the moment of 
the magnet had been resolved into two components, one along 
OP, whose value is M cos 6, and the other perpendicular to OP, 
whose value is M sin 0; the potential at P due to the former is 

^ and that due to the latter is zero, the sum of the two 

being —The agreement of this with the previous result 

justifies us in resolving the magnetic moment into two com¬ 
ponents. Indeed justification is hardly necessary since magnetic 
moment is a vector quantity, having direction as well as 
magnitude, and may therefore be resolved or compounded 
Ute all other vector quantities, such as force, velocity, etc. 

Hx Equipotential Lines and Surfaces.— A line or surface passing 
through points having the same potential is an equipotential lint 
or surface. No work is done in carrying a pole along an equi¬ 
potential line or surface, for the variation of potential along it is 
zero. Hence by definition of potential, it follows that there 
is no component of magnetic field along the line or surface, and 
no force tending to move a magnetic pole along it. From this 
reasoning it follows that lines of force and equipotential lines 
always cut each other at right angles, since if they did not there 
would be a component of the magnetic field acting along the 
e^potential surface. 

^rFovee between Magnets.—The resultant force experienced by a 
magnet in a uniform field is zero, since the forces on the N and S 
poles respectively are equal and opposite, the quantities of N and 
S pole on any magnet being equal. In fact, this absence of 
resultant force is a most satisfactory proof of the equality of the 
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two kinds of pole on a magnet. If a bar magnet be floated on a 
cork in the middle of a large vessel of water, it will experience a 
couple rotating it into the magnetic meridian, but the magnet 
will not move from the middle of the vessel, showing that there 
is no resultant force acting on it. 

In the neighbourhood of another magnet the field is not 
uniform, and in general there will be a resultant force. 

Consider the two short magnets NS and N'S' in Fig. 13. The 
2M 

field at S' due to NS is — where ^ ^ n» 

distances are measured from the 
middle of NS. Hence the force on 
2M 

S' is -- . m', where w' is the strength of pole of N'S'. 

The rate of change of the field due to NS, as we increase x, is 

/2M\ _6M 

dx\x^) x^* 


N'S' being a small magnet of length I, the decrease in field in 


passing from S' to N' = — 


6M. 

x^ 


h Field at N' 


2M_6M, 


and 


force on N' 



Hence, resultant force on N'S' being the difference between the 
forces on S' and N', 


Force on N'S'=?^ . m 
6Mm'/ 


, /2M 6MA , 

“b -x-T 


_6MM' 

X* ■ 

In an exactly similar way, we may find the resultant 
force on N'S' in the position shown in Fig. 14, but in 
this case we should note that the field is always parallel 
to NS, although the variation in field is at right angles 
to this direction. 

Taking y for the distance between the magnets, 

Force on N'=^ . m'. 


r 

■n* 


s n 

Fig. 14 . 
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Rate of variation of field! _ ^ 
in the direction ol y J dy 


/M\ _3M 

U®/ y*‘' 

... , 3M 


i. Decrease in field in passing from N' to S': 
and field at S'=^— 




Resultant force on N'S' 


„ /M 3M,\ , 

Force on S =| --: I m . 

\y3 y4 J 

\-y3 yi ) 


M 

m' 

jy3 

3MM' 


and is in a direction parallel to NS. 

This force on the magnet N'S' must not be confused with the 

MM' 

couple acting on it, the value of which is —which tends to 

rotate it into parallelism with NS, but not to give it a motion 
of translation. The existence of the resultant force explains the 
following apparent paradox : If the two magnets NS and N'S' 
be placed on a floating platform, there is a couple acting on NS 

2M'M 

due to the presence of N'S', the value of which is ——, and 
* 

MM' 

N'S' at the same time experiences a couple —due to the 

presence of NS. Since these couples are not equal and opposite, 
it would at first sight appear that there is a resultant couple 
acting on the platform due to the interaction of the magnets, 
which would make the platform rotate continuously. Such a 
rotation would involve the continuous expenditure of energy 
without any corresponding supply, which is contrary to experi¬ 
ence. But the fallacy consists in neglecting the force of trans- 
3MM' 

lation —— acting upon the magnet N'S' at right angles to the 


line joining the magnets, which is equivalent to a couple 


3MM' 


xy 


3MM' 


y 


3 


An inspection of Fig. 14 shows us that this couple 


would produce an anti-clockwise rotation, while the former 
would produce a clockwise rotation, so that the difference, or 
2MM' 

— --- , is the resultant couple in an anti-clockwise direction. 

yZ 

This is equal and opposite to the couple on NS., which is clock- 







FIELD DUE TO SMALL MAGNET 


I. 


19 


wise, so that the two are in equilibrium and the paradox 
disappears. 

Field due to Small Magnet.—^The field at the point P due to a 
very short magnet may be found by resolving the moment M 
along OP, and at right angles to Olh The former component 

will produce a field represented by tlie vector PQ 


(Fig. 15), and the latter component, the field ^ ^ represented 

y.i 

by P'f. The resultant field is 

, - - M ._ - M 

PR-VJTJ^+PJ 2...^^^V4cos‘'^ 0 l-sin^ 1 f 3 cos^ 6, 

and its inclination to tlie line 01^ is RPQ. Now, 


tan RPO-= 


PI' 

PC) 


sin 0 
2 cos 6 


I tan 6. 


Hence to find the direction of the resullant field at any point 



upon PO (Fig. 15). Bisect AO in R and join PR. PR is then 
the direction of the field at P. Or if the perpendicular PV be 
drawn and bisected at U, angle UOV is equal to the angle RPQ 
made between the direction PR of the field and that of the radius 
vector OP, and it is the same at all points along OP. By drawing 
the direction by means of short lines at a number of points along 
OP and again for a number of different radii, the direction of 
the field at a number of points is known, and the lines of force 
may be drawn with fair accuracy. 

In Fig. 16, the lines of force for an extremely small magnet 
have been drawn in this way. 

Magnetic Elements. —Great importance attaches to an accurate 
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knowledge of the condition of the magnetic field due to the earth, 
both to the navigator for practical purposes, and to the investi¬ 
gator who attempts to describe and account 
for the magnetic state of the earth. This 
implies a knowledge, at every instant, of the 
magnitude and direction of the field at every 
place, but it is much more convenient to re¬ 
present the field at any place by means of 
certain elements or components, than to 
exj)ress it in terms of the resultant field and 
its direction. For the purpose of representa¬ 
tion we choose those elements that lend 
themselves most readily to experimental 
determination. These are :—the Declination 
or angle which the magnetic meridian makes 
with the geographical meridian, a (Fig. 17) ; 
the Horizontal Component of the earth’s 
magnetic field, H, and the Dip or angle 0, 
wiiich the resultant field makes with the 
horizontal, and it will be seen that when these elements are 
known the field is completely determined. But it must be borne 
in mind that the field is always changing, so that the elements 
undergo variations ; these will be considered later. 

Magnetic Meridian. —We have already seen that a suspended 
magnetic needle sets in a certain direction, approximately N and 
S. A vertical pkuie passing through the magnetic axis of a freely 
suspended needle is called the magnetic meridian. This does not 
in general coincide with the geographical meridian, and its 
position may be roughly determined by observing the direction 
in which a compass needle will set ; but since the magnetic axis 
of the needle may not coincide with its axis of symmetry or 
geometric axis, the needle should always be turned over after 
the first observation has been made, and suspended from the 
other side. If the geometric axis makes an angle with the 
magnetic axis, the needle will point E or W of magnetic north, 

but on suspending it with its other face 
^ upwards it wall make the same angle on 
the other side of magnetic north. The 
Fig. 18. direction of the magnetic axis and of 

the magnetic meridian will then be found 
by bisecting the angle between the two positions of the axis 
of symmetry. In Fig. 18, NS is the magnetic meridian. For 
many purposes the prismatic compass (Fig. 19) may be use¬ 
fully employed to find approximately the direction of the 
magnetic meridian. Some distant object in a known geographical 
direction is sighted by means of the slot S and the wire S'. By 
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means of the right-angled prism shown in section at P the 
position of the image of the wire S' may be road upon the scale 
of the compass card. The magnetic & 
direction of the distant object being 
thus found, and its geographical direc¬ 
tion being known, the position of the 
magnetic meridian is determined. 

Declination. —The angle between the 
magnetic meridian and the geographical 
meridian is usually known as the mag¬ 
netic declination ; for nautical purposes 
it is called the Variation of the Compass, 
meaning its variation from a true north- 
and-south direction. In Fig. 17 the plane 
containing H, I and V is the magnetic meridian, and consequently 
the angle a is the declination. In the last described experiment 
the declination is found, but for its more accurate determination 
the Kew magnetometer, which will be described later, is employed, 
vdbip.—A perfectly freely suspended magnet would not in general 
set in a horizontal direction, but along the line of the greatest 
strength of field. This is represented by I in Fig. 17, and the 
angle 6 between it and the horizontal is called the magnetic dip. 
A perfectly freely suspended magnet is of course an ideal which 
is unattainable, since the mechanical support must influence the 
angle at which the needle will set; in fact, a compass needle is 
deliberately, although perhaps unconsciously, placed in its 
suspension in such a way that it sets horizontally, and any 
tendency to dip is neutralised by suspending it from a point 
which is not its centre of gravity, so that the result of all the 
forces acting on it is to cause it to remain horizontal. If, how¬ 
ever, a needle be mounted on a fine straight axle resting on 
horizontal knife-edges, and if the axle pass through the centre of 
gravity of the needle, it can rotate in a vertical plane, and if this 
plane coincide with the magnetic meridian the needle will set 
with its magnetic axis along I, Fig. 17, and its inclination to the 
horizontal will be the dip. The experimental determination of 
the dip will be described later. 

So far we have only determined the direction in space of the 
resultant field I; if, then, we can find its magnitude or that of 
any component of it in a known direction, the field becomes 
completely determined at that particular locality. By far the 
most convenient component to determine is H, the horizontal 
component, and then knowing this, the vertical component V 
may be calculated. For from Fig. 17, 

V 

~ ssstan $ 

XI 
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and again, the total intensity I may be found, 

I2==H2+V2 

For some purposes it is convenient to refer the earth’s field to 
three rectangular axes : OX, a horizontal line in the geographical 
meridian, true N and S ; OY, a horizontal line perpendicular to 
the geographical meridian, true E and W ; and OZ a vertical 
line. 

Then taking X, Y and Z as the components of the earth's 
magnetic field in these directions, 

X=^H cos a~I cos d cos a 
Y=H sin a =1 cos 6 sin a 
Z=V-I sin d. 


Vibrating Magnet. —Although there are several methods of 
determining H, that which is most frequently employed is the 
magnetometric method, its chief advantage over other methods 
being that it does not involve the use or measurement of electric 
currents. We have seen on page 7 how the ratio of M to H 
may be determined for a given bar magnet, in terms of the 
deflection of a suspended magnetic needle, at a given distance 
from the magnet. The absolute values of M and H, however, 
cannot be determined by the magnetometer, but only their ratio. 
A further experiment is required, to give us some other relation 
between M and H. 

Whenever a suspended magnet makes an angle 0 with its 
position of equilibrium, a couple MH sin 0 acts on it (see p. 5) 
which tends to restore it to that position. Thus the magnet 
must have an angular acceleration, and we may express the 
couple acting on it as the product of its moment of inertia I and 

([20 ^20 

the angular acceleration Then I~ +MH sin 0=0, since 

the algebraic sum of the couples acting on it must be zero, the 
effect of the forces due to the friction, etc., in this case being 
negligible. Further if the value of 0 is never more than a few 
degrees, the angle itself in circular measure may be taken instead 
of its sine, and our equation is therefore— 

As this t 5 T)e of equation will frequently occur, we will proceed 
to solve it. First write it in the form— 


dH 

dfl 




where is substituted for 


MH 

I 
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An equation of this type can be solved in the form 
Differentiating this last equation twice, we have— 


d^e 

dt^'' 




d^e. 


and substituting the values for 6 and - in the equation, we 
have— 


jj; a2=—^2^ and, a = :^\/— 

=±kV-T. 

Thus there are two particular solutions— 
^=:Ae*'^-«, and, 


and the most general equation to the motion of the needle is— 

where A and B are two constants that can be determined from 
the conditions of the problem. Thus, if the time be reckoned 
from the instant at which the needle is in the direction of the 
meridian, 0=0 when ^=0, 

/. A+B=0, or, A = -“B, 

and the equation may be written— 

Again, the angular velocity of the needle is— 




and if this is ui when t and d are zero— 


A= 


2kV^\’ 

2V-1 )■ 

The term in brackets is the well-known exponential form of 

the sine of the angle kt, and so writing ^=0o» w® have— 

k 

0=00 sin kt. 

Thus we see that the needle executes simple harmonic oscillations. 
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one complete oscillation occurring in time -r ; 
t by this value we get— 


for, on increasing 


sin k 




^0 sin (At+Zv) =^0 sin H 
2n 


and the motion is repeated after intervals of time 

Ztt 


k' 


~-2ir I 

V MH 


Calling the periodic time T, we have T and remembering 

that we see that T= 

Determination of M and H. —^The moment of inertia I of the 
magnet may be found from its mass and linear dimensions. In 

the case of a rectangular magnet, I =mass X , 


The 


and for a cylindrical magnet, I=massX 

time of oscillation is observed by suspending the magnet in the 
locality previously occupied by the needle in the magnetometer 
experiment and observing the time of a number of swings. Then 

477^1 

from our equation we have MH= and the magnetometer 

M M 

experiment gave us - , Combining these we have, MH x „ =M*, 
H H 

M 

or MH-f- =H2, so that both M and H are now determined in 

Jrl 

absolute measure. 

Comparison of Fields by Vibration.— It may be noticed that 

47t2I 

H=^— , and hence, that if the same magnet be employed on 


H T 2 

different occasions, I and M will be the same, so that 

or if « be the number of oscillations made by the magnet in a 

given time, — =^, so that ^1 This gives rise to a method 

«2 T, H 2 «2^ 

of comparing the strengths of magnetic field at two given times 
or places; for if the same magnet be allowed to oscillate on the 
two occasions and the number of oscillations made in equal times 
observed, the ratio of the two field strengths is known. But it 
must be noticed that the fibre used to suspend the magnet must 
be as nearly as possible torsionless, and further, the magnet 
must be carefully preserved from ill treatment, mechanic^ or 
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Fig. 20. 


thermal, or its magnet moment will not be the same on the two 
occasions. 

To determine the time of swing, the magnet is suspended in a 
vibration box (Fig. 20) by means of a silk support, the magnet 
being held in a double loop as shown. It is 
advisable to suspend some bar of approxi¬ 
mately the same weight as the needle before 
placing the magnet in position, in order that 
any torsion in the thread may be removed. 

If the suspension head be turned so that 
the solid at rest lies approximately in the 
meridian, then on replacing it by the mag¬ 
net the suspending fibre will be very nearly 
free from torsion. The position of equi¬ 
librium of the magnet may be marked 
upon the front and back glass walls of the 
box and the magnet then given a small 
oscillation. At the instant of passing the equilibrium position in 
one direction, the time by the chronometer is noted or the stop¬ 
watch is started. At the passage across the equilibrium position 
in the same direction after fifty or one hundred swings the 
time is again noted, and the time for one oscillation may then 
be found by division. 

Equivalent Length of Magnet. —Employing the magnetometer 
(p. 10) the deflection may be found as there described, and the 

1 . M ^ ^ ^ ^ , M ^ 

mean value of ^ found from the expression ^ 

M 

A ” position of Gauss, or tan 6 for the B '' position. 

The use of these approximate formulae is justified if is negligible 

in comparison with d^, or is a less percentage of unity than 

the percentage error introduced in making the observations of 
deflection. The difficulty arises that if d is made very great, the 
deflection may be so small that the error in its measurement is 
considerable. Hence it is desirable to employ the more exact 
formulae— 

M tan e. 


H' 


2d 


but unfortunately I is unknown, the poles being distributed over 
a large surface of the magnet. The effective value of L or 21, 
the length of the magnet, may be found from two measurements 

M 

of ^ tan B, the approximate value of ||, for two distances from 
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the suspended needle, and may then be applied as a correction 
to obtain the true value of 

M /M\ 

Calling jj the true value, (j| I the value found for distance 

rfi, by using the approximate formula, and that for distance 

rfj, we see that— 




tan 


'■‘(-if.)’ 


tan Bi 


=(-if)’(B). 

_/M\ / l^\ 

Since is smaD, we may reasonably say that j-j is negligible, 
and remembering that L=2/, 

M_/M\ / L2 \ 

H-Ih/A 

The quantity on the right being determined from measurements 
at two distances, we know the correction (l—to be applied 
to the approximate formula to obtain the true value— 


Similarly, 


M_/M 

h“Ih 




thus. 
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The quantity may be taken as one constant P, and if in 


addition 


A, = (")_a„dA.=(?)_ 


p _ -^2 

_A2 




For the " B ” position of Gauss the correction may be applied 
in a similar manner— 

g=(<f 24 ./ 2 )j tan e=.d^^\+j^ tan d 


=(H)i 


^2 . 2 




Neglecting and higher powers of we have as before— 

Substituting L for 21 we have— 


/. tL2-; 




/M\ 1_/M\ 1 


=P. 


Thus, from the deflection produced at any two distances of 

M 

the magnet, the true value of may be found ; or, if it is desired, 

H 

the equivalent length L of the magnet can be obtained. If this 
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be found for any magnet, future determinations of may be 

made by observing the deflection for one distance of the deflecting 
magnet. 

The Kew Magnetometer. —The form of needle used in the Kew 



{From Watson's “ Textbook of Physic s/') 


pattern of magnetometei is shown in Fig. 21. It consists of a 
steel tube A having a line transparent scale S at one end and a 


i 



Fig 22. 

again determined. The mean of the 


lens F at the other, the 
scale being at the principal 
focus of the lens. The 
magnet is thus a collimator, 
and when the telescope is 
focused for infinity and 
placed co-axially with the 
magnet, an image of the 
fine scale will be seen in 
the focal plane of the tele¬ 
scope. If the suspension 
fibre be freed from torsion 
and the body of the mag¬ 
netometer (Fdg. 22) rotated 
until the image of the 
middle division of the scale 
coincides with the cross 
wire of the telescope, the 
azimuth of the telescope, 
as indicated by the hori¬ 
zontal circular scale, gives 
the direction of the geo¬ 
metric axis of the magnet. 
The magnet is then turned 
over and the position of the 
geometric axis with refer¬ 
ence to the horizontal scale 
two positions is the azimuth 
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of the magnetic meridian upon this scale. If the azimuth of the 
geographical meridian also be found, the difference between the 
two gives us the magnetic declination. The geographical 
meridian is found by observing the image of the sun produced 
by the mirror m in passing the cross wire of the telescope, it 
having been previously adjusted so that its axis is horizontal, 
and the plane in which the normal travels as the mirror is turned 
contains the optic axis of the telescope. From the observed 
time of the sun’s passing the cross wire, knowing the longitude 
of the place of observation and the equation of time, the direction 
of the sun at the time of observation is known, and thus the 
direction of true N and S also. 

The period of oscillation of the magnet may now be found with 
the arrangement just described. The magnet is given a small 
oscillation, and the time for 100 transits of the image of the 
middle scale division across the cross wire of the telescope in one 
direction, either from left to right, or right to left, is observed. 
This gives the time for 100 oscillations, from which the time of 
one oscillation must be found. This must be corrected, for the 
fact that the fibre, although very fine, yet exerts some controlling 
couple on the magnet, and therefore shortens the period of 
oscillation. If the suspension head be rotated through 90®, an 
angular deviation of a radian is produced and may be observed ; 


then twist in the suspension, and 




=MH sin a~MHa, 


where c is the couple exerted by the fibre for one radian twist, 
and a is the very small deflection produced by 90® rotatioxi of 
the torsion head. 

When the magnet is at an angle ff to the magnetic meridian, 
the restoring couple is now (MH+c)^ instead of MH0, and the 

time of oscillation found on page 24, will therefore be Ztt /_L_ 

_ ^ V MH+c 

instead of Ztt It follows that from the observed time of 

V MH 

swing we have really obtained 

MHa 


1 ^ n 


=MH 



MH=- 


47r2I 


Th-) 
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and we see that the square of the observed time of swing must 
be multiplied by the factor / 1H —— \ in order to obtain the 

\ 2^"") 

corrected value of MH. 

Two further corrections must be applied . one for the fact that 
the magnetic moment of the magnet changes with temperature, 
and the other for the fact that, being in the earth's magnetic 
field, its magnetic moment is greater than when, as in the deflec¬ 
tion experiment, it is in an E and W direction. The first of these 
corrections is made by reducing the moment to that at 0® C. by 
means of the factor ^o)}i thus Mq— the 

magnetic moment decreasing with rise of temperature : q must 
be found by a previous experiment for each individual magnet. 
The second correction is applied by means of a factor in w’hich it 
is assumed that the alteration in magnetic moment is proportional 
to the field in which the magnet is situated. This assumption is 
justified if the field is small, and further, the change in magnetic 
moment is proportional to the volume of the magnet, and depends 
on the position of the magnet in relation to the field, and the 
material of which the magnet is made (see Chapter IX) ; thus 
if Mq is the moment in zero field or whenever the magnet is 
situated at right angles to the field, and M that when parallel to 
the field, M=Mo+aVH, where a is some constant depending on 
the nature of the material of the magnet. V is also constant, 
so calling aV=b we have M=Mo+^H. 


MH=MoH+6H2=MoH(i+6?-). 
is always very small, and hence, when the whole quantity 


H . 

Mo 

b~~ is small. 
Mo 


m.h=mh(i-.«). 


— is known from the deflection experiment, and i is a constant 
Mq 

for a mc^net of any given size and material, so that the quantity 
MH as found from the vibration experiment may be corrected 

by means of the factor 

The square of the time of oscillation may thus be corrected for 
torsion of fibre, temperature and alteration of moment due to 
the magnetic field, by a single factor, and 
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To2 


=T2jl 




1 - 


The moment of inertia I of the magnet and carrier may be 
found by adding a body of known moment of inertia and re¬ 
determining the time of oscillation. A brass cylinder which just 
fits into the space D of the carrier (Fig. 21) is employed. If Ij 


is the moment of inertia of the cylinder. 


I, 



, and the 


time of vibration is now Tj 


=2. /l+i; 

V MH 


T2=47r2 


I 

MH’ 


and, T| 2=4772 


I+Ij 

MH ' 


. I:Mj_t,2 
I T2 

J2 

from which, I=1 1 

I being found in this way, the value may be used for any number 
of vibration experiments with the same magnet, since it is a 
mechanical constant and is independent of the magnetic condition 
of the magnet. 

To perform the deflection experiment for the determination of 
M 

Yj, the box B (Fig. 22) is removed, and a small magnet with 
ri 

mirror attached is suspended by a long fibre. The telescope is 
focused upon the image of the scale wS, Fig. 23, in this mirror, 
and the collimator magnet of the vibration experiment is placed 
in the V rest at M upon the carrier, which may be set at different 
distances from the mirror needle by moving it along the graduated 
bar XY. In this experiment the deflection of the needle is not 
observed, as we should then have to apply a correction for the 
torsion introduced into the fibre when the needle rotates, but 
instead, the body of the instrument is rotated until the middle 
division of the scale coincides with the cross wire of the telescope, 
and this rotation is measured by taking the difference between 
the various readings upon the horizontal circular scale with and 
without the presence of the collimator magnet M. In this case, 

field due to magnet NS is and couple on needle is 

a® 

where m is the magnetic moment of the needle. 
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Restoring couple due to earth's field H, is Hm sin 9. 

sin 6, or sin 9, 

HZ 

Readings for correcting as on pp. 27 and 31 are then made. 



Fig. 23. 


Schuster’s Method of determining H. —For the accurate deter¬ 


mination of H at an observatory, Sir A. Schuster ^ describes the 



Fldin a 
Fig. 24. 


method of comparing it with the uniform field 
due to the current in a pair of coils (p. 53). If 
the coil AB (Fig. 24) carries current i, the 
magnetic field Ft due to it can be calculated. 
The coil AB is rotated about a vertical axis 
until the component Ft cos a is equal and 
opposite to H. The component Ft sin c then 
sets the suspended magnet NS at right angles 
to the direction of H, 

then, H*=Ft cos a. 

By choosing i so that Ft has nearly the 
same value as H, the angle a is made small, 
and cos a varies slowly. F is calculated from 
the dimensions of the coil AB (p. 53), and a 


is observed, a check being obtained by ob¬ 


serving the symmetrical position for AB, for which the magnet 
NS is reversed in direction. In this way H may be measured to 


* A. Schustor, Tsnssiriai MagmHsm, six. March, 1914. 
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a few parts in 100,000, the observations requiring only a few 
minutes to make. 

Determination of Dip.—The Kew pattern of dip circle is shown 
in Fig. 25. The dip needle itself is a thin steel magnet AB 
provided with a fine steel axle which rests on agate knife-edges 
shown at K, K'. 

It is carried by the V supports L, L' which may be raised and 
lowered by turning the milled head E. In making a reading, 
the observer must raise the needle and lower it repeatedly, in 
order to bring the axle constantly to the centre of the circular 



Fig. 25. 

(From Watson^s ** Textbook of Physics,**) 


scale, since as the needle swings it rolls upon the axle and travels 
from the centre of the scale. The body of the instrument may 
be rotated about a vertical axis and its azimuth read upon the 
horizontal scale H. The position of the needle with reference to 
the vertical or actual dip circle is found by rotating the arm 
which carries the microscopes M, M' until the cross wires appear 
to coincide with the tips of the needle, the verniers being then 
read. 

To begin observations, the instrument is levelled and then 
rotated about its vertical axis until the needle sets vertically, 
2 
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i.e, reads 90°—90°. The plane in which the needle rotates is 
then at right angles to the magnetic meridian. For, let the 
plane AB (Fig. 26) be the plane of rotation of the needle, and 
let it make angle 8 with the magnetic meridian 
HB. 

Resolving the magnetic field I into three 
components X and Z in this plane, and Y at 
right angles to it, X being horizontal and Z 
vertical, 

X—H cos 8—1 cos 6 cos 8 
Y ==H sin 8=1 cos 0 sin 8 
Z=I sin 0, 

Y, being in the direction of the axle, will not 
exert any turning moment about it, and the 
needle will therefore set along the resultant of X and Z. If we 
call 0' the angle that this resultant makes with the horizontal, 

, /!/ Z I sin 0 tan 0 

tan 0 —j ^ ^^ 

X I cos 0 cos 8 cos 8 

0 is the true dip given by tan and is for the 

^ I cos 0 H 

present treated as a constant quantity at the given locality. 

If now, ^'==90°, tan ^'=C30 
cos 8 =0, and 8=90° 


A 



Thus the plane of rotation of the dipping needle is at right 
angles to the meridian, and on rotating the instrument about its 
vertical axis through 90° as determined by the horizontal circle, 
the plane of rotation of the needle will be brought into the 
meridian, and the measured dip will then be the true dip. Note 
that if 8=0, cos 8=1, and tan 0'=tan 0, 

Another method of using the dip circle consists in measuring 
the dip in any two positions of the circle the angle between which 
positions is 90°. The instrument is clamped to its vertical axis 
and the position upon the scale FG noted, and the dip in this 
position is found. 

If 8 is the angle between the plane of rotation of the needle 
and the magnetic meridian, and 0i the observed dip, we have 

already seen that tan 0,==——/. On now rotating the instru- 

cos8 

mcnt through 90°, and again observing the dip 02, we have— 


tan 02 - 
1 


tan 0 


tan* $i tan* 0* 


_ tan 0 

cos (8+90°) —sin S‘ 

cos* 8,1 
and. 


tan* 0Q 


sin* 8 
tan* 0* 


• • 
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Adding, we get— 

r-Vs=r-W+r-W> o*'- ^=Cot* fl, fCot* tf,. 

tan2 Q tan2 6i tan^ 02 


Errors in determining Dip. —In measuring the dip there are 
several errors to be eliminated, and if these are small, the mean 
of the following readings will give the true dip :— 

(i) The positions of the two ends of the needle are read, in 
order to correct for the fact that the centre of rotation of the 
needle may not be at the centre of the vertical circle (Fig. 27 (i)). 

(ii) The instrument is rotated through 180° about the verticil 
axis, and the two previous readings repeated, since the 0°—0° 
line of the vertical scale may not be horizontal and the apparent 
dip, if too great in the first position, wall be too small by an equal 
amount in the second position. The zero line after rotating the 
instrument through 180° is 0'—0' (P'ig. 27 (ii)). 

(iii) The needle is turned over on its bearings and the previous 
four readings repeated, because the magnetic axis of the needle 



may not coincide with its geometric axis as described on p. 20 
(Fig. 27 (iii)). 

(iv) The magnet is remagnetised in the opposite direction, so 
that the end which dipped previously now points upwards. This 
is the only way of correcting for the fact that the axis of rotation 
may not pass through the centre of gravity of the needle, a small 
couple due to gravity causing the needle to rotate from the 
position of true dip (Fig. 27 (iv)). The previous eight readings 
are repeated and the mean of the whole sixteen taken as the 
true dip. The individual readings should never differ by more 
than a degree from the mean, if the instrument is properly 
constructed. 

Magnetic Maps. —The three magnetic elements. Declination, 
Dip and Horizontal Intensity, having been observed at a great 
number of stations, the question arises as to how the results may 
be represented to the greatest advantage. Many methods have 
been employed, but the most frequent is to draw lines upon a 
map, passing through all points for which one of the magnetic 
elements has a common value. Thus three maps are required, 
one for the representation of each element, or the three may be 
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represented upon one map. Lines passing through points having 
the same value of the declination are called Iso^onal lines, those 
passing through points for wliich the dip is the same arc Isoclinal 
lines, and Isodynamic lines are those passing through points for 
which the horizontal intensity is the same. 

In Fig. 28 the isogonals for the year 1947 are represented on a 
map of the world drawn on Mercator's projection. They con¬ 
verge towards four points upon the earth’s surface, namely, the 
two geographical poles, and two other points, called the magnetic 
poles. There arc two chief atonic lines or lines of no declination, 
at all points of wLich the compass points towards the geographical 
poles. One of these agonic lines passes from the magnetic north 
pole to the geographic south pole by way of America and the 
Atlantic Ocean, and the other from the geographic north pole to 
the magnetic south pole through Eastern Europe, Arabia, the 
Indian Ocean and Australia. Along some line joining the 
magnetic and the geographic north poles, the declination is 180° ; 
the N pole of the compass points towards the magnetic pole and 
therefore away from the geographic pole. A similar state of 
affairs exists between tlie magnetic and geographic south poles. 
These facts can be much better realised by drawing the isogonals 
upon a globe, and cannot be adequately represented upon a 
plane diagram. 

East of the American agonic line the declination is westerly, 
that is, the compass needle points west of true north ; the 
isogonals of westerly declination are full lines in Fig. 28. The 
isogonals of easterly declination are dotted lines and lie west of 
the American agonic line. It will be seen that the isogonals are 
far from being regular curves. They reach their greatest irregu¬ 
larity in Eastern Asia, where there is a district surrounded by a 
looped agonic line within which the declination is westerly. This 
is called the Siberian Oval. 

Instead of isogonals, the lines which indicate the direction of 
the magnetic meridian are sometimes plotted. These are called 
lines of magnetic longitude, or Duperrey s hnes, and they are 
more regular than the isogonals. They also differ from the 
isogonals in converging to only two points—the magnetic 
poles. 

The lines of equal dip, or isoclinals, are much more regular than 
the isogonals ; they approximate to circles on the sphere, having 
poies at the magnetic poles. The line of no dip is called the 
magnetic equator. It crosses the geographic equator twice, once 
in the Atlantic and once in the Pacific Ocean, and lies south of 
it in the American Hemisphere. The other isoclinals are roughly 
parallel to the magnetic equator, and therefore correspond to 
parallels of latitude. The points at which the dip is 90® are the 



I 


TERRESTRIAT. MAGNETISM 


37 


magnetic poles. The North magnetic pole was reached by Sir 
James Ross in 1831 and found to be in longitude 96° 43' W., 



latitude 73° 31' N. The South magnetic pole was reached by 
Sir Ernest Shackleton's expedition on 16th January, 1909, the 
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magnetic observations being made by Dr. Mawson,^ who found 
the dip to be 90® in latitude 72® 25' S., longitude 155® 16' E. It 
will thus be seen that the magnetic poles are not quite at opposite 
ends of a diameter of the earth. The approximate magnetic axis 
of the earth makes an angle of about 17® with the axis of rotation. 

Theory of Terrestrial Magnetism. —As a first approximation, 
the earth’s field may be represented as that due to a short magnet 
placed at its centre, whose direction is in 
the line joining the magnetic poles. To 
represent consistently the magnetic con¬ 
dition of the earth, we must assume that 
the pole of this fictitious small magnet which 
lies under the North magnetic pole, has pole 
of the kind which we have called S, or 
South seeking, for it evidently attracts the 
N pole of a suspended magnet and repels 
the S pole. For such a magnetic condition, 
the dip needle would be horizontal at such 
points as A and B (Fig. 29) and vertical at 
C and D. The latter correspond to the magnetic poles, and the 
former lie on the magnetic equator. At a point, P, such that 
the angle subtended by the arc PC at the centre is a, or the 
" magnetic latitude ” A is (90®—-a), we can easily find the dip. 
For calling m the magnetic moment of NS, and R the radius of 
the earth, 



Component of moment along radius P=m cos a 

sin A, 


and the field at P due to this is 


2m sin A 


and is vertical. 


Component of moment perpendicular to radius P is 
m sin a=m cos A, 

and field at P due to it is and is horizontal. 


If, then, 6 is the dip, tan 0= 


2m sin A R^ 


R3 ‘ m cos A 
=2 tan A. 


As a rough approximation this is useful, but a glance at Fig. 28 
shows that no such simple representation of the earth’s magnetic 
condition is possible. 

The fact that the magnetic field of the earth is probably due 
to magnetisation of the earth’s material was first pointed out by 

^ E. Shackleton, ** The Heart of the Antarctic.'* 
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Dr. Gilbert (1540-1603) of Colchester, who made a model, or 
terella, of magnetite, and showed that a small suspended needle 
in the neighbourhood of it, dips as a needle does in the earth's 
field; but he made the mistake of assuming that the magnetic 
poles were at the ends of the axis of rotation of the earth, and 
attributed the declination of the compass to irregularly disposed 
masses of magnetic material in the earth. 

The greatest step forward in the theory of terrestrial magne¬ 
tism was made by Gauss. ^ By mapping out a closed path upon 
the earth’s surface and resolving the horizontal component of the 
earth’s field along it, he obtained the quantity H cos 8 at each 
jfnoint, and by finding the quantity /H cos 8 . ds for short steps 
ds, taken round the closed path, he found that the result is zero. 
Hence the magnetic field is not due to an electric current flowing 
through the curve, that is, there is no vertical current (Chap. VIII). 
For this purpose he used a triangle, with Gottingen, Milan and 
Paris, as vertices, and found the above to be true within the 
error of observation. He also calculated the value of the poten¬ 
tial at all points upon the earth in terms of the horizontal field 
at a limited number of places, and so obtained the values of the 
total intensity and dip all over the earth. The mathematical 
discussion is beyond the scope of this book, and the student who 
is interested in the matter is referred to Gauss’s original memoir, 
or, for a short account, to A. Gray’s Treatise on Magnetism and 
Electricity, VoL I. 

Amongst other results. Gauss calculated that the north 
magnetic pole would be in latitude 73° 35' N., longitude 95° 39' W., 
and the south magnetic pole in latitude 72° 35' S., longitude 
152° 30' E. ; also the magnetic moment of the earth to be about 
0-33R3, where R is its radius. 

In Chap. IX we shall see that the magnetic moment of a 
uniformly magnetised sphere is IttR^I, where I is the intensity of 
magnetisation, and therefore, considering the earth to be a 
uniformly magnetised sphere, its intensity of magnetisation would 
appear to be 


• 33 ^ 1 

47T 


approx. 


=0-08. 


The saturation intensity of magnetisation of iron or steel is of 
the order 1500, and we thus get an idea of the intensity of 
magnetisation of the earth required to produce its magnetic field. 
The surface layers of the earth are not capable of so great an 
intensity of magnetisation as is required by Gauss’s theory, so 

^ Gauss, Allgemeine Th$orit des Erdmagneiismus. Result, d. Magnetisciien 
Vereins, Leipzig;. 1839. 
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that cither the interior of the earth is much more highly magnetic 
than the layers near tlie surface, or the magnetic held is due to 
some other cause, such as circular electric currents flowing from 
east to west. The theory of the earth’s permanent magnetic 
held is far from complete. (See further, p. 46.) 

Variation in Magnetic Elements. —The magnetic elements at aU 
points are continually changing, and the change may be resolved 
into a number of quasi periodic components, together with 
sudden and irregular changes known as magnetic storms. 

(i) Secular Variation .—The declination at all points is under¬ 
going a long period change. Records of the declination do not 

go back far enough for us to compute with 
accuracy the periodic time of the secular varia¬ 
tion, but it is of the order of magnitude of 960 
years. In 1580 the declination at London was 
11° 15' E. ; in 1600, 5|° E. According to an 
observation in 1633 it was still 4° 5' E., and in 
1659 it was zero, the compass at London point¬ 
ing due north. Later observations show a 
westerly variation, 10J° in 1709, to 24in 
1820, when it reached its maximum, and has 
since been diminishing. In the year 1933 
it was 11° 52' W., and it is probable that in 
2139 it will again be zero. It was pointed 
out by Lord Kelvin that the magnetic system 
is slowly rotating from east to west, making a revolution in 960 
years, so that in 960 years the magnetisation lags behind the 
earth by one rotation. The magnetic north pole describes a 
small circle of about 17° radius, and the effect of this rotation 
upon the declination at any fixed point may be seen from Fig. 30. 

(ii) Annual Variations .—There is a variation in declination 
whose periodic time is one year, which occurs simultaneously in 
opposite directions in the northern and southern hemispheres, 
the amplitude at London being about 2J'. The maximum 
easterly deviation occurs in August, and the westerly in February, 

(iii) Daily Variation .—Changes in the earth's field having a 
period of 24 hours are also observed. In Fig. 31 curve A gives 
the typical variation 80 in the declination in this country. This 
reaches a limiting position about 4' east of its mean position just 
before 8 a.m. and a maximum 5' west at 1*0 p.m. The variation 
8H in horizontal intensity (B) reaches a minimum at about 10 a.m. 
and a maximum at 7 p.m., while the variation 80 in dip (C) 
reaches its maximum at 11 a.m. and its minimum at 7 p.m. 

The daily variation is not constant, that is, it does not go 
through the same course on different days. The magnitude of 
the change is shown in Fig. 32, taken from the results of Dr. 
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Chree,* in which the curve O represents the variation in declina¬ 
tion on ordinary days, Q that for very quiet days, and D that 
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Fig. 31. 

for days of considerable magnetic disturbance, the values taken 
being means over an eleven-year period. 

Sir Arthur Schuster ^ has investigated the phenomenon of the 
daily variation, and has come to the conclusion that it is due to 
causes external to the earth, probably to electric currents in the 
atmosphere ; and the daily magnetic variations cause induced 
currents in the earth, which reduce the amplitude of the vertical 
and increase that of the horizontal component. The earth 
currents which would produce these 
magnetic effects are of such a character 
that they indicate that the earth is 
not a uniformly conducting sphere; 
the upper layers conduct better than 
the lower layers. And further, the 
observed daily variation is similar in 
character to that which would be 
produced by the motion of the atmo¬ 
sphere due to the tidal action of the 
sun and moon, or periodic variations 
of the barometer, provided that the 
atmosphere is in such a state that 
the smallest electromotive force will 
produce current. 

The daily variations in the horizontal component of the earth's 
field have been represented by v. Bezold in a very convenient 
form. A vector, representing in magnitude and direction the 
variation in H from the mean at any instant, is drawn from the 
point O (Fig. 33). During the day this vector makes a complete 
revolution, and its extremity describes the curve in the figure, 

* C. Chree, Phil. Trans., vol. 208, A. 1907. 

* A. Schuster, PkU. Trans. Roy. Soc., vol. 180, Part I. 1889. 
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upon which the appropriate times of day may be indicated, and 
the vector representing any required time may be seen. It is 
then found that for all points on the earth having the same 
latitude, the vector diagram of daily variation has the same 
shape, and by placing the axis AB in the direction of the meridian, 
the vector at any moment representing the variation can be added 
vectorially to that indicating the mean horizontal component 
of the earth’s field at that point, to obtain the actual horizontal 
component and the direction in which the compass would set. 

The daily variation is less in winter than in summer. 

(iv) Magnetic Storms .—Simultaneous variations in the magnetic 
elements over the whole earth are frequently observed, the 
magnetic needles at the observatories undergoing rapid and 
sometimes enormous disturbances. 


A 



Fig. 33 . Fig. 34 . 


Eleven-Year Period. —On recording the frequency of sunspots 
and the magnitude of the daily variation in the magnetic elements, 
a surprising parallelism between the two phenomena becomes 
apparent (Fig. 34). 

It is thus seen that the period of eleven years, during which 
the frequency of the occurrence of sunspots goes through a cycle, 
coincides with the period of change in the magnitude of the daily 
variations. In the diagram 80 is the amplitude of the daily 
variation in minutes of arc, and 8H is the variation in the hori¬ 
zontal intensity expressed as a fraction of the whole amount. 
The diagram is given by A. Nippoldt,> and exhibits very clearly 
the parallelism in the three quantities. 

Cause ol Variations. —The origin of the earth’s magnetism is 
still a matter for investigation, but the variations, although not 
thoroughly understood, have been explained on the assumption 
that the sun is emitting a radiation similar to the cathode rays, 
met with in a vacuum tube in which an electric current is passing 
(Chap. XIV). Such rays consist of minute particles, which, in 
passing through a gas such as our atmosphere, render it con- 

* A. Nippoldt, ErdmaetuHimu*, BrdtUrtm UNi Petarlicht. 
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ducting for the electric current. Any potential difference 
between different localities in the upper layers of the atmosphere 
would then give rise to electric currents, and such currents 
having a magnetic field associated with them would, of course, 
affect the magnetic needle. Such phenomena as the eleven-year 
recurrence of the maximum daily variation lend colour to such 
a theory, for the radiation of all kinds from the sun changes with 
the nature of its surface. Also the daily variation itself may be 
due to the same cause; although it must not be forgotten that 
the changes in temperature due to the alteration in the amount 
of radiant heat received from the sun may help to cause the 
observed variations. It may also be noted that Bauer ^ noticed 
a small wave-like disturbance of the suspended needle, as the 
moon passed over the sun's disc, in the total echpse of 1900, 
which was similar in character to the solar-diurnal variation, but 
smaller. This change took place at all the observing stations as 
the moon's shadow passed over them. 

The daily variation has been analysed into three parts, a 
regular variation due to the sun, a minute variation due to the 
moon and an irregular disturbance due to the sun. The first of 
these is seen in the quiet day variation (p. 41) and is the largest 
of the three. It has been found possible to formulate currents 
in the conducting layers of the atmosphere which would produce 
the observed variation, the conductivity of the layers being 
influenced by radiation from the sun. The origin of the electro¬ 
motive forces which produce the currents is not known definitely. 
The variation due to the moon is so small that it can only be 
found by the collection of observations over long periods. It is 
certainly connected with the phases of the moon. 

Magnetic storms are not always accompanied by Auroral dis¬ 
plays, but the latter are always associated with magnetic disturb¬ 
ances. Also the form of the Aurora Borealis is frequently such 
as might be explained by streams of cathode ray particles entering 
the magnetic field of the earth (Chap. XR^) ; and again, the 
spectrum of the Aurora is a line spectrum, showing that it is not 
reflected sunlight; and in it the fines of nitrogen, argon, neon 
and xenon have been detected, a fact which points to the con¬ 
clusion that the fight is emitted by the passage of an electric 
discharge through the atmosphere. 

Recording Instruments. —For the purposes of a magnetic 
survey, portable instruments are necessary, since the magnetic 
elements at a great many places must be determined. These 
instruments (pp. 28-35) are not of great precision; and are in¬ 
capable of measuring small variations in the earth's field. Conse¬ 
quently, at certain observatories, recording instruments or 
^ L. A. Bailor, Terr, and Atmos. Ehd., XY, 2. June, 1910. 
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magnetographs are erected, which give a permanent record of 
the small variations in the terrestrial magnetic field. The three 
types of instrument record respectively variations in declination, 
horizontal intensity and vertical intensity. 

The declination magnetograph is an instrument in which a beam 
of light, reflected from a mirror attached to a suspended magnet, 
falls upon a sheet of photographically sensitive paper wound 
upon a drum which rotates at constant speed, the curve traced 
upon it indicating the variations in the declination. The instru¬ 
ment is thus a combination of the reflecting magnetometer and 
the chronograph. 

In the instrument designed by Watson,* nine small permanent 
magnets are cemented in an aluminium centrepiece, which is 
suspended by a phosphor-bronze strip, the magnetic system being 
situated inside a massive block of copper, to cause oscillations 
to be rapidly damped out. The employment of phosphor- 
bronze for the suspension renders the reading of the instrument 
almost independent of temperature, for the elasticity of the 
phosphor-bronze decreases as the temperature rises, and the 
magnetic moment of the magnets likewise decreases. Hence the 
deflecting and the controlling couples rise or fall together, with 
alteration of temperature. 

In the case of the horizontal variometer the suspended magnetic 
system is rotated, either by twisting the suspension or by means 
of compensating magnets, until its magnetic axis is perpendicular 
to the magnetic meridian. Eschenhagen,^ using a quartz sus¬ 
pension, twisted the torsion head until the magnetic axis was 
90"" from the meridian. He also used two mirrors upon the 
suspended system, so that the doubling of the deflection due to 
reflection occurred twice, with corresponding increase in sensitive¬ 
ness. If M be the magnetic moment of the system, d the angle 
made with the meridian, and a the number of degrees of twist in 
the suspension, 

MH sin 0=ca. 


When, 


(?=90", MH=ca, and M8H=c8a. 


• 

•• H 




Thus, a given change SH will cause a bigger deflection, the smaller 
c and the greater the value of M. Hence a fine suspension fibre 
is used, and a is great, amounting to several revolutions, in order 
to maintain the magnet at right angles to the meridian. 

As H varies so does ff, and the movement of the reflected beam 
of light is recorded photographically. 0 never differs much from 
90°. The scale of the record is calibrated by causing a deflection 

^ W. Watson, Terrestrial Magnetism, vi. 1901. 

• M. Eschenhagen, Terrestrial Magnetism, v. 1900, 
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by means of a small magnet of known moment, placed at a 
distance from the instrument (see p. 6). 

The vertical intensity magnetograph is usually a magnet, 
mounted as in the case of the dip circle, to rotate about a hori¬ 
zontal axis, the plane of rotation being the magnetic meridian. 
The end of the needle, which would ordinarily set upwards, is 
loaded until the needle is horizontal, and the horizontal com¬ 
ponent of the earth’s field does not give rise to a couple tending 
to rotate the needle. Owing to the direction of the needle being 
perpendicular to the earth’s vertical component, any variation 
in this causes corresponding variation in the position of equili¬ 
brium of the needle, and its movements are recorded by the 
beam of light and photographic drum as in the last two cases. 

In order to respond to rapid changes in the magnetic field, the 
magnet must be as light as possible, and when supported upon 
knife-edges, any mechanical disturbance will cause such a needle 
to move about in azimuth, with loss in definiteness of the record ; 
also change in temperature produces alteration in the magnetic 
moment of the magnet, with resulting change in the position of 
equilibrium. 

To get over these difficulties Watson ^ attached the magnets 
which are 8 cm. long and 1 mm. in diameter, to a quartz plate, 
to which the horizontal suspension 
fibres are fused. The arrangement 
is shown diagrammatically in Fig. 35. 

E is a slab of fused quartz, the upper 
face of which is polished and con¬ 
stitutes the mirror. The rods B and 
C are part of this, and serve both to 
carry the magnets M, M', and for the 
attachment of the quartz fibres AB 
and CD. At A is a spring of fused 
quartz, to which is fused one end of 
the fibre AB. The attachments at 
B, C and D are all made by fusing the fibres on to the quartz 
rods, so that the suspension consists entirely of homogeneous 
fused quartz. At D is a torsion head, the adjustment of which 
serves to set the magnets horizontal. P is a 45° reflecting 
prism, to enable the readings to be made by means of a horizontsd 
beam of hght. 

The small adjustable weight w is placed in such a position that 
the ends M of the needles, which usually point upwards, are now 
depressed below the level of the axis, and the magnets are brought 
into a horizontal position by rotating the torsion head D in a 
clockwise direction. The earth's vertical magnetic field tends to 
raise MM and depress M'M', and any variation of the field is 
* W. Watson, Proc. Phys. Soc. Lond., XIX, II, 1904. 
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observed by the corresponding rotation of the magnets and the 
attached mirror E. 

By the construction chosen, the apparatus is practically free 
from error due to change of temjx^rature, for if this rises, the 
magnetic moment of the magnets decreases and the ends MM 
would be depressed. But the rigidity of the quartz fibres 
increases witli rise of temperature, and so the couple exerted by 
them increases, causing the ends MM to be raised. The two 
effects arc therefore opjxisite, and by adjusting the position of 
the small weight and the torsion in the fibres, the apparatus 
may be compensated for temperature change. 

Geomagnetism. —'i'he study of the propagation of seismic waves, 
generated by earthquakes, has revealed that inside the thick solid 
mantle of the earth is a core, of radius some 0*55 of the external 
radius of the earth, wliicli docs not transmit transverse waves 
involving shearing of tl>e medium, and which must therefore be 
fluid, d'here is good reason to suppose that this core may have a 
finite electrical conductivity and may therefore carry electric 
currents. 

The main magnetic held of the eartli is explicable if certain 
plausible assumptions are made about these currents, which may 
be perpetuated by rotation in a field which the currents them¬ 
selves assist to generate. Convection currents in the core may 
also play an important part. The energy to maintain the current 
system may thus come in part from the rotational energy of the 
earth and in part from heat, perhaps from radioactive minerals 
within the earth (p. 534). 

On this theory, the various known large anomalies could be 
due to large eddies in the fluid core, and a small difference in the 
speeds of rotation of core and mantle could account for the slow 
westerly drift of the terrestrial field which constitutes the secular 
variation (p. 40). Much of this is still speculative, however. ^ 

Local anomalies in the magnetic elements can often be corre¬ 
lated with non-uniformity in the geological structure and they are 
studied in the field, often in conjunction with gravity surveys and 
other physical investigations, in normal geological survey work 
and in prospecting lor oil and other minerals. 

Many sedimentary deposits, such as some clays, are weakly 
magnetised, and the direction and intensity of magnetisation in 
the various layers may be attributed to changes in the orienting 
effect of the terrestrial magnetic field when the particles were 
settling. In this way some idea of the past magnetic history of 
the earth is being built up .2 

^ See S. K. Runcorn, Science Progress, XXXVIII, p, 668. 1950. Also S, 

Chapman, " The Earth's Magnetism." Methuen & Co., 2nd edition. 1951. 

* S. K. Runcorn, loc. cit. 
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THE ELECTRIC CURRENT 

Under certain circumstances an ordinary metallic wire may 
exhibit distinctive phenomena, the most striking being, the 
existence of a magnetic field in the space surrounding it, and the 
production of heat in it. We say, then, that an electric current 
is flowing in it. The electric current is always accompanied by 
these two effects, and their presence may be taken to indicate 
its existence. Our reason for speaking of this phenomenon as a 
current, which implies a flow of something along the wire, rather 
than as a statical condition, will appear later. 

Magnetic Field accompanying a Current.*$»An infinitely long 
straight wire, carrying an electric current, is surrounded by 
circular lines of magnetic force, the centres of the circles lying 
upon the axis of the wire, their planes being perpendicular to it. 




In the case of any straight piece of wire which is fairly long, the 
magnetic lines may easily be mapped out, e’ther by the method 
of iron filings, or with a small compa.ss needle, and will be found 
to be approximately circular (Fig. 36). In the case of a circle of 
wire carrying a current (Fig. 37), the magnetic lines of force are 
not so simple in shape as in the case of a straight wire, but they 
may be found in a similar manner, and it will be noticed that for 
a small region near the centre of the circle, the field is nearly 
uniform, that is, the lines are nearly parallel. The fundamental 
experiments exhibiting the presence of a magnetic field when an 
electric current is flowing are due to Oersted (1820), the existence 
of the current having been recognised by certain other effects 
for the previous twenty years. 
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Ampere’s Theorem. —In his celebrated memoir ^ of 1823, 
Ampere stated that Every linear conductor carrying a current 
is equivalent to a simple magnetic shell, the bounding edge of 
which coincides with the conductor, and the moment of which 
per unit of area, that is, the strength of the shell, is proportional 
to the strength of the current/' By a magnetic shell is meant 
an infinitely thin sheet of material, magnetised in a direction at 
right angles to the surface of the sheet, so that one side of the 
sheet is a N, and the other a S, })olar surface, d'he form of the 
magnetic field due to a current may therefore be calculated by 
means of purely magnetic considerations, on replacing the current 
circuit by its equivalent magnetic shell ; but the same result 
may also be obtained for a complete circuit by treating each 
small element of it as a straight current of length S/, and applying 

the relation where H is the resulting strength of 


magnetic field, i the current, r the distance from the element of 
the circuit to the point at which H is to be found, and 6 the 
angle between the direction of the current and the line joining 
the element to the point. The direction of the field is at right 
angles to the plane containing the element 
, > ^ and the line joining it to the point, and is 

\\ 9 » indicated in 38 

\ This law was proved by Biot and Savart to 

SlY hold in the case of a long straight wire carry- 

\ ing current. The magnetic fields, as deter- 

1\ mined by this method and by that of the 

^ T equivalent magnet shell, are identical. It 

^ Fig 38 noted that the method of the mag¬ 

netic shell is the more satisfactory, as, how 


ever difficult the problem may be, it is always possible to find a 
magnetic shell, or system of shells, that will be equivalent to the 
current; but the method of the circuit element previously 
considered fictitious, may be justified, as we now know that the 


current is the motion of electric particles (Chap. XVI). 

Unit of Current. —The magnetic field due to a current being the 
most constant and the simplest of the accompanying phenomena, 
it is chosen for the purpose of measuring the current. The unit 
strength of magnetic field being established (p. 3), we may now 
define our unit of electrical current in terms of it. 


Thus, the unit current is one that is equivalent to a magnetic shell 
of unit strength ; or, by means of the relation above, we may 
define the unit of current as that which will enable us to replace 
the sign of variation by one of equality, so that 


^ Th4orie des phdnomenes Meciro-dynamique, Mdmoires de VInstitute IV. 1823. 
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iS/ sin 6 


In this equation U is a very small quantity, and hence if f is 
to be constant, while 8/ is increased to finite size, the circuit must 
evidently be in the form of a circle. Thus the field at the centre 
il 

of the circle is - and is at right angles to its plane, / being the 

total length of arc in which the current flows. If then t, / and r 
are all unity, the field is of unit strength, and we have the 
ordinary definition of unit current, as ^/lal current which flowing 
in an arc of a circle of unit length, the radius being unity, produces 
unit magnetic field at the centre. If the circle consist of n com¬ 
plete turns l^^lirnr, and it follows that 

.rr 'Inni 


Tangent Galvanometer. —The last equation is employed in a 
form of instrument for measuring an electric current in terms of 
a magnetic field and a deflection, and from the 
form of the relation between the current and 
the deflection, the name tangent galvano¬ 
meter '' is given to the instrument. It is essen¬ 
tially a magnetometer in which the magnetic field, 

F, is due to the current flowing in a vertical cir¬ 
cular coil, whose plane is in the magnetic meridian. ^ 

The two fields in which the needle is situated are 
therefore F, due to the coil, and H, the horizontal 
component of the earth’s field (Fig. 39) ; and the 
needle is in equilibrium when its magnetic axis 

F 

makes an angle tf=tan'”^g with the meridian. 

Then since— 

F^27rnf 
r 



Zirni 

"Th 


=tan 6, or, f == 


fH 

27Tn 


tan ft 


A common type of the apparatus is shown in Fig. 40, two coils 
being provided, one of 2 turns of thick wire for use with large 
currents, and one of about 20 turns for use with smaller currents. 
The deflection is observed by means of a fine pointer which 
moves over a horizontal circular scale, parallax being avoided by 
placing the eye vertically over the needle in taking a reading, the 
eye being moved until the image of the needle in a plane mirror 
lying underneath it appears to coincide with the needle itself. 
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In principle the tangent galvanometer resembles the magneto¬ 
meter described on p. 7, the linear scale and bar magnet being 

replaced by the circular coil 
carr 3 dng the current. 

The same precautions 
with respect to reading both 
ends of the pointer, and re¬ 
versing the deflection so that 
the reading is made on the 
other side of zero, are made, 
as in the case of the mag¬ 
netometer, and further the 
pointer must be adjusted to 
be at right angles to the 
needle. Owing to the fact 
that the magnetic field at 
the centre of the coil is 
sensibly uniform for only a 
small area, the needle must 
be as small as possible; if 
too large it is not in a uniform field, and the relation given above 
will not hold good. 

In making observations, the deflections should be neither too 
great nor too small. If too small, any error in reading is a very 
large proportion of the whole deflection, and if too great, the 
tangent of the deflection increases so rapidly that a small change 
in deflection means a very large actual change in the value of 
the current. To find the position on the scale for readings of 
greatest accuracy, consider S0 to be a small increment in the 

deflection corresponding to the increment 8i in the current. , is 

t 

8i 

the relative change in the current, and the percentage 

100 ^ 

change in the current corresponding to 86, and for greatest 
di 

accuracy -- should therefore be as small as possible. 

Since the current is proportional to the tangent of the deflection, 
f=K tan 6, 

8i 

and, sec^ 6, when 8i and 86 are infinitesimal; 

o6 



Fig. 40. 


. hi sec* 0 

-T=~. -. Otf = 


sin 20 


$ 0 . 


i tan 0 
hi 

Hence for ^ to be as small as possible for a given value of 
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or fl=45°. Hence 



70 ^ 


Sd, nflust be as small as possible; sin 2$ must be as 

great as possible. This occurs when 20=90° 
it is desirable to make the deflection 
as near to 45° as possible, whenever 
accuracy in determining the current is 
required. The curve, Fig. 41, shows 
the relative accuracy in determining 
the current when the deflection varies 
from 0° to 90°, taking the accuracy at 
45° as 100. It will be seen that for 
the accuracy not to fall to 50 per cent, of the maximum, the 
deflection must lie between 15° and 75°. 

A more refined instrument is shown in Fig. 42. In this case 
there are two coils, the distance between them being equal to 
the radius of either coil, the object being to obtain the most 
uniform field in which to suspend the needle. 

In order to find the strength of magnetic field at a point on 
the axis of a circular coil at a distance x from the centre, consider 


Fig. 41. 



Fig. 42. 



the field due to an element 81 of the circle. The field at A 

i 81 

(Fig. 43) due to this element is where i is the current in the 

coil, and is in the direction AB, at right angles to the plane 
containing r and 8L This may be resolved into two components, 
AC along the axis, and AD at right angles to it. Every element 
of the circular coil will produce a component at right angles to 
the axis and in each case it is parallel to the radius of the circle 
drawn to the element. Hence, taking the whole circle, these 
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components of the field corresponding to AD will give a resultant 
zero. The components corresponding to AC, which are along 
the axis, will on the contrary be added together. 

Component AC due to element 8/ 

i.hl AC i.U a_iahl 


For the whole circle, 8/ must be replaced by lira. 


Field- 


and if the coil consist of n turns sufficiently close together to take 
a mean radius without introducing a sensible error. 


Again, 




InnaH 

Field™ 

2'nnaH 

/. Field = 7“r>- 

{x-+a^Y 


The strength of field at a point upon the axis is therefore 
greatest at the centre of the circle, for here x=d and the expres- 

271 fli 

sion becomes ——. It decreases as we pass away from the centre, 

becoming zero at infinity, but its rate of change as we pass away 
from the centre is not constant. The rate of change from point 
to point along the axis is the differential coefficient of the above 

. , 1 ^ r '2.7TnaH 1 , . . r 

expression with respect to x, that is ^ 

importance to find whether there is any point upon the axis at 
which this rate of change becomes constant. Calling it y we see 
that if it is constant, then 


dy 27TnaH 

^=0. or, 


Now, 27TnaH is constant, so that in dealing with rates of change 
it may be omitted ; also remembering that 

we have- 
^(;c2+a2)-* = — 3x(x^ 

+a2)-*=-3{(*2 +«2)-i -Sx^x^ +a2)--} 
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Putting this equal to zero and dividing throughout by 
we have— 

/. 5x^=x'^-\-a*^^ 4x^=a^, or 


Thus, at the point on the axis whose distance from the plane 
a 

of the circle is the rate of change of the field as we pass along 
the axis becomes constant. 

This fact is made use of in the Helmholtz pattern of galvano¬ 
meter (Fig. 42) ; the two coils are placed coaxially and at a 
distance apart equal to the radius of either, the rate of change of 
field being most uniform at a point midway between them, which 
a 

point is at a distance ^ from each coil. Any diminution in field 

due to one coil as we pass away from this point is compensated 
for by the equal increase in the field due to the other coil, the 
rate of change being here constant and occurring in opposite 

u 

directions for the two coils. Substituting the value 2 ^ 

the expression for the field on the axis of a coil, and remembering 
that there are two coils, we have 


47rnaH 32 nni 


And the expression for the deflection is 
32 7T?ii 


y/5^ * ail' 


=tan 0, 


, \/!25aH 

or i -tan d, 

Sinn 


The above reasoning may be illustrated by plotting the values 
of the field strength due to a coil at different distances from the 
centre. The curve PQR (Fig. 44) is obtained, which will be seen 

a 

to be straight at the point Q at a distance 2 from the coil, since 

the curve changes here from being convex upwards to being 
concave upwards. The rate of change of field at this point is 
constant, that is, its variation is zero. The curve SQT is plotted 
for the second coil, and the curve M is obtained by adding the 
ordinates of the other two, and represents the resultant field due 
to both coils. It is easily seen that for some distance on either 
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side of the point midway between the coils the field is fairly 
constant, the reason being that the two curves are straight at 
Q, so that the falling off in either direction of one of the fields is 
balanced by the equal increase of the other field. 

In Fig. 45, the lines of force for the double coil are drawn, and 
it will be seen that in the middle of the field there is a region of 




considerable extent where the magnetic field is approximately 
uniform. 

Electromotive Force and Potential Difference. —Whenever a 
current flows in a conductor, heat is developed in it, the amount 
of heat developed being proportional to the time for which the 
current flows ; moreover, it is always found necessary to apply 
some external agency to maintain a steady current. This implies 
that work is being expended in order to maintain the current, 
the energy being drawn from the outside source. The rate of 
expenditure of energy required to maintain the current is 
measurable in terms of the rate of production of heat, when there 
is no change taking place in the conductor. From analogy with 
the flow of water in a closed circuit, in which case the flow is 
maintained by some mechanical agency such as a pump at some 
point or points, we consider that the electric current is main¬ 
tained by an electromotive force. Just as we took the magnetic 
field in the neighbourhood of a current as a measure of the 
current itself, so we may take the rate at which energy is ex¬ 
pended to maintain a current to measure the necessary electro¬ 
motive force. Then for a given current, the electromotive force 
(or more shortly the E.M.F.) required to maintain it, is propor¬ 
tional to the rate at which energy is expended, and by choosing 
suitable units we arrive at our unit of E.M.F. Thus, wheth the 
current is unity and the rate of working is one erg per second, the 
E.M.F, is unity, and in terms of these units 

Rate of working =» (current X E.M.F.) ergs per second. 
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Thus, if an E.M.F. e maintain a current i, for t seconds. 

Work done—eit ergs. 

It must be remembered that a given conductor is usually only 
part of the circuit, and somewhere in the circuit is the source of 
the energy required to maintain the current. This source may 
be an electric battery, in which case the ultimate source of the 
energy may be some chemical reaction occurring in the battery ; 
or it may be a dynamo-electric machine, in which case the energy 
is derived from some kind of heat engine, or it may be one of a 
number of other sources ; but in any case the rate of working to 
maintain unit current in the circuit is called the electromotive 
force in the circuit. The resulting heat may be liberated in 
various parts of the circuit, and this wiU take place according 
to laws which we must now examine. 

An electromotive force always acts in one direction in the 
circuit, and if there be a number of electromotive forces in the 
same circuit, the excess of those acting in one direction over 
those acting in the other direction is the resultant or effective 
electromotive force in the circuit. Thus an electromotive force 
is a directed quantity and in this respect is analogous to a 
mechanical force. In many mechanical processes the energy 
supplied by the driving force is eventually dissipated as heat, 
and the rate at which the heat is developed at various points 
depends upon the frictional resistance to motion at these points. 
Similarly, in the case of an electrical circuit the energy supplied 
by the source of E.M.F. appears as heat in the circuit, but the 
rate of production of heat at any point, for any given current, 
varies according to the nature of the conductor at that point. 

For a given conductor, the work converted into heat in it m 
one second when unit current flows is called the potential differ¬ 
ence between its ends. Thus, potential difference is measured 
in the same units as electromotive force, but they have this 
difference, that an electromotive force has always the same 
direction in the circuit, whereas the potential difference has a 
direction depending on that of the current. If the current flows 
in a circuit in the direction in which the electromotive force 
tends to produce current, the source of electromotive force 
transfers energy to the circuit and the energy of the source 
decreases. But if the direction of the current is reversed so 
that the electromotive force opposes its flow, the energy of the 
source of electromotive force increases at the expense of the 
energy of the source ot greater electromotive force which is 
maintaining the current in the circuit. On the other hand, a 
potential difference always corresponds to the dissipation of 
energy in form of heat in the circuit, whichever way the current 
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flows. Thus, if electromotive force corresponds to a motive 
mechanical force, potential difference corresponds to a frictional 
force, which depends for its direction upon the direction of 
motion, and is a measure of the heat produced per second 
between two points, for a given continuous motion of matter 
between one point and the other. 

Ohm’s Law. —In the chapter on Electrostatics (IV) we shall 
see that potential difference may be measured quite indepen¬ 
dently of any current flowing, and if for any conductor the 
potential difference be measured by this independent means, and 
the current also be measured, say, by the tangent galvanometer, 
it will be found that for the case of an ordinary metallic con¬ 
ductor there is a simple relation between potential difference and 
current, the current is proportional to the potential difference. 
This relation was first clearly stated by G. S. Ohm ^ and is known 
as Ohm's law. Although Ohm had not the means of establishing 
the law with any great certainty, later experimenters verified it 
to a high degree of accuracy. 

Resistance. —Ohm’s law may be expressed in the form. 


potential difference 
current 


constant. 


for any conductor under constant physical conditions. The 
name resistance has been given to this constant, and the name 
conductance to the inverse of it. 


Thus, =resistance, =conductance. 

♦ p,d. 

The unit of resistance follows at once from the units of potential 
difference and of current, and is the resistance of a conductor in 
which unit potential difference corresponds to unit current, or 
the potential difference between the ends of the conductor is 
unity when unit current flows in it. 


Thus. 


, or, p.d.=t>. 


And, rate of worldng=/>.ti. x/==/V===^^—^ ergs per second. 


Practical Units. —Although the centimetre, gramme and second 
are of convenient size for the measurement of length, mass and 
time, the derived units of electromotive force, current and resist¬ 
ance, resulting from them, and called the absolute C.G.S. units, 
are not of convenient size for ordinary electrical purposes. 
Hence a new unit of current is chosen which shall be simply 

^ G. S. Ohm, Die galwanische Kette methemaiisck gearbeitet, Berlin, 1827. 
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related to the old unit, but of more useful size ; it is called the 
ampere, being named after the celebrated experimenter Ampfere, 
and is one-tenth of the size of the absolute unit. Thus the 
expression for the field at the centre of a circular coil will be 

where I is the current in amperes. 
lOr 

Similarly the unit of E.M.F. is chosen to be of the order of that 
of an ordinary electric cell; it is 100,000,000 or 10® absolute 
units, and is called the volt. 

Thus for a complete circuit, rate of working 

ergs per second 
=E. 108x1. 10~i 
=EI X10*^ ergs per second, 

where E is now measured in volts, and I in amperes. Upon this 
system the practical unit of rate of working is the work done per 
second when one volt maintains a current of one ampere, and is 
called the Wait, We see then that rate of working—El watts, 
and further that one watt = 10*^ ergs per second. The engineer's 
unit of rate of working, the horse-power, or 33,000 foot-pounds 
per minute, may be converted into watts by converting feet to 
centimetres, pounds weight to dynes, and minutes to seconds, 
when it will be found that one horse-power=746 watts (approx.). 

Again, the name Joule is given to the unit of work upon the 
practical system ; it is the work done in one second when a 
current of one ampere is maintained by an E.M.F. of one volt, 
so that one watt=one joule per second. 

The heat developed in any circuit by an electric current may 
therefore be found in terms of the current flowing in it and the 
electromotive force which maintains the current, when the 
mechanical equivalent of one calorie, or as it is termed. Joule's 
equivalent, is known. This quantity has been determined in a 
number of ways, but the mean value may be taken to be 4T 8 X 10'^. 
Thus the conversion of 4*18x10'^ ergs into heat would raise one 
gramme of water one degree Centigrade. Then the rate of 
working may be expressed either in ergs per second or calories 
per second. Thus, 

Rate of working=EI x 10'^ ergs per second, 

X 0-239 calories per second. 

The practical unit of resistance is called the ohm, and is the 
resistance of a conductor for which there is a potential difference 
of one volt between its ends when a current of one ampere flows 
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in it. Calling R the resistance of any conductor in terms of this 
unit, we see that 


I 


=R, or, E=IR. 


Again, one ohm = 


one volt 
one ampere 


10® absolute units of p.d. 
10“^ absolute unit of current. 


/, One ohm is equal to 10^ absolute units of resistance. 

E2 

Also, rate of working =EI=PR= ;^ watts, 


==EI X 0*239 calories per second, 


from which we see that for a given conductor, the heat produced 
in it per second is proportional to the square of the current. 

Combination of Resistances. —From the definition of resistance 
given above, we may find the resistance of a number of conductors 
combined in series, that is, end to end, so that the same current 
flows through all of them ; or in parallel, in which case they are 

all joined side by side between 
i f two points SO that the current is 

Fig. 46. divided between them. 

(i) Scries .—The current I enters 
at the point A (Fig. 46), and flows through all the resistances, 
leaving at D. Then if there is no source of E.M.F. in any of 
the conductors, 

p.d. between A and B=IRi 
„ „ B and C—IR 2 

,, ,, C and D=IR 3 

.n p.d. between A and D^IR—IRj+IRg+IRa 
where R is the effective resistance between A and D. 


R—RjH-R2-i~R34" • • • 

That is, the combined resistance is the sum of the separate 
resistances. 

(ii) Parallel or Multiple Arc .—In this arrangement of con¬ 
ductors the current enters at the 
point A (Fig. 47), and divides into a 
number of parts which unite again at 
B. Taking the total current I, equa? 
to the sum of the separate currents, 

1=11+12+13* 



If, now, the p.d. between A and B is equal to E, 
E=IR=I|R} =I2R2=I8R| 
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where R is the effective resistance between A and B. 


: I=? I =r— I = ?- I = 

„ E E , E , E 
Hence. + + . 

K Ki K2 K3 


R3' 


Dividing by the common quantity E, and writing the expres¬ 
sion for any number of conductors, we have— 

^=1 + 1 + 1+1 + 

R R,^R2^R3^R4^ • • ‘ 

Thus for conductors in parallel the combined conductance is 
the sum of the separate conductances, the conductance being 
defined as the reciprocal of the resistance. 

To find the current in any one branch, we may note that 

_E _IR 

* Ri R,’ 

, , . , combined resistance 

i.e, current in one branch—mam current x --.- 

resistance of branch 


Resistivity or Specific Resistance. —The resistance of a con¬ 
ductor depends upon its dimensions, and also upon the material 
of which it is made. The resistance of a 
conductor of unit length and unit area of 
cross section is called its resistivity or 
specific resistance^ S, and the inverse of 
this is its conductivity. The shape of the Fig. 4 g 

cross section is immaterial. Knowing the 

resistivity of the material we may readily find the resistance of 
a uniform conductor of any dimensions. For the conductor may 
be considered to consist of a number of unit conductors S, so that 
if these are placed end to end we have a number I of these in series, 
where I is the length of the conductor. Since these unit con¬ 
ductors are in series, the resistance of this rod of unit section is 
S/. If, now, a of these are situated in parallel, a is the total area 
of cross section, and the combined resistance is given by 

R”sl+si+si+ : • • “ • 
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We can therefore find the resistance R if the resistivity S is 
known, and vice versd. The universal method for finding the 
resistivity is to measure the resistance of the conductor by one 
of the methods described in Chapter III, and, knowing its dimen« 
sions, to calculate the resistivity. The resistivity of a number 
of substances is given in the second column of the Table below, 
in which the data are taken from Kaye and Laby s Tables, the 
resistivity being in International Ohms per unit conductor. 


Substance. 

Resistivity. 

! 

Tempera¬ 

ture. 

Teinpeiature 
coefficient of 
resistivity. 

Aluminium . 

3-21 > 10 (Jaeger & Diessel- 

lioist) 

18^ C. 

1 

0-0038 

('opper . 

L59x 10 '* (Mean of number) 

18" C. 

0 00428 

Gold .... 

2-42 A 10-'* (|. A D.) 

IS ' C. 

0-0040 

Iron (soft) , 

13-9x10 « (|. A D.) 

IS" C. 

0-0062 

Lead 

2 08 x 10-“ {]. & D.) 

IS' ('. 

0-0043 

Mercury 

9-407 >: lO "' (Int('rnational 
((uncmtion) 0 ' C. 

0" C. 

00009 

Platinum 

1-lOx 10'-^‘ (|. A D.) 

IS" C'. 

00038 

Silver ... 

1-63 X 10"<^ (|. & D.) 

18" (' 

0-0040 

Manganin (Cu 

4-205x10-^ (J. & D.) 

18" C. 

0-000025 

84. m 4. Mn 
12) 



Platinoid (Cu 62, 

3-44x10-^ (Lees) 18^ C. 

IS" C. 

0-00025 

Ni 15. Zn 22) 



Const an tan (Cu 
60, Ni 40) 

4-9x10-^ (J. & D.) 

18" C. 

-0-000002 to 
-1 0-00001 

Nichrome 

1-10x10“^ {N.]>.L.) 

20" C. 

0-00017 


Electrolysis. —In the early years of the nineteenth century it 
was found that when an electric current flows in a solid or liquid 
substance which is not a metal, chemical action occurs, the 
products of the chemical action appearing at the conductors by 
which the current enters or leaves the substance. Non-metallic 
substances will not, as a rule, carry a current, unless some such 
chemical action occurs. To Faraday we owe the quantitative 
account of the phenomenon and the nomenclature now universally 
applied to it. The substance carrying the current, which in the 
act of carrying it undergoes decomposition, is called an Electro¬ 
lyte, the conductors by which the current enters and leaves the 
electrolyte are called Electrodes, that at which the current enters 
being the Anode, and that at which it leaves, the Cathode, while 
the name Electrolysis is given to the whole process. The metals 
are liberated at the cathode, and the acid radicles at the anode; 
but owing to secondary reactions at the electrodes it often 
happens ^at the substance is dissolved in the electrolyte, or 
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combines with the electrode ; in that case it does not appear in 
the free state. 

The most common electrolytes are solutions of inorganic salts 
or acids in water. For example, if a current be passed through 
a dilute solution of sulphuric acid, platinum plates being used as 
electrodes, hydrogen appears at the cathode in the form of 
bubbles, and SO4 is liberated at the anode, 

H2S02=H2+S04. 

This SO4 does not appear in the free state, but with the water of 
the solution again forms sulphuric acid, 

2H2O+2SO4-2H2SO4+O2. 

Bubbles of oxygen form at the anode, and if the gases at the 
cathode and anode be collected, it will be found that the hydrogen 
has twice the volume of the oxygen. If a copper anode had been 
employed, copper sulphate would have been formed in place of 
the oxygen. 

Faraday’s Laws.—As the result of Faraday's work, two laws 
were enunciated which bear his name. 

(i) The amount of decomposition is proportional to the current 
and to the time for which it passes. 

(ii) The amounts of different substances liberated by the same 
current, flowing for the same time, are proportional to the 
chemical equivalents of the substances. 

From these two laws it follows that if the amount of any one 
substance liberated for a given current in a given time be known, 
the amount for any other substance may be found, provided that 
its chemical equivalent, which in the case of an element is the 
atomic weight divided by its valency, be known. 

The mass of a substance liberated by one ampere in one second 
is called its Electro-chemical Equivalent. 

The most accurately measured electro-chemical equivalent is 
that of silver, for which the most recent determination gives the 
value 0-0011183, and from this we can calculate that of any 
other substance. For example, the electro-chemical equivalent 

63*6 

of di-valent copper is 0-0011183 =0-000329; the 

atomic weight of silver being 107-9, and that of copper 63-6. 

The theory of electrolysis will be left to a later chapter, but 
we may note here that the constancy of Faraday's laws, and the 
ease with which the mass of the metallic substance liberated 
may be accurately determined, afford a ready means of measuring 
an electric current. The apparatus for carrying out the electro¬ 
lytic measurements is called a Voltameter, and there are three 
types of voltameter frequently employed. In all cases the mass 
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of substance liberated in a known time is observed, and the 
current calculated from the relation 

where z is the electro-chemical equivalent. 



Atomic weight 
(0 = 16). 

Valency. 

Electro-chemical 

equivalent. 

Aluminium 



(Al) 

26-97 

3 


Antimony 



(Sb) 

121-76 

3 


Bismuth . 



(Bi) 

209-0 

3 


Bromine . 



(Br) 

79-92 

1 

0-0008284 

Cadmium . 



(Cd) 

112-4 

2 


Calcium 



(Ca) 

40-08 

2 


Chlorine 



(Cl) 

35-46 

1 

0-0003676 

Copper 



(Cu) 

63-54 

1 or 2 

00003293 

Gold . . 



(Au) 

197-2 

3 


Hydrogen . 



(H) 

1-OOSO 

1 

0-00001045 

Iodine . 



(I) 

126-9 

1 


Iron 



(Fe) 

55-85 

2 or 3 


Lead . 



(Pb) 

207-2 

2 


Mercury . 



(Hg) 

200-6 

1 or 2 


Oxygen 



(O) 

16-00 

2 

0-00008293 

Platinum . 



(Pt) 

195-2 

4 


Potassium 



<K) 

39-096 

1 


Silver . 



(Ag) 

107-88 

1 

0-0011183 

Sodium 



(Na) 

22-997 

1 

0-0002384 

Tin 



(Sn) 

118-7 

2 or 4 


Zinc 



(Zn) 

65-38 

2 

f 0-0003387 


Water Voltameter (Hoffmann's Tube).—Water slightly acidu¬ 
lated with sulphuric acid is employed as the electrolyte, the 
hydrogen liberated at the cathode (Fig. 49) being 
collected in the graduated tube, on the passage 
of the current for a known time. Allowance 
must be made for the fact that the gas is not 
under standard conditions. From the difference 
of levels of the liquid in the tube and the reser¬ 
voir, the difference between the pressure of the 
hydrogen and the atmospheric pressure is known 
in terms of liquid column, and dividing by the 
density of mercury we obtain the amount to be 
added to the height of the barometer to give the 
actual pressure of the hydrogen. From this must 
Fig. 49. be deducted the maximum vapour pressure of 
water at the temperature of the tube, which 
may be found from Regnault s tables, in order to obtain the pres¬ 
sure of the dry hydrogen. Calling this P, and the temperature 
C., the volume reduced to 76 cm. pressure and 0® C. is— 

VxPx273 

76x(f+273)' 








n. VOLTAMETERS 63 

where V is the observed volume of hydrogen. The density of 
hydrogen at 0® C. and 76 cm. pressure being 0-08987 gm. per 
litre, the mass of hydrogen liberated is 
known, and the electro-chemical equi¬ 
valent being 0-00001045, the current can 
be calculated. 

Another form of water voltameter is 
shown in Fig. 50, the hydrogen and 
oxygen liberated escaping together, and 
the water vapour carried away with them Fig. 50. 

being caught by the drying tube. The 

whole apparatus is weighed before and after the passage of the 
current, the loss in weight being that of the water decomposed 
by the current. The mass of water decomposed by the passage 
of one ampere for one second is— 

0-00001045 X ^0.00001045 x 9-008, 

0-00001045 being the electro-chemical equivalent of hydrogen. 

For practical purposes this form of the apparatus is superior 
to the Hoffmann’s tube, as the result depends upon weighing 
instead of upon measurement of volume, and further, the current 
may be passed for a much longer time, since in this case there is 
no question of the tube becoming filled with gas. 

Copper Voltameter. —The cathode C (Fig. 51) consists of a thin 
copper sheet suspended from a stout conductor, and the anode 
of two sheets, one on either side of the cathode, so that the 
deposition of copper takes place on both sides of it. A and B are 
two wooden bars which carry the leads. They rest upon the edge 
of a jar or beaker containing a water 
solution of copper sulphate, made by dis¬ 
solving copper sulphate crystals in about 
four times their weight of water, a few 
drops of concentrated sulphuric acid being 
added. The current employed should 
not be too great, or the copper deposited 
will be in a soft, friable condition, and 
will therefore be liable to be washed off 
the plate. Provided that the current 
does not exceed one ampere for each 50 
square centimetres of cathode, the deposit will be hard, bright, 
metallic copper. The cathode must first be well cleaned with 
emery paper, then, when the current in the circuit has been 
adjusted to a suitable value, the cathode is removed from the 
ceU, well washed, dried and weighed. It is then replaced in the 
cell and the current passed for a known time. The cathode 
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is then removed and again washed, dried and weighed. The 
increase in weight, divided by the time and by 0*0003293, the 
electro-chemical equivalent of copper, gives the value of the 
current. 

In the process of electrolysis the copper sulphate is decomposed, 
the copper being liberated at the cathode, and SO4 at the anode. 
The latter combines with the copper of the anode forming copper 
sulphate, so that the total amount of the copper sulphate in the 
solution remains unchanged. The loss in weight of the anode 
must not be taken as a measure of the current, since it includes 
not only the amount of copper which has gone into solution, but 
also any impurities which have become detached as the copper 
plate is dissolved. 

This form of voltameter is very widely used for the calibration 
of ammeters and tangent galvanometers, as it is extremely 
simple in form and easily made, and by means of it the current 
may be determined to within an error of one part in several 
hundred. 

Silver Voltameter.—When great accuracy is required, the silver 
voltameter of Lord Rayleigh s pattern may be employed (Fig. 52), 



c.s.i.c?. 
Fig. 52. 


The cathode is a platinum basin, PB, and the anode a plate of 
pure silver, the electrolyte being a solution of 15 to 20 grammes 
of pure silver nitrate in 100 grammes of water. Metallic silver 
is deposited upon the platinum dish, and, owing to its high 
electro-chemical equivalent, the mass deposited for a given 
passage of current is greater than in the case of copper in the 
copper voltameter. The acid radicle NO 3 liberated at the anode 
by the process of electrolysis forms silver nitrate with the metal 




n. 


KIRCHHOFFS LAWS 


65 


of the anode itself, which is thereby dissolved. As this process 
of solution of the anode goes on, any impurities in the silver are 
liberated and these, together with the disintegrated silver, would 
fall upon the platinum plate if not prevented from doing so. To 
this end the anode is wrapped in a piece of pure filter paper, 
which, being permeated by the solution, will not prevent the 
passage of the current, but will catch the impurities. The current 
employed should not exceed 0*03 ampere per square centimetre 
of surface of cathode. The current is calculated from the deposit 
and the time, just as in the previous cases. 

Kirchhofl’s Laws.—We owe to Kirchhoff two very useful 
generalisations, one relating to continuity of current in con¬ 
ductors, the other to the application of Ohm's law to complex 
arrangements of conductors. These generalisations are put into 
the form of two laws, known as KirchhofTs laws, which are, 

(i) The algebraic sum of the currents which meet at any point 
is zero. 

(ii) In any closed circuit, the algebraic sum of the products of 
the current and resistance of each part of the circuit is equal to 
the electromotive force in the circuit. 

By the application of these two laws, many problems on the 
currents in a network of conductors may be solved, and the 
resultant resistance of the network found. 

From the first law we see that in the case of a number of 
conductors meeting at a point (Fig, 53^(i)) the relation 


(i) (ii) 

Fig. 53. 

+ • • • =0 

holds between the currents, the positive sign being given to those 
which flow towards the point and the negative sign to those 
which flow away from it. We shall see later that the first law 
is an expression of the fact that when the currents in a conductor 
are steady there is no accumulation of electricity anywhere. 

The second law applied to a circuit such as Fig. 53 (ii) leads 
to the equation 

h^l+«>2+^>3+V4==^- 

If the circuit is a mesh of a network, it may happen that one or 
more of the currents is negative, and this fact must appear by a 
suitable change of sign in the equation. 

3 
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Wheatstone’s Net, —The most important application of Kirch- 
hofTs laws is in connection with the problem of the Wheatstone's 
Net, an arrangement of conductors used very widely for the 
practical comparison of resistances. 

Four conductors, whose resistances are respectively ti, ^ 2 , 
and ^ 4 , are arranged as in Fig. 54 (i). A current i enters at A 
and divides between the two branches ABC and ADC, the two 
parts uniting at C. If the potential difference between B and D 


B B 



Fig. 54. 


is zero, then, on joining B to D by a conductor, there will be no 
current in this conductor. This condition is rendered obvious 
by including a galvanometer in the circuit between B and D. 
Assuming currents ig, tj and AB and BC 

respectively, Kirchhoff's first law gives, for the point B, 

h=^2+V 

But with zero deflection of the galvanometer, t^=0, and 
Similarly, 

Applying Kirchhoff s second law to the circuit ABD, we have 

V3==0, 

and for the circuit ABCD, 

^>1 +^ 2^2 ~ = 0 . 

Remembering that ig—0, and H—H, these two equations 

become— 

♦l(>'l+^2)=»3(''3+^4) 

A _ ^8 

^ 3+^4 


Thus the condition for zero galvanometer deflection is that the 
four arms of the Wheatstone’s bridge shall have resistances whose 
values form a proportion. 

Semitiveness of Bridfe.—^Although the bridge condition may 
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be fulfilled, it does not follow that this condition is readily 
detected. If, for example, is too large to satisfy the propor¬ 
tional condition, a current wiU flow through the galvanometer in 
the direction shown in Fig. 54 (i), and if too small the current 
will flow through the galvanometer in the reverse direction. 
When the departure of from its proper value is small, the 
current in the galvanometer will be small, and may be undetected 
unless the galvanometer is sensitive. Thus the tangent galvano¬ 
meter is quite unsuitable for use with the Wheatstone's bridge, 
as a comparatively large current is necessary to produce an 
appreciable deflection. It follows that the more sensitive the 
galvanometer employed, the more accurately can the bridge 
balance be adjusted. 

An examination of Fig. 54 (i) shows that the same proportion 
between the resistances is required to produce a balance, if the 
current entered at B and left at D, while the galvanometer is 
connected between A and C. In either case but it 

does not follow that the two possible arrangements are equally 
sensitive. 

The question of the sensitiveness of the bridge has been 
treated by Prof. H. L. Callendar ^ in the following manner :— 

The resistance to be measured is r, and is placed in the arm 
DC of the bridge (Fig. 54 (ii)), and the other arms have resistances 
mti, nr I and mnr^, as shown. If i is the current in r and ig the 
current in the galvanometer, and t'l that in mnri, that in nri is 
f+t^, and that in mr^ is i\-{-ig. 

For the bridge condition to be satisfied, r=ri, and it then 
follows, as on p. 66, that ^’^==0 ; also i—mii. If, however, this 
condition is not fulfilled, the quantity r—rj is the most natural 
measure of the want of balance. The corresponding current in 
the galvanometer can then be calculated. 

Applying Kirchhoff’s second law to the circuits ABD and BDC 
in turn gives, 

mnriii —rgig—nri{i+ig) =-=0 
rt—mri{ii+ig] —rgig=0, 

which may be written— 

mnriti—rgig—nrii—nriig—0 

—mriti—rgig+ri—mriig=0. 

Multiplying the latter by n and adding— 

•-{l+n)rgig-i-ni{r--ri)—{l+m)nritg==0, 
io_ r—ri 

i 1 

‘ H. L. Callendar, Proc. Phys. Soc., XXII, Part II, p. 220. 1910. 


or, 
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The quantity iji is a useful expression for the sensitiveness of 
the bridge, as it gives the ratio of the current in the galvanometer 
to the main current produced by the battery, in terms of the 
want of balance of the bridge {r—ri) and the ratios m and n. It 
is independent of the resistance of the battery, and increases as 
the resistance of the galvanometer is made smaller, although the 
advantage of small galvanometer resistance may be lost if the 
sensitiveness of the galvanometer itself is unduly diminished. 

For a given want of balance, r—ti, the ratio igji increases 
when n increases and when m diminishes, a limit being reached 
when M=oo and m=0, in which case, 

i rg-\-r{ 

This condition is impracticable, because if n — oo, the currents in 
the bridge would be zero, since the resistances in AB and AD are 
both infinite ; and if m~0, the branch ADC and the galvano¬ 
meter are short-circuited. 

There is no great advantage in making n very large or m very 
small, for if w=n = l, 

ig _ r-ri 

i 2(r,+ri)' 

and the sensitiveness is still half as great as in the ideal limiting 
case. It is of the greatest importance to note that n should 
never be very small, nor should m be very great, for in either 
case the sensitiveness is very much reduced. 

The equation for the sensitiveness of the bridge may be 
written in the form 

^9 _ _ i _ 

r—Ti l-|-n , ^ 

—^r,+{l+m)ri 

and it appears from this that the galvanometer current for a 
given want of balance of the bridge might be increased indefinitely 
by increasing i. The limit to i, the current in the resistance to 
be measured, is determined by the heating effect of this current 
and the consequent change of resistance due to it. The dis¬ 
turbance due to this effect is particularly important when the 
material of the resistance to be measured differs from that of the 
resistances forming the other three arms of the bridge. Prof. 
Callendar gives as a rule that, whenever there is a choice of 
arrangement, it is advisable to connect the battery so that the 
resistance in series with the resistance to be measured is greater 
than the resistance in parallel with it. This has the advantage 
of making the current in the resistance to be measured as sm^ 
as possible, and at the same time making n greater than m. 
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For the most accurate determination of the proper balance of 
the Wheatstone’s bridge, the greater the sensitiveness of the 
galvanometer the better, provided that in obtaining high sensi¬ 
tiveness of the galvanometer its resistance has not been unduly 
raised. The sensitiveness of the galvanometer depends upon the 
number of turns in the coil and the disposition of those turns 
(see p. 76). For a given current, the deflection is proportional 
to the number of turns in the coil, when the size and position of 
the turns is not altered by changing the number. Thus, starting 
with a single turn of wire whose cross-section is A, we see on 
replacing it by two turns of cross-section A/2 in series, and 
having the same radius, that we double the deflection for a given 
current. Or, if the single turn be replaced by s turns each of 
area A/s, all in series, the deflection for the same current is 
increased s times. But the resistance of the coil is increased s^ 
times, that is, Vgccs^. Therefore the deflection for a given current is 
proportional to Vr,. The deflection is also proportional to the 
current, and is hence proportional to the quantity igVr,. 

Referring now to the above equation for the sensitiveness of 
the bridge, and multiplying both sides by -y/ 

- 

For given values of i and {r—ri), it follows that the galvano¬ 
meter deflection is proportional to 

14-w 

In order to find the condition for this quantity to be a maximum, 
it may be differentiated with respect to rg, and equated to zero, 
when we obtain, 

n _L \ ^ 

+ wW 

• 

This gives the most efficient resistance for any given type of 
galvanometer for any arrangement of the Wheatstone’s bridge. 
Unless « is made less than unity, or m greater than unity, the 
value of Tg lies between ry/l and Ir^, that is, the galvanometer 
should have the same order of resistance as r. 




CHAPTER III 


THE ELECTRIC CURRENT [continue^ 
Measurements 

Galvanometers. —The name galvanometer is applied to thOvSe 
instruments which are used for the measurement or detection of 
very small currents. Although there is no absolute hne of 
demarcation between these on the one hand, and ammeters 
which measure relatively large currents, and voltmeters which 
measure large differences of potential, on the other, still, the 
latter have as a rule a definite fixed scale, graduated to read 
amperes or volts, while the scale used with a galvanometer is 
not as a rule part of the instrument itself : and the value of the 
scale divisions, which for many purposes need not be known, is 
found for each experiment, when required, by some process of 
calibration. 

In the case of the tangent galvanometer described in the last 
chapter, the expression for the current flowing in the coil is— 

— tan d, 

LTin 

and for reasons connected with the use of such a galvanometer, 
r is always great. This is no disadvantage so long as the current 
to be measured is large, but if the current is extremely small, r 
must obviously be as small as possible, and at the same time n 
must be as great as possible. Thus for high sensitiveness, many 
turns of small radius must be employed. Obviously, the number 
of turns cannot be indefinitely increased without making the 
radius of the turns so great that they are of very little value, 
and even act detrimentally by unduly increasing the electrical 
resistance of the galvanometer. 

Having reached the limit of any increase of sensitiveness 
obtained by modifying the coil, we then turn our attention to the 
method of measuring the deflection. The scale and pointer 
method is only applicable for very rough instruments, and is 
replaced by the scale and mirror method described on p. 9. The 
scale being situated at some distance from the needle, and the 
rotation of the reflected beam of light being double that of the 
mirror, it follows that for deflections of a considerable number of 
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scale dimensions, the angle turned through by the needle is so 
small that tan 0 may be replaced by 6 itself, and this may be 
taken as proportional to the deflection in divisions on the linear 
scale. This is thoroughly justified if the reading is near the 
middle of the scale, but if the deflections are large the scale must 
be directly calibrated. 

The calibration of a galvanometer scale may be most easily 
effected by means of a standard cell and a high resistance box. 
The box, the ceU and the galvanometer are joined in simple 
series and the resistance adjusted until the deflection is the 
greatest allowable. The resistance and E.M.F. being known, the 

current is calculated (current =^). On increasing the resistance 


by suitable steps, other readings of the deflection may be obtained, 
and the corresponding current calculated, and the result may 
very suitably be represented by means of a curve, deflections 
being abscissae and milh-amperes (thousandths of an ampere) or 
micro-amperes (millionths of an ampere) ordinates. 

If the controlling magnetic field, H, which brings the needle 
into the plane of the coil, when no current is flowing, is the hori¬ 


zontal component of the earth's 
field, the range of sensitiveness 
of any given galvanometer is 
restricted; the only changes 
that can be made are effected 
by altering the coils or the 
method of reading the deflec¬ 
tion ; but if H can be varied, we 
have a great extension of the 
range of usefulness of the in¬ 
strument. This is usually accom¬ 
plished by means of a controlling 
magnet M (Fig. 55). Thus, if 
H be increased by lowering M, 
its S pole pointing north, and 
its N pole pointing south, we 
see that a given current will 



produce a less deflection, but 55 

if the N pole of M point north, 

or if instead M be raised, the controlling field H is weakened, 
and the given current will produce a greater deflection. Thus 
the sensitiveness may be considerably altered by means of the 
controlhng magnet. 

The use of a controlling magnet has the further advantage that 
the spot of light may by means of it be easily adjusted to the 
zero of the scale. 
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Another device for increasing the sensitiveness is to arrange 
the suspended magnetic system in such a way that the con¬ 
trolling field exerts an extremely small turning effect upon it. 



Two magnets are connected rigidly together in such a way that 
the couples exerted by the controlling field upon them are 
opp)site and very nearly equal. They must not be exactly equal 

and opposite, in which case 
the system is said to be astatic, 
or the control would be zero, 
and the arrangement would be 
unworkable. The coil only 
surrounds one of the needles 
(Fig. 56), so that the deflect¬ 
ing couple acts on one of them 
only. In the Kelvin type of 
instrument two coils are em¬ 
ployed, one surrounding each 
magnet, the coils being so con¬ 
nected that the couples due to 
the current both turn the 
systems of needles in the same 
direction (Fig. 57). A further 
arrangement due to Professor 
Broca, modified by Dr. Marker, 
is shown in Fig. 58. Two steel 
wire magnets are rigidly at¬ 
tached together vertically, one 
of which has N poles at its 
Fio. 59. end, and consequent S poles 

in the middle, and the other S 
poles at the ends with consequent N poles in the middle. This 
arrangement allows powerful magnets to be used without having 
a large moment of inertia for the moving system. 
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Fig. 59 illustrates a galvanometer of the Kelvin type. 

The Suspended Coil galvanometer has largely superseded the 
galvanometer with the suspended magnet, for two important 
reasons—the instrument is not susceptible to disturbance by 
varying external magnetic fields, and the suspension is much 
stronger. On the contrary, its sensitiveness cannot be varied at 
will, and the damping is usually much greater. This latter is 
not always a disadvantage ; in fact, for deflection measurements 
and those involving the finding of an electric balance as in the 
case of the Wheatstone’s bridge, it may be a great advantage, 
but in measurements of the ballistic type, as we shall see in 
Chapter VIII, it is a serious objection. 

The principle involved in the use of tliis type of galvanometer 
must be deferred to Chapter VIII, but on general grounds it may 
be seen that if a magnet experiences 
a couple due to the current in a coil, 
the coil experiences an equal and 
opposite couple, so that if the magnet 
be fixed and the coil suspended, the 
latter will be deflected when a current 
flows in it, and further, the couple is 
proportional to the current. To make 
this change, a radical alteration in 
design is necessary. Since the magnet 
is fixed we may make it as large and 
heavy as we please, while on the other 
hand, the coil, being suspended, must 
be as light as possible. 

A typical arrangement for this form 
of galvanometer is shown in Figs. 60 Kig. 

and 61. A permanent magnet, usually 

of the horse*shoe type, has soft iron pole-pieces N and S. The 
coil B, which is commonly rectangular, is suspended between 
these pole-pieces by a fine phosphor-bronze strip, which also 
serves as a conductor to bring in the current. After passing 
round all the turns of the coil, the cur¬ 
rent passes out by means of the second 
phosphor-bronze strip CD. When the 
current flows, the coil experiences a 
couple, and will rotate until the couple Fig. 61. 

due to the twist in the suspension be¬ 
comes equal and opposite to the deflecting couple. The couple 
due to this twist in the suspension is proportional to the angle 
of twist itself, and the coil should be always in a magnetic 
field of the same strength. To ensure this, the soft iron cylinder 
E is situated between the pole faces, and serves the double 
3 * 
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purpose of making (by the presence of the poles upon it) the 
field stronger and also of making it radial, as shown in the plan 
(Fig. 61). We shall see in Chapter VIII that the couple acting 
on the coil is proportional to the current to the number of 
turns n, and to the area of each turn A, and to H, the strength 
of field in which the sides of the coil are situated. 


Couple oc f AwH. 

The controlling couple is proportional to the deflection d, and 
to the couple c for unit twist (one radian) of the suspension, the 
upper end being fixed. Thus, for equilibrium 

lAfiH oc or, i oc ---0. 

Ann 


Hence for a well-designed instrument the current is propor¬ 
tional to the deflection itself, since the field is certainly of con- 



Fig. 62 . 



Fig. 63. 


stant value until 0 attains much larger value than that occurring 
in any probable experiment. To increase the sensitiveness, c 
may be diminished, and A, n and H increased, c cannot be 
diminished without limit, as the suspension must be strong 
enough to carry the coil. It is usually made of phosphor-bronze, 
as this has a tensile strength approaching that of steel and is not 
readily oxidisable. The coil is made as light as possible by con¬ 
structing it of thin high-conductivity insulated copper wire, but 
it may be noticed that we can never use as great a number of 
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turns of wire in the coil as in the case of the suspended magnet 
instrument, and for this reason the suspended coil galvanometer 
has generally a lower resistance. The loss of sensitiveness due 
to having fewer turns is, however, made up for by the very high 
value of the magnetic field employed. The permanent magnets 
are generally built up of several hard-steel horseshoe magnets 
to ensure permanence and great strength of field. 

Galvanometers of the suspended coil type are frequently called 
d’Arsonval galvanometers after their inventor. 

Einthoven’s String Galvanometer. —A silvered quartz fibre AB 
is stretched vertically between the poles NS of an electromagnet 
(Fig. 64). On observing the fibre through 
the channel CD by means of a microscope, 
a displaced image of the fibre is seen when 
a current flows in it (Chap. Vlll). The 
displacement on the eyepiece scale is a 
measure of the current. The instrument 
may also be used as an oscillograph 
(Chap. X) by allowing the fibre to move in 
front of an illuminated horizontal slit and 
projecting the image on a moving photo¬ 
graphic film, 'riie arrangement is very Piq. 54 . 

sensitive, currents of 10 “*- ampere being 

measurable. Also its frequency of vibration may be high, so that 
its movement is a faithful representation of the variation of 
current in it. 

In the Thermo Galvanometer due to Duddell, the heating pro¬ 
duced in a fine wire is measured by an arrangement similar to 
that used in the Boys’ radio-micrometer. A loop 
of silver wire hangs between the poles of a per¬ 
manent magnet and the loop ends in two little 
pieces, one of antimony and the other of bismuth. 

These are in contact at their lower extremities, 
and are situated over the heater H (Fig. 65), which 
carries the current to be measured. When a tem¬ 
perature difference exists between the lower Bi-Sb 
junction and the rest of the circuit, a current 
proportional to this temperature difference flows 
in the loop, which then rotates until the torsion 
in the suspending quartz fibre F brings it to rest. 

The rate of production of heat in H is propor¬ 
tional to the square of the current, and this is 
also found to be proportional to the deflection. The heaters are 
made of various resistances from 4 ohms to 1000 ohms, those of 
lower resistance being metal wires and those of high resistance 
consisting of a deposit of platinum on quartz. 





riH 


Fig. 65 . 




76 


THE ELECTRIC CURRENT 


CHAP. 


With a scale at a distance of one metre, a current of 110 micro¬ 
amperes gives a deflection of 250 millimetres, using a 1000-ohm 
heater, and with a 4-ohm heater a p.d. of 7 millivolts gives a 
deflection of 250 millimetres. The great advantage of the 
instrument lies in the fact that it is equally applicable to the 
measurement of direct or alternating currents, and on being 
calibrated for one, may be used to measure the other. It is 
therefore useful for the measurement of high-frequency oscillating 
currents of a few micro-amperes. 

Sensitiveness of Galvanometer. —The Figure of Merit of a 
galvanometer is the current which will produce a deflection of 
one scale division. This depends upon the distance of the scale 
from the galvanometer and the size of division, and thus for 
facility in comparing different galvanometers it is usual to employ 
a scale of millimetres, placed at a distance of one metre from the 
mirror of the galvanometer. Provided that the deflection is not 
too large, we see that the current is proportional to the deflection, 
both for the suspended magnet and the suspended coil type of 
galvanometer, and therefore we can obtain the figure of merit 
by observing the deflection for a given current, as in the calibra¬ 
tion described on p. 71. Dividing the current by the deflection 
the figure of merit is obtained. 

There is considerable difficulty in making a comparison of the 
efficiency of different galvanometers, since this depends so much 
upon the use to which the instrument is to be put. It miglit 
happen that an extremely small current produces a considerable 
deflection, and yet the resistance of the galvanometer may be so 
great that it is unsuitable for some purposes, as, for example, 
making measurements by the Wheatstone's bridge. If a con¬ 
stant p.d. be maintained between the terminals of a given 
galvanometer, the deflection is independent of the resistance of 
the coils, provided that all the turns are equally effective in 
producing magnetic field, for the field is then proportional to the 
number of turns. But, on the other hand, the resistance is also 
proportional to the number of turns, so that the current corre¬ 
sponding to the given p.d. will vary inversely as the number of 
turns, and the deflection, being proportional to the field and the 
current, will remain unaltered. 

Again, the moment of inertia of the suspended part does not 
affect the steady deflection for any given current, but it does 
affect the period of swing and the time for which the needle goes 
on swinging, and a large moment of inertia may, therefore, 
render a sensitive galvanometer unsuitable for bridge work and 
for measurements in which a steady deflection is to be obtained 
rapidly. And, further, the suspended magnet galvanometer is 
usually provided with a moveable controlling magnet, so that 
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the controlling field, and therefore the sensitiveness, may be 
varied between wide limits. 

For these reasons it has been suggested that the sensibility of 
a galvanometer should be defined as the number of scale divisions 
deflection for a current of one micro-ampere when the scale is at 
a distance of 1000 scale divisions from the mirror, reduced to the 
corresponding value for the same rate of expenditure of energy 
when the resistance of the galvanometer is one ohm and the 
period of vibration one second. 

Let the deflection be 6 scale divisions for a current of one 
micro-ampere when the resistance is R ohms and the time of 
vibration T seconds. The rate of working is now R X lO'-i^ watts 
(since current is one micro-ampere —10“® amperes), and therefore 
to maintain the same rate of working with the resistance changed 
to one ohm, the current would be \/R micro-amperes, and the 
deflection for one micro-ampere would, under the new conditions, 
0 

be To reduce the deflection to correspond to a period of 

vibration of one second, remember that in the 

case of a vibrating magnet, where H is the controlling field; 


But deflection acg (p. 71) | 

.n Deflection ocT*. 

Hence to find the deflection if the periodic time were reduced 
to one second, we must divide by T*. 

e 

A. Sensibility=;^^^. 

A similar process of reasoning applies to the suspended coil 
galvanometer, for in this case Twhere c is the restoring 

couple for unit twist in the suspension, and deflection . 

/. Deflection ecT*. 


Galvanometer Resistance. —The resistance of the galvanometer 
may vary between wide limits, but that of the suspended magnet 
type is, in general, greater than that of the suspended coil. The 
latter may have any resistance up to 2000 or 3000 ohms, but in 
the case of the suspended magnet instrument it reaches in 
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exceptional cases as much as 300,000 ohms, although 4000 to 
6000 ohms is a usual value. 

There are many methods of measuring the resistance of a 
galvanometer, but undoubtedly the most accurate is to clamp 
the coil and treat the galvanometer as an ordinary conductor, 
and measure its resistance by comparison with a standard, using 
the metre bridge or Post Office box. This involves the employ¬ 
ment of a second galvanometer, which presents no difficulty in a 
physical laboratory ; but there are several methods of deter¬ 
mining the resistance without the use of this second galvano¬ 
meter. For example, in Kelvin's method, described on p. 94, 
the galvanometer itself occupies one arm of a Wheatstone's 
bridge, d'he following two simple methods will give the 
resistance approximately. 

If the galvanometer has a low resistance (i, connect it in series 
with a cell of E.M.l^'. E volts, and a resistance box in which 
resistance R) ohms is used. 

E 

Then, To » assuming that the resistance of the cell is 

negligible. Now change the resistance in the box to ohms, 
when 

r- 

2 G + Ri 

I, G+R., RoI,.-Ril, 

••C'-g+k,’ Ii-l2 


Ij and I 2 are proportional to the deflections in the case of a 
reflecting galvanometer, and to the tan¬ 
gents of the deflections in the case of a 
tangent galvanometer. The method is 
applicable when the galvanometer is not 
very sensitive, but in the case of a delicate 
instrument, R would have to be so great 
in order to produce a reasonably small 
deflection, that the method is useless, and 
the next method may be employed. A 
conductor of resistance is placed in parallel with the galvano¬ 
meter and another resistance Ri in series (Fig. 66). Then Ri 
being usually very great in comparison with the resistance of the 
cell, 

E ri 

Current in galvanometer, I = ^- 



Fig. 66. 


Ki + 


^h+G 


If now ri be changed to r 2 , and Rj be changed to the value Rg, 
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such that the current I in the galvanometer is the same as 
before. 


Ri + 


ri+G 


_ 

ri+G" 


R 2 + 


^2 

* rg+G 


^2+G 


_ n _^_ r2 _ 

Ri^i+RiG+riG R2r2+R2G+^2G 
Q _ ^1^ 2 (Ri~'R2) 


Galvanometer Shunts. —Resistances are sometimes placed in 
parallel with the galvanometer to reduce the sensitiveness, by 
offering an alternative path to the current, so that only a fraction 
of it goes through the galvanometer. Thus, if the galvanometer 
resistance be G, and that of the shunt S (Fig. 67), then for the 




current I flowing in the main circuit, that in the galvanometer is 
S 

I . With the older galvanometers, boxes of shunts were 

supplied, whose resistances were respectively and of 

S 

that of the galvanometer, and in this case has the value 


^ 0 * Too To\) 0 > so that the sensitiveness of the galvanometer is 
reduced 10, 100 or 1000 times by the use of the proper shunt. 
Each galvanometer had its own shunt, which sometimes led to 
great inconvenience, and hence the advantage of the Ayrton and 
Mather Universal Shunt, which may be applied to any galvano¬ 
meter. 

The high resistance R is placed in parallel with the galvano¬ 
meter, and the current I enters at A and leaves at B, Fig. 68, 


current in galvanometer == 


I 


R 

G+R* 


If now the point at which the current leaves be transferred to 
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D, such that resistance AD~- (resistance AB), the two circuits 

n 

AD, and AGBD, ^G+R-—^^, are in parallel, and 


current in galvanometer=^I- 


_^I R 

R^'nG+R* 


that is, it is - of the previous current. 
n 

By having a number of points such as D, for which n = l, 10 
100, 1000, etc., the effect of the shunt may be conveniently 
varied. Fig. 69 shows the arrangement sometimes adopted in 
the Ayrton and Mather shunt : G and G are connected to the 
galvanometer and L L are the circuit terminals. With the 

_ rotating arm as shown, the value of 

the shunt is 

L (C^ should be noted that in moving 

/ Q..^ OA the point of contact from B to D 
\ o\ effective resistance 

\ % \ between the leads falls from 


o:^ 

\o 


p-S 


Fig. 69. 


GR 

G+R 


t.e. to - 
n 


n\ _W 

I^+G + R-? 

n n 

M, 

G+R 


and the main current may be thereby altered. For the main 
current to be unchanged, these values of the resistance must be 
the same, 

G+R-? 

G=-or, R==nG. 


Thus for any given value of the shunt, say the effective 
resistance of the circuit is unchanged on employing the shunt, 
provided that the resistance AB is ten times the galvanometer 
resistance. The sensitiveness of the galvanometer is reduced 'on 

R 

attaching the universal shunt, in the ratio 1 : that is by 

G-j-R 



111. 


VOLTMETERS 


81 

lOo/l—or 100^^-^ per cent.; but this is 100--^— 

\ G-f-K/ G+av G+wG 

when R=snG, or . In the case when n==10, this amounts 

l+« 

to 9-1 per cent., and when n = 100 or 1000 it is unimportant. 
The resistance of the whole shunt should therefore be at least 
100 times that of the galvanometer. 

Voltmeters. —Although the variety of voltmeters in use is very 
great, and many different principles are used in their construction, 
we may broadly distinguish between the electromagnetic type, 
which is simply a galvanometer of low sensibility having a fixed 
scale graduated to read volts, and the electrostatic type, which 
is a modified form of electrometer, the description of which will 
be left to Chapter V. But one characteristic is common to them 
all; they must have very high resistance, the reason being that 



Fig. 70 . ' Fig. 71 . 


in connecting them between the two points whose p.d. is required, 
they must take only an infinitesimal current, so that no appre¬ 
ciable disturbance of the circuit is produced, and the heat pro¬ 
duced by the current in the instrument itself shall be negligible. 
In the electromagnetic type of instrument the coil is situated in 
a strong radial magnetic field, as in the case of the galvanometer, 
but the control is produced by a spiral spring usually made of 
phosphor-bronze, and the coil turns upon two jewelled pivots 
(Fig. 70). A suitable high resistance is connected permanently 
in series with the galvanometer movement. 

In Fig. 71 is shown another instrument of the moving coil 
type, which is supplied either as a millivoltmeter or as a milli- 
amperemeter according to the scale attached. It also serves 
the purpose of a galvanometer when great sensitiveness is not 
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required, the scale, in tiiis case, being of the lowest range. The 
resistance of the moving part is 5 ohms and the reading is one 
large division for 1 millianqxa'e or, as a voltmeter, one large 
division for 5 millivolts. 

Ammeters. —The same galvanometer movement that is used 
for the voltmeter may also be used for an ammeter. In this case, 
Q instead of the high series resistance, a low 

resistance shimt is employed. The shunt 
^] AB (Fig. 72) is jdaced in the circuit in which 
the current to be measured is flowing and 

_ the galvanometer movement G joined to A 

A - b example, if the galvanometer 

^2 has a deflection of one scale division for 1 

milliampere and its resistance is 50 ohms, 
then if R is the resistance of AB, and a current of 1 ampere 

n • X1 • • • j 1^ * j 1 . _ . ‘ y"* X n r I i 1 • 


flows in the main circuit, 
is one milliampere 


50+R 


is the current in G. Wlien this 


50+R 


-0001, 0-999R-0-05, 


R=0*05005 ohm. With this rcvsistance for the shunt, each scale 


division corresponds to a main current of one ampere. 

Many instrument makers place the shunt in the case of the 
instrument, and others supply sets of shunts, which enormously 
increase the range. Fig. 73 shows a thousand-ampere shunt for 
switchboard mounting (Messrs. Everett, J£dgcumbe cS: Co., Ltd.). 

In all cases the resistance of an am])eremeter must be very 
small ; in the first place so that no disturbance is made in the 



circuit in which it is placed, 
and secondly because the heat 
produced in the instrument 
must, in spite of the large cur¬ 
rent, be negligible. 

Hot Wire Instruments, —The 
heat produced by the passage 
of the current has also been 
emplo37ed in the operation of 


Fig. 73. ammeters and voltmeters. The 


{By courtesy oj Everett Edgeumhe (S' Co., Current paSSCS through a fine 
Ud.] wire which is thereby heated. 

The expansion is observed by 
some mechanical multiplying arrangement. The Cardew volt¬ 
meter is an example of this form of instrument. The advantage 
lies in the fact that the direction of movement of the pointer is 
independent of the direction of the current, and the instrument 
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can therefore be used for measuring alternating currents. The 
hot wire instruments, however, are very liable to change of zero, 
and the fact that the heating is proportional to the square of the 
current renders the scale uneven, and further, the multiplying 
mechanism is a frequent source of uncertainty. 

Soft Iron Instruments. —Soft Iron or moving iron ammeters also 
are constructed, which read satisfactorily on both continuous and 
alternating current circuits. The principle of such instruments 
is illustrated in Fig. 74. The current to be measured passes 
round a coil wound upon a brass cylinder, 
and therefore gives rise to a magnetic field 
parallel to the axis of the coil. Two soft iron 
bars, A and B, are situated in this field, with 
their axes parallel to it, and are therefore 
magnetised when the current flows in the coil, 
to a degree depending upon the strength of 
the current. A is fixed to the brass cylinder 
and B is part of a light framework pivoted 
upon centres O situated in the axis of the 
coil. When A and B are magnetised, the ends 
situated together are poles of the same kind, 
that is both N or both S, and the two bars therefore repel each 
other. The force of this repulsion is proportional to the product 
of the two pole strengths, and each pole depends upon the strength 
of current and hence the repulsion depends upon the square of 
the current. The control may be gravitational, the moving 
system being so balanced that the pointer vS is at zero on the scale 
with no current, or by a spiral spring. The relation between 
deflection and current is complicated, so that the scale, which is 
usually more open in the middle than at its ends, must be cali¬ 
brated by comparison with an am])ere balance or other standard 
instrument. 



Since the deflection depends upon the square of the current, 
its direction is independent of that of the current, and an alter¬ 
nating current will therefore produce a deflection. This type of 
ammeter, calibrated to read alter¬ 


nating currents, is very widely used. 

Resistances. —For purposes of 
electrical testing, it is usual to 
arrange the standard sets of resist¬ 
ances in boxes, and the variety of 
ways in which this is done is very 
great. One very common arrange¬ 
ment is shown in Fig. 75. The 



wire whose resistance is approximately that required, is soldered 
one end to each of the brass blocks, which are themselves screwed 
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to the ebonite base. The wire, which is usually of manganin on 
account of its small temperature coefficient, is then doubled and 
wrapped round the bobbin as shown, and afterwards soaked in 
melted paraffin wax. The plugs are ground to fit into conical 
holes between the brass blocks, so that on inserting any given 
plug the corresponding resistance coil is short circuited. 

Various types of resistance box are illustrated in Figs. 76 to 78. 



Fig. 76. Fig. 77. 


Owing to the change of resistance with temperature, resistance 
coils used for accurate purposes are provided with a thermometer 
to enable the temperature to be observed at the time of experi* 



ment. In Fig. 79 is shown a standard resistance coil whose 
terminals are stout copper conductors, which are amalgamated 
at the tips to ensure good electrical contact with the mercury cups 
in which they rest. The whole is immersed in a liquid bath to 
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maintain steadiness of temperature, and the hole enables a 
thermometer to be inserted so that the bulb shall be as near as 
possible to the resistance wire itself. 

Measurement of Resistance. —The easiest method of comparing 
resistances is that of smiple substitution. A cell of steady E.M.F., 
which need not be known, is placed in series with a galvanometer, 
a resistance box, and the resistance to be determined. The 
current is adjusted to a suitable amount either by changing the 
resistance in the box or by shunting the galvanometer. On 
removing the unknown resistance from the circuit, the current 
is increased, and may be brought back to its original value by 
increasing the resistance in the box by an amount equal to that 
of the resistance removed, which is therefore known. 

The deflection method may be employed when the resistance to 
be measured is sufficiently high ; the deflection 0 being observed 



when the unknown resistance R is in circuit. This is then 
replaced by a known standard resistance R^, and the deflection 
0y observed (Fig. 80). If E is the E.M.F. of the cell, B its 
internal resistance, and G the resistance of the galvanometer— 

_ E 

R+B+G’ * Ri+B+G’ 
I_ Ri+B+G _g 
Ij R-f-B-j-G By 

R 0 

If R and Ry are very great in comparison with B and G, — 

Rj 0 

The method is only employed in measuring very great resist¬ 
ances, such as that of the insulation of an electric cable, which is 
generally of the order of millions of ohms. The cable is immersed 
in a tank of water, and the current passed from the core B to the 
water of the tank, passing through the insulating layers of the 
cable. It will be seen that a leakage may occur over the surface 
of the insulation from A to B (Fig. 81), this current causing the 
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results obtained to be false. To get over this difficulty Price ^ 
has suggested that a wire, C, be bound round the insulation near 
the end of the cable and so connected to the rest of the circuit 
that this disturbing current will not pass through the galvano¬ 
meter. The current in the galvanometer may conveniently be 
reversed by means of the commutator, shown at I), and 
the mean of the readings on each side of the zero, taken as the 
deflection. 

A more direct method of measuring resistance is sometimes 
employed when the conductor is carrying current, as, for example, 

in the case of an incandescent 
lamp, the resistance of which, when 
liot, differs greatly from that when 
cold. The ammeter A (Fig. 82) 
indicates the current in the lamp. 
Fig. 82 . fhe voltmeter V the potential 

difterence between its terminals. 
By division we can obtain the resistance in ohms. The method 
does not admit of very great accuracy, but this is rarely required 
in such a case. 

On altering the current by means of the variable resistance R, 
the resistance of the lamp for different currents may be found, 
and if, instead of dividing the p.d. by the current, we multiply 
them together, the result obtained is the power in watts absorbed 
by the lamp, llie candle-power for different currents may be 
found by the ordinary photometric methods. A carbon filament 
lamp has about 50 per cent, less resistance wlien hot than when 
cold, wliile for a metallic filament tlie resistance when hot is 
many times that when cold. 

Wheatstone’s Bridge. —^The method of tlie Wheatstone's net, 
described in the last chapter, affords the most accurate and 
frequently used method of comparing resistances, and it has the 
great advantage that it is a null method, the galvanometer being 
required to detect a want of balance and not to measure a 
deflection. 

Fig. 83 (i) is a diagrammatic representation of tlie Wheatstone’s 
net, and Fig. 83 (ii) shows the arrangement used in the Post Office 

P R 

box. We have seen on p. 66 that when ^ current in the 

p 

galvanometer is zero. Hence, if the ratio and the value of R 

in ohms be known, the resistance S can be calculated. In the 
Post Office box the arms P and Q usually each consist of three 
resistances of 10, 100 and 1000 ohms respectively, so that any 



» W. A. Price, Electrical Review, vol. 37, p. 702. 1895. 
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decimal ratio from 1 : 100 up to 100 : 1 may be used. The third 
arm R is an ordinary set of resistances, and the unknown resist¬ 
ance S, which is to be measured, is made the fourth arm. In 
making measurements it is necessary to have a tapping-key in 
the battery and one in the galvanometer circuit, so that these are 
only closed at the moment of making the test. This is a neces¬ 
sary precaution, for if the current be left on for an appreciable 
time the resistances will be heated, and since they will generally 
have different temperature coefficients, a disturbance will on this 
account be introduced. The battery circuit should be closed 
before the galvanometer circuit, as, when the reverse process is 
employed, a throw of the needle may take place owing to the 
difference in the windings of the various parts of the bridge. 

For measuring high resistances the ratio 1 : 100 will be 



Fig. 83. 

employed, and the resistance R, which gives a balance, must be 
multiplied by 100 to obtain S. Similarly, for low resistances the 
ratio 100 ; 1 is employed and R is divided by 100. Should an 
alteration of 1 ohm in R change the deflection from a few scale 
divisions on one side of zero to a few divisions on the other, the 
fraction of an ohm necessary for an exact balance may with¬ 
out appreciable error be calculated by proportion to the first 
decimal place. 

Metre Bridge. —For greater precision in comparing resistances 
the Metre bridge may be used. 

The two resistances to be compared are placed at P and Q, 
and a point of balance upon the stretched wire is found for 
which the current in the galvanometer is zero (Fig. 84). 

PR/ 

Then ™ = provided that the wire is uniform in cross- 

y o /2 

section and material. The wire is usually a metre long, hence 
the name of the bridge, and is stretched over the scale, so that 
the position of the point of balance may be read to within a 
millimetre. The connecting conductors are stout copper strips, 
the resistance of which is for most purposes negligible. 
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In the laboratory form shown in Fig. 85, P and Q are the gaps 
in which the resistances to be compared are placed, A and B 
being two additional gaps in which resistances can be placed 
whose function is to increase the effective length of the slide 
wire. For example, if the resistances at A and B are each 
10 times that of the slide wire, the sensitiveness of the bridge is 
increased 21 times ; but it should be noted that P and Q must 



now be nearly equal, otherwise the balancing point may not 
come on the slide wire. 

The contact maker K rests upon three hemispherical feet, two 
of which slide in the V groove running between E and F. This 
ensures that it shall always run exactly over the same path, and 
the groove being a piece of angle brass it also serves as a con¬ 
ductor to connect the contact maker to the battery or galvano¬ 
meter, which is joined to E or F. This saves the loose running 



Fig. 85. 


wire, which is a frequent source of accident in the older patterns 
of metre bridge. Contact with the wire is made by pressing the 
ebonite-capped key, and the position of the contact with respect 
to the scale is determined by means of a fine scratch on the 
piece of glass let into the slider. 

Calibration of Metre Bridge. —Unless the roughest of measure¬ 
ments is to be made, several unavoidable errors of the bridge 
must be determined. The first results from the fact that the 
zero of the scale may not be actually at the effective end of the 
wire« owing to uncertainty in fixing the scale, and also to the 
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fact that the copper strips and the soldering at the ends of the 
wire may have resistances which are not negligible. 

Let the error at one end of the bridge be equivalent to a length 
a of the wire, and that at the other to a length /3. Two resist¬ 
ances of known ratio P : Q are inserted, and a point of balance 
found at distance li cm. from one end. 


Then, 


P 


/l+a 


P and Q are now interchanged, and a new point of balance 
found, at say ^ cm. from the same end. 


Then, 


Q ^2 “b® 


From these two simple simultaneous equations a and j3 may 
be calculated. Of course P must not equal Q, or no change in 
the balance is produced on interchanging them. A convenient 
ratio is P ; Q : : 10 : 1. 

The second error is due to unevenness in the wire, and to 
correct for this a calibration of the wire must be performed. To 
do this the wire is divided into a number of parts of equal resist¬ 
ance, whose lengths will, if the wire is not uniform, be different. 
Let them be li, I 2 , 4, . . . 1 10 , if the number of parts chosen is 10. 
The mean of li, I 2 , • • • ho is found by adding them and dividing 
by 10, and each one in turn is then subtracted from the mean. 
This gives the error over each section, and to find the resulting cor¬ 
rection to be applied at any point, these errors must be added 
algebraically from one end to the point considered. By plot¬ 
ting a curve with lengths of wire as abscissae and corrections at 
the 11 points (counting the two ends, at which the correction is 
assumed to be zero) as ordinates, the correction for intermediate 
points may be found. If A and B denote the corrected values of 
the length of wire on each side of the balance-j)oint in a subse¬ 
quent experiment, the true ratio of the resistances to be com¬ 
pared is (A 4 -a); (B-| j8), where a 
and ^ are the two end-cor¬ 
rections. 

There are many methods of 
performing the division of the 
wire into a number of parts 
having equal resistance, but the 
following, which makes use of a 
principle due to Prof. Carey Foster, is a very convenient one. 

This principle is, that if a balance be obtained with two unequal 
resistances at M and N (Fig. 86), and these be then interchanged 
and a new balance be found, the difference between the resistances 
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M and N is equal to the resistance of the bridge wire between the 
two points of balance. 

For, with M and N as shown in the figure, 

P M+/i 

Q'^N+T-/,* 

where is now the resistance of the length of wire and T the 
resistance of the whole wire. On interchanging M and N we have 

P N +/2 

Q 

M+/i _ N+/2 

N+T-7i~~M+T-/2- 

Hence, adding the numerator and denominator to get a new 
numerator in each case, 

M+N+T M+N+T 

Since the numerators are equal, the denominators are also equal ; 

If N=0, making use of this, the resistance of a 

length of the bridge wire may be found. 

To perform our calibration, N is a thick copper strip, and M a 
short piece of manganin wire soldered to two stout lugs which 
fit the terminals, its resistance being about of that of the bridge 
wire. P and Q are two resistance boxes, and their resistances 
are varied until, with the contact maker near the end of the wire 
near M, say at /j, a balance is obtained. M and N are then inter¬ 
changed and the new balance point on the wire is found, say at 
4 . Then l 2 —h is the first section of the wire which has a resist¬ 
ance equal to M. Without moving the contact maker, M and N 
are placed in their first positions, and P and Q varied until a 
balance is nearly obtained, the fine adjustment being then made 
by moving the contact maker. M and N are interchanged as 
before, and the process repeated until the end of the bridge is 
reached. 

For comparing two very nearly equal resistances, as in the 
case of two standard coils nominally of the same value, the 
Carey Foster bridge of a special form may be used. 

The ratio coils AAj and EBj (Fig. 87) are equal and are 
frequently wound on one bobbin for the convenient elimination 
of error due to possible difference in temperature. The two coils, 
R and X, to be compared, are placed at IL and JJi, and the 
balancing performed upon the short wire G, which must be 
previously calibrated. R and X may be interchanged in position 
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with respect to the bridge by means of the thick copper con¬ 
ductors CDEF, which, for convenience, are mounted on one 



ebonite block, the rotation of which through 180° executes the 
required interchange. 

Callendar and Griffiths Bridge.—This is another adaptation of 


the Wheatstone's bridge to a 
special purpose; in this case 
the measurement of tempera¬ 
ture by the change in resist¬ 
ance of a platinum wire. 

P and Q (Fig. 88) are the 
ratio arms which are adjusted 
to equality, and the platinum 
wire W is connected by in¬ 
ternal leads to PP, and thence 
to the gap T of the bridge. 
An equivalent pair of leads 
joined together within the 
tube containing W, go to the 
gap C, and thus the disturbing 



effect of the leads on account of 









92 


THE ELECTRIC CURRENT 


CHAP. 


their variation in temperature is eliminated. The two pairs 
are in practice kept close together, and their two resistances 
being equal are introduced in opposite arms of the bridge, which 
is adjusted for equality. The bridge wire MN is 50 cm. long, 
and at 1, 2, 4, 8, 16, 32, 64 and 128 are placed resistances whose 
values are 1, 2, 4 etc., times the resistance of 20 centimetres of 
MN. Since this has a resistance of about ohm per centi¬ 
metre, the resistances of 1, 2, 4 etc., are therefore OT, 0*2 etc., 
up to 12*8 ohms, and with all of them in, W may have a total 
resistance of 25*5 ohms. The balance is obtained by moving the 
cross-piece which connects the wires AB and MN, all of which 
are made of the same material in order to avoid thermoelectric 
disturbances. 

If the balance is obtained with the slider at a distance I from 
the middle of MN, and p is the resistance of a centimetre of MN, 
then, since the ratio arms are equal— 

r-f R-f/o/==r+T-fm---/a/. 


where r is the resistance of the leads on either side, and m is the 
resistance of half of MN. 


A T=R+2p/. 


The change of resistance of a platinum wire between 0® C. and 
100® C. when the resistance at 0® C. is 12*8 ohms, is 5 ohms, 
which is equivalent to 0*05 ohm for 1® change. If, then, /)==0*005, 


=5 cm. to maintain a balance as the 


0*05 

/ must change by 2^ol = 

temperature rises 1°. Hence a millimetre of wire corresponds to 
a change of temperature of degree. 

It was shown by Prof. H. L. Callendar ^ that the resistance of 
a pure platinum wire may be accurately represented by the 
relation 


Ri—Ro(l.(i) 


over a very great range of temperature, where Ro, a and jS are 
constants which may be found by measuring R| at three different 
temperatures. For limited ranges, the term pt- may be neg¬ 
lected and the values of the resistance at 0° C. and at 100® C. 
found by the usual method of finding the fixed points of a thermo¬ 
meter; but for extended ranges the temperatures 0® C., 100® C. 
and the boiling point of sulphur at 760 mm. of mercury pressure 
(444*60® C.) are employed. 

Prof. Callendar has also shown that if the temperature on 
the platinum thermometer scale be calculated from the relation 


ip 


100 


R< Rq 
Rioo"~^ 


• (ii) 


» H, L. Callendar, Phil. Trans.. 178, p. 1. 1887. 
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where R|, Ro and Rioo are the resistances of the thermometer at 
O'" and lOO'" C. respectively, the difference between 

and the temperature t on the gas thermometer scale is given by 
the relation 

For, from (i), Rioo==Ro(l+ 100a+10,000;8), 

^100—Ro _ I inno 

or “ lOORo 

1H—%j • Comparing this 

with (i) 

Rioo~Ro, _ , oj 9 

‘TOORo"^''“‘^+^^ 

1. (a + l00^}i,=ai+pt* 
a+^t 

i ~a + 100^ 
t “a+lOO^ 

_iW 

» a+100^\l00 /lOO 
^~a+ld6/3’ 

Griffiths has shown that for pure platinum S has the value of 
very nearly 1-5. For any particular thermometer, tp may be 
determined at the boiling point of sulphur, so that t—tp and 
therefore 8 may be found for this thermometer. 

Then if a curve connecting tp and t be plotted, the correction 
to be added to tp to obtain t for any value of tp may be read 
upon it. 

In order that the resistance between M and N shall be exactly 
J ohm the actual resistance of the wire is slightly greater than 
this, and it is shunted with a fine wire whose length is adjusted 
until that of the combined resistance is exactly J ohm. This 
does not in any way alter the point of balance, and p is now ^ 
of combined resistance between M and N. 

For temperatures up to SOO'" C. the thermometer consists of a 
platinum wire wound upon a mica frame and enclosed in a glass 
tube, but for higher temperatures the tube must be of glazed 
porcelain.^ 

^ For experimental details of finding the fixed points and for calibrating the 
bridge, the student may with advantage consult ** A Text Book of Practical 
Physics," by W. Watson. 
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Galvanometer Resistance (Kelvin), —The determination of the 
resistance of a galvanometer by means of the Wheatstone's bridge 
was first performed by Lord Kelvin, and is generally known as 
the Kelvin method. We have seen on p. 66 that the current 

P R 

in the galvanometer circuit (Fig. 83 (i)) is zero when and 

consequently the currents in the remaining arms are independent 
of r„. The galvanometer is therefore placed in the arm S, Fig. 89, 
when, on making the battery circuit, a 
PQ deflection will be* produced. This may be 
^ llQ reduced to a readable amount by one of 

J tw’o methods: a resistance, T, may be 

rV. j T/T s introduced into the battery circuit, which 

reduces the whole current in the bridge, 

- J| --——^ and therefore the sensitiveness of the test, 

39 or the spot of light may be brought back 

on to the scale by means of the controlling 
magnet in the case of a suspended needle instrument, or by 
twisting the torsion head in the case of a suspended coil instru¬ 
ment. In the case of a delicate galvanometer it may be desirable 
to combine the two processes. The resistances in the arms are 
then adjusted until the spot of light is brought to rest, and will 
still remain at rest whether the key K be open or closed. When 

P R 

this condition is attained ^ in this case, the resist- 

ance of the galvanometer. 

Battery Resistance (Mance). —A somewhat similar method due 
to Mance has been used for determining the resistance of a 
battery. The battery is placed in S, Fig. 
Q 90, and the key at K. When the key is 
closed, a current flows in the circuit, and 
Vw we may imagine this current reduced to 

rV. I zero by an appropriate E.M.F. in K. This 

.a. J additional E.M.F. would not produce any 

^ ' ‘ ^ p 

current in g when ^==^, but the current 

in K being zero, it is immaterial whether the key be open or 
closed. Therefore the condition for the resistances in the arms 


to be proportional is that the current in the galvanometer is 
unaltered by opening or closing K. The method is not a good 
one, owing to the fact that the current in the galvanometer at 
the time of the test is large, and also that an unknown current 
is flowing in the battery. The resistance of the battery generally 
depends upon the current flowing, and this should be known> 
as in the method on p. 101. 
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Low Resistances. —The Wheatstone s bridge is unsuitable for 
the comparison of very low resistances, for two reasons. The 
first has been discussed on p. 68, and refers to the want of sensi^ 
tiveness of the bridge. The other important reason is that with 
low resistances, the connecting wires and the contacts at the 
terminals have resistances which are no longer negligible, and 
they may even be as great as, or greater than, the resistances to 
be compared, unless special precautions on this account are 
taken. 

By the method of direct deflection, the two low resistances may 
be compared. A steady current is passed through the two con¬ 
ductors in series, and the galvanometer deflection produced by 
the p.d. between two points separated by a distance upon the 
first conductor (Fig. 91) compared with the corresponding deflec¬ 



tion for the distance upon the second conductor. Then, if the 
galvanometer have a resistance which is high compared with that 
of the conductors under comparison (it is usually thousands of 
times as great), the current in the galvanometer will be inappre¬ 
ciable in comparison with that in the conductors. The current 
in the first case is proportional to Ej, the fall of potential over 
/i, and the second to E 2 , the p.d. over Then if and R 2 are 
the corresponding resistances, and di and the deflections— 


Current—^ 

Ri 



* • R2 £2 ^2’ 


But if Si and S 2 are the resistivities of the materials of the two 
conductors, and di and ^2 their diameters, as determined by the 
micrometer gauge— 

Ri_Sj/j d^^ _ 0 i 

R2 di^ S2/2 

S 2 02 ’ W 


If it is desired to determine Sj and S 2 in ohms for unit length and 
cross-section, a standard low resistance may be included in the 
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circuit and the deflection due to the p.d. across it compared with 
that for the given conductors. 

By means of the Kelvin bridge a more accurate comparison of 
two low resistances may be made, but in this 
case the lengths ly and U are adjusted until 
the resistances are equal, or in a ratio very 
nearly equal to unity. 

AD and BC (Fig. 92) are two resistance 
coils whose mid-points are at E and F, which 
are connected to the conductors under comparison as shown 
in Fig. 93. The current i^ in the galvanometer is zero when 

The conducting rods AB and CD (Fig. 93) are con- 

nected in seiies and a current passed through them. This 
current may be fairly strong, the rods having low resistance. 


B C 

A D 

Fig. 92. 



Let the resistance coil BEC be divided at E in the ratio r : mr, 
and the coil AFT) in the ratio r' : nr', The currents indicated in 
the diagram arc consistent with Kirchhoff ’s first law (p. 65). Also 
the current in the rods between B and C is 
from which i^—i^^ig^ 

Applying Kirchhofi’s second law (p. 65) to the mesh ABEF, 
we have, 

and from the mesh CDFE, 

+ig) wr=0. 

In making a measurement, one of the points A, B, C or D is 
moved along the rod until it is seen that the galvanometer 
deflection is zero, that is, 

With this condition, the simultaneous equations reduce to, 

i\r\-^ir-~i'r'=0 
—wf V'—0, 

and from above we see that when then 

/. fV'—0 

iir^+mir—ni'r' 
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which equations become identical when 

~±z=:m=n, 

ri 

that is, the two coils must be divided in the same ratio, and the 
resistances ri and r 2 will be in this same ratio when the current 
in the galvanometer is zero. 

It is usual to find the mid-points, in regard to resistance, of 
the coils BC and AD, in which case ni=-n~l, and it follows that 
when the balance is obtained, —ro- The equality of the resist¬ 
ances BE and EC, AF and FD, is attained in a previous experi¬ 
ment, in which the Wheatstone's bridge is constructed with, say, 
BE and EC, as two of the arms of the bridge and two equal coils 
for the other arms. If the balance is imperfect, one of the 
soldered joints is heated, and the resistance wire pulled through 
until the proper balance is found. 

Having determined the lengths of the bars which have equal 
resistances, we may find the ratio of the resistivities as in the 
last method (p. 95). 

The temperature of the conductors at the time of the experi¬ 
ment should be noted, especially if they are of different materials, 
since the temperature coefficients will in aU probability be 
different for the two. 

Cells.—F or the purposes of electrical measurements when very 
small currents are required, it is convenient to use one or more 
ordinary voltaic cells. Those most commonly employed, when 
great constancy of E.M.F. is not required, are the Daniell and the 
Lcclanche. To produce large currents the secondary or storage 
cell is used, while for standards of E.M.F. we have the Latimer- 
Clark or the Cadmium cell. These will be described in 
Chapter VI. 

The DanielFs cell consists of a zinc electrode in dilute sulphuric 
acid (1 sulphuric acid to 10 of water by volume), and a copper 
electrode in concentrated copper sulphate solution. The solu¬ 
tions are separated by a porous pot of unglazed earthenware. 
Sometimes the outer vessel is of copper and forms the electrode. 
The E.M.F. of the Daniell is about IT volts. 

In the Leclanche cell the negative electrode is an amalgamated 
zinc rod, and the positive electrode a carbon rod, packed round 
with manganese dioxide, and situated in a porous pot. The 
electrolyte is a saturated solution of ammonium chloride. The 
E.M.F. of the cell is about T45 volts, but quickly drops if much 
current be taken ; it recovers, however, if the cell be allowed to 
stand idle. 

The dry cell now largely used for electric bells and telephones 
is of the Leclanche type, the manganese dioxide being mixed 
4 
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with sawdust, which contains enough moisture for the efficient 
action of the cell. 

Comparison of Electromotive Forces. —For a simple comparison 
of the E.M.F.'s of cells, a substitution method, similar to that 
employed for the comparison of resistances, may be used (p. 85). 

Two cells are in turn connected in series with a high resistance 
and a galvanometer. If the resistances of the cells themselves 
are negligible, the currents, and therefore the deflections, are 
proportional to the E.M.F. s. 

Thus or if a tangent galvanometer be used 

Eg 02 o O 

In order to avoid the error introduced by the resistances of the 
cells themselves, a sum and difference method is sometimes used. 
The cells are both together connected in series with the galvano¬ 
meter, first with their E.M.F/s acting the same way round the 
circuit, and then with their E.M.F.'s opposing each other. In 
the first case the total E.M.F. in the circuit is Ej+Eg, and in the 
second case Ej-—Eg. If Ii and Ig are the respective currents, 
we have, since the resistance of the circuit is the same in both 
cases— 

E ijf ^2 _ 11 

E| —Eg Ig 0g 

j Ei_0i+02 

Eg 0J-02' 

Potentiometer. —By far the best method of comparing electro¬ 
motive forces is that due to Poggendorf, and now generally known 
as the Potentiometer method, A steady current is maintained in 
a conductor and the E.M.F.'s to be compared are balanced in 
turn against the potential fall over a known portion of the con¬ 
ductor. There are many forms 
of the potentiometer, but the 
simple slide wire, two or three 
metres long, comprises a very 
simple and effective instrument. 
The cell C (Fig. 94), preferably 
of the secondary or storage form 
on account of its constancy of 
E.M.F. when producing current, maintains a current in the 
stretched wire AB, which may suitably be of platinoid or man- 
ganin of No. 22 gauge. One of the cells who^ E.M.F/s are to 
be compared, is placed at E, with one pole connected to A, and 
the other through the galvanometer G to a movable contact D. 
If the fall of potential between A and D corresponding to the 
current is equsd to the E.M.F. of the cell, there wiU be no current 



Fig. 94. 
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in the galvanometer, provided that the cell E is connected with 
its positive electrode to the end of the wire having the higher 
potential. When a uniform wire is used, the p.d. between two 
points on it is proportional to the length of wire between the 
points; thus in the given case Eioc/j. The cell is now 
replaced by the second cell, and another balance obtained, at 

El U 

distance /2 A. Then It should be noticed that if 

E 2 

the current in AB varies during the experiment, I is no longer 
proportional to E alone, and therefore it is advisable to repeat 
the experiment with the first cell to ensure that the current has 
not changed. The E.M.F. of C must, of course, be greater than 
that of E, otherwise there will not be a possible position of balance 
upon the wire. With a length of 3 metres of wire, and a secondary 
cell to produce the steady current, a balance may usually be 
obtained with certainty, to within an error of a millimetre of 
wire, even with a comparatively rough galvanometer, and thus 
for a balance near the middle of the wire the error is less than 1 
in 2000. There is a further advantage in this method, in that 
the cell whose E.M.F. is being determined is not producing a 
current at the time at which the balance is produced, and hence 
the determination of E.M.F. is independent of the resistance of 
the cell. A simple and convenient form of potentiometer may be 
made by soldering the ends of a piece of No. 22 platinoid wire to 
two copper lugs, A and B (Fig. 95), the length of wire between 
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Fig. 95. 



the lugs being 3 metres. These lugs are screwed down to the 
board, the wire passing round the small screws P, Q, R, S, T. A 
piece of centimetre ruled squared paper having previously been 
pasted on, this serves as a scale for the measurement of /. 

There is almost always a zero error of the potentiometer, chiefly 
due to the resistance of the lug and soldering. It may be readily 
found by passing a current through two resistances, PQ and QR, 
in series (Fig. 96), and finding the length of potentiometer wire 
lx for a balance for the p.d. between P and Q, for that between 
Q and R, and 4 for that between P and R. If a be the zero 
error to be added to each reading, then, since p.d. between 
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P and R equals the sum of the p.d/s. between P and Q, Q 
and R— 

4 *® =4 

.*• U =/ 3 — 1 \—^2 

Measurement of Current by Potentiometer. —The potentiometer 
in conjunction with a standard resistance is a very convenient 
current measurer. 

Thus, suppose it is required to calibrate the ammeter A (Fig. 
97). A suitable current is passed through it, the standard resist¬ 
ance R being in series with it. The of potential over R is 
compared with that of a standard cell C, which may be a Daniell's 
cell if rough calibration only is required, but must be a Latimer- 
Clark or a Cadmium cell if we desire higher accuracy. Then if 
li be the length of potentiometer wire to produce a balance with 



Fig. 97. 


the cell whose E.M.F. is E, and l^, the length for the p.d. over the 
resistance R when current I is flowing in it— 

p.d. for resistance R=E. 

n 

and, I-j.J. 

On varying the current by means of the rheostat W, and taking 
a number of readings for different points on the ammeter scale, 
a calibration curve may be constructed. 

Resistance of Cell. —The potentiometer may also be used to 
determine the internal resistance of a cell by the following method. 
The length of potentiometer wire required to balance the E.M.F. 
of the cell is first found in the ordinary way. Let it be /j. E is 
the p.d. between the terminals of the cell when it is not producing 
any current, and is the whole E.M.F. available to produce current. 
If now the terminals of the cell be connected by a conductor of 
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resistance r (Fig. 98), the current 
R is the resistance of the cell. 


flowing in it will he -—, where 
R+r 

Further, this current flowing in 


the conductor r means that a p.d. of - . r exists between the 

R+^' 

ends of the conductor, and this is proportional to I 2 , the length of 
potentiometer wire which will now produce a balance. Calling 
this p.d. e, we have— 


R+r * 

R+r E /j 

r 


from which R may be found. 

It is an interesting experiment to take a cell of the Leclanch^ 
type and determine its internal resistance a number of times. 


E 




using values of r equal to 100, 50, 20, 10, 5 and 1 ohms respec¬ 
tively. It will be seen that the resistance of the cell varies 
with the current in it. 

The reason for the method may be made a little plainer by 
drawing the E.M.F.—Resistance diagram for the circuit. Let 
OE (Fig. 99) be the E.M.F. of the cell; then, if the resistances 
of the different parts of the circuit be plotted along OM so that 
OL=R, LM=r, and the last point M be joined to E, 

E 

tan EMO=^ 5 "r“=current; 

R+r 

further, we see that so long as Ohm's law holds good, the line, 
such as ENM, drawn upon the E.M.F.—Resistance diagram must 
be a straight line, since the current is the same at each cross- 
section of a circuit, and is represented on the diagram by the 
slope of the line. When the circuit is broken, the resistance r is 
infinite, and the point M moves to infinity; that is, the curve 
becomes the horizontal straight line EP. In the potentiometer 
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experiment, OE is measured in the first case (/j), and LN in the 
second case and we see from the figure that— 

OE R+f h 

LN~~ r “V 

Rayleigh Potentiometer. —A potentiometer method in which 
two similar resistance boxes are employed in place of the stretched 

wire, w^as used by the late 
Lord Rayleigh in his work 
on standard cells (Fig. 100). 
The boxes are joined in 
series with a cell, to main¬ 
tain steady current, and the 
plugs from one box are taken 
out. Any alteration in the 
resistances is made by trans¬ 
ferring plugs from one box 
to the corresponding resist¬ 
ance gap of the other box, so that the total resistance in the two 
boxes remains constant, and the current therefore does not change. 
The E.M.F. of the cell E is then proportional to the resistance 
in the box A when the galvanometer indicates a balance. 

Crompton Potentiometer.—It will have been noticed that the 
smaller the current in the potentiometer wire, the greater the 
length of wire for a given p.d. and the more sensitive is the 
arrangement. For measuring very small E.M.F. s, such as we 
have in the case of thermoelectromotive forces, which may be 
only a few millivolts, the sensitiveness may be sufficiently 
increased by including a resistance in the wire circuit, to reduce 
the current. But this decreases the range of the instrument, 
unless the added resistance has a value which is known in terms 
of the length of the potentiometer wire, in which case it may be 
included in the balancing part of the circuit when required. 
Thus if the balancing wire AB (Fig. 101) be 100 cm. long, and 

the resistances AC, CD, 
DE and EF are each 

equal to the resistance 

of AB, then, when the 
balance is attained for 
the point, say 35, upon 
AB, this corresponds to 
a p.d. proportional to 35 if the other contact is at A ; but to 

235 if at D, and 435 if at F, etc. This method of increasing the 

sensitiveness without sacrificing the range is used in the 
Crompton potentiometer, Fig. 102. ah is the balance wire, and 
at c there are fourteen coils, each of which has a resistance equal 
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Fig. 100. 
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to the whole, of ah, and so arranged that the potential terminal 
from the source Tinder measurement may be connected directly 
to a or to the junction between any of the fourteen coils, by 
means of the rotating arm. is a key which enables any of 
the external sources of E.M.F. to be compared, these being 
joined to A, B, C etc., to be rapidly and easily brouglit into 
action. Two adjustable resistances, e for rough and / for fine 
adjustment, enable tlie current to be varied, and if a standard 
Clark cell be connected to A, the tem})eratur<i being 15° C., 
the E.M.F. is known to be T4328 volts, so that the whole 14 



coils at c are switched in, and the contact set at the point 32.8 
upon the wire, the current may be varied by these resistances 
until a balance is attained. Every unit of bridge wire will then 
correspond to scale has been made 

to give readings directly in millivolts. This adjustment having 
been made, any other source connected to B may be measured 
directly in millivolts. Since the smallest scale division is one-tenth 
of a unit, and a balance may be made to say half a small division, 
electromotive forces down to volt may be measured. 

If the electromotive force being measured be the difference of 
potential between the ends of a standard resistance of or 
yo^jj ohm carrying a current, a unit on the slide wire will corre¬ 
spond to OT ampere or 1 ampere respectively. Hence the useful¬ 
ness of the instrument in conjunction 
with a standard resistance for current 
measurement. 

For measurement of large p.d.'s a volt 
box must be used. This is a high resist¬ 
ance, to the ends of which the p.d. to be 
measured is applied, the potentiometer 
terminals being joined to two points of 
the high resistance, separated by a small resistance which is 
some convenient fraction of the whole. Thus in Fig. 103 the 
resistance between G and H is y^^ of that between C and F, 
>1 of that between C and E, and of that between C and D. 



Fig. 103. 
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If then a p.d. of say 120 volts exists between C and E, that 
between A and B is T2 volts, and on measuring this in the 
ordinary way by connecting A and B to the potential terminals 
of potentiometer, the observed value must be multiplied by 100. 
When C and D are used, the observed p.d. between A and B 
must be multiplied by 10, and when C and F are used, by 1000. 
Voltages less than T5 volts are measured directly without the 
aid of the volt box. 

Direct-reading Resistance Meters. —Several types of instrument 
give scale readings of resistance. Some contain dry batteries from 
which current is passed through any resistance joined between the 
terminals of the instrument. If the unknown resistance is X and 
the whole internal circuit (including the movement of the meter) 
has a resistance R, then the current is I—E/(R4”X), E being the 
electromotive force of the battery. The current falls as X rises 
and becomes zero for X infinite. The resistance scale therefore 
reads in reverse direction to any current or voltage scale with 
which the instrument may be provided. Since the E.M.F. of the 
battery may vary with age and use, and so may its internal resist¬ 
ance, arrangement is made, ^.g. by variation of subsidiary resist¬ 
ances in the circuit, to adjust the pointer to the zero-resistance 
mark when a short-circuit is applied to the terminals. 

Instruments of this kind have very uneven scales for resistance. 
An alternative arrangement, especially suitable for measuring low 
resistances, is to have the moving coil shunted across the unknown 
resistance, with a large series resistance to keep the current 
through X nearly constant. The deflection, which is determinf^d 
by the potential drop across X, is thus nearly proportional to X. 

The current for these meters may be derived from a hand- 
driven generator, the E.M.F. of which is kept constant by a 
mechanical device which prevents the armature from rotating 
above a certain speed. Another way of ensuring that the result 
is independent of variations in supply voltage is to use a pair of 
coils rigidly connected, usually at right angles, and pivoted as 
freely as may be in the space between the magnet poles of the 
meter. One coil is in series with a fixed resistance and carries a 
current proportional to the E.M.F. of the generator while the 
other is in series with the unknown resistance, and the generator 
feeds both. The coil-system turns until the resultant magnetic 
moment of the pair lies along the magnetic field. The rotation 
required to attain this condition depends on the ratio of the cur¬ 
rents in the two coils and hence on the ratio of the potential 
difference across X to the current in it. Thus the scale over 
which the pointer moves may be marked in ohms. This form of 
instrument is particularly useful for testing insulation resistances 
and other high resistances. 
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ELECTROSTATICS 

Early Electrical Experiments. —The earliest electrical experi¬ 
ment of which we have any record is that of the attraction of 
light bodies a piece of amber that had previously been rubbed. 
This experiment is of unknown antiquity, but William Gilbert 
(1540-1603), when investigating this and other allied phenomena, 
introduced the word '' electricity,'' from the Greek word rjXeKrpov, 
signifying amber." Other substances exhibit similar properties, 
and if, for example, a piece of ebonite be rubbed with a piece of 
dry fur, then on separating them they will be seen to attract 
each other ; on bringing the ebonite near the fur the individual 
hairs of the latter wall bend towards the ebonite. Simple experi¬ 
ments show that an ebonite rod rubbed with fur will repel 
another one similarly treated. Also a glass rod rubbed with silk 
repels a similar glass rod. But the ebonite rod attracts the glass 
rod. This is usually explained by saying that there are two 
kinds of electricity, that on the glass rubbed with silk being 
called positive electricity and that on the ebonite rubbed with 
fur negative electricity. Also like kinds of electricity repel each 
other and unlike kinds attract each other. 

About a century after Gilbert’s time, it was found that all 
substances taken in pairs became oppositely electrified when 
rubbed together, but in the case of conductors, the electrification 
disappears as soon as the bodies are separated. If, however, a 
metal rod be held by an insulating handle it can easily be 
electrified by rubbing with fur or silk. 

The attraction of the charged ebonite or glass for light bodies 
is easily understood if these bodies are conducting. On referring 
to Fig. 107 it is seen that the charged rod causes an opposite 
charge to accumulate on the near side of the light body. There 
is consequently an attraction between the charged rod and the 
light body. 

Theories of Electrification. —Several theories have been put 
forward to account for the phenomenon of electrification. The 
earliest theory was that two weightless fluids exist, positive and 
negative electricity, and the preponderance of either of them on 
a body determines the sign of the charge on it. There was also 
a one-fluid theory, for it was pointed out that if a body is un- 
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charged when there is a normal amount of this fluid on it, then 
an excess of it meant a charge of one kind and a deficiency a 
charge of the opposite kind. 

Maxwell, following Faraday, suggested a model rather than a 
theory. Thus, positive electrification he considered to be due to 
a displacement of something outwards from a conductor and 
negative electrification a displacement inwards. This displace¬ 
ment is then continuous in the hypothetical medium separating 
the conductors, and its rate of change is equivalent to an electric 
current. 

It had been shown by Faraday that a voltaic current is in all 
respects equivalent to the motion of the electricity produced by 
friction. 

The investigations of the last half-ccntury have shown that 
electricity is not a fluid, in the ordinary sense, but that it con¬ 
sists of particles of definite amount. The electron (Chap. XIV) is a 
definite unit of electricity and is, so far as we know at present, 
indivisible, and its charge is of the kind which has been called 
negative. At the same time there are corresponding positive 
charges, positrons (Chap. XVI), exactly like electrons but of 
opposite sign. Then there are heavier bodies having the charge of 
the positron, which constitute most of the mass of atoms of matter. 
These are called protons. A proton and an electron together 
constitute an atom of hydrogen. Also there are neutrons which 
have the mass of a proton but no electric charge. All atoms of 
matter are built up of these bodies, but whether a proton is a 
combination of a neutron and a positron, or whether the neutron 
is a combination of a proton and an electron is not yet known. 

Our present knowledge gives us a clear explanation of many 
phenomena which were obscure on the older theories. For 
example, a conductor of electricity is a substance in which 
electrons are readily detached from the atoms and exist as a 
cloud or gas in the interspaces between the atoms. The presence 
of an electric field causes a drift of the electrons through the 
conductor, which we recognise as an electric current. From the 
laws of electrodynamics it is then concluded that an electron in 
motion has both an electric and a magnetic field. When at rest 
it has an electrostatic field only. Thus, if an electron is detached 
from a neutral atom, the atom has then a positive charge. The 
atoms of a solid body are so close together that they are held in 
position in various structures (Chap. XIV). 

In a non-conductor or dielectric the electrons are not detach¬ 
able from the atoms, so that there is no possibility of a continuous 
current. There is, of course, no sharp division between con¬ 
ductors and non-conductors. This consideration throws light 
upon the behaviour of a dielectric in an electric field. 
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The theory adopted for the explanation of electrification and 
conduction does not affect the principal problems of electro¬ 
statics, and, except for the consideration of dielectrics, the dis¬ 
cussion of the electron theory will be deferred to a later chapter. 

The Electroscope. —It has been seen that an electric charge 
may be detected by its ability to attract light bodies. A pith 
ball, suspended by a silk fibre, serves as a suit¬ 
able light body. A modification consists in sus¬ 
pending two pith balls side by side by means of 
conducting threads. The charges induced upon 
them cause repulsion and the balls stand apart. 

If two strips of thin foil, gold or aluminium, 
replace the pith balls a more convenient and 
sensitive apparatus, called an electroscope, results. 

In Fig. 104 the leaves or strips of foil are shown 
at D and are supported by the wire C which passes 
through a block of paraffin wax or sulphur B. 

Strips of tinfoil are pasted at E and F opposite 
the leaves and at the back and front are glass windows. On 
giving a charge to the cap A it will spread over A, C and D and 
the leaves will stand apart. 

On giving a charge of, say, positive electricity to the leaves, it 
will be found, on bringing a pOvSitively charged body near A, that 
the divergence of the leaves increases. On the other hand, a 
negatively charged body brought near A will cause a lessening 
of the divergence. 

Faraday’s Ice-pail Experiments. —By means of the electroscope, 
Faraday was enabled to establish several important laws of 
electric phenomena. He used an ice pail, which gave its name 
to the experiments, supported on an insulating stand and con¬ 
nected with an electroscope (Fig. 105). On lowering a charged 
conducting body by means of an insulating 
silk thread, into the ice-pail, the leaves of 
the electroscope diverge more and more 
until the charged body is well inside the pail, 
and then movement of the body about inside Jl 
the pail produces no further change. If the / \ 
charged body be removed without having Fig. 105. 

touched the pail, the leaves collapse com¬ 
pletely, but if before removal it be allowed to touch the pail on 
the inside, no alteration in the divergence of the leaves is 
produced on touching, or when the body is removed. Its 
charge has therefore passed completely to the outside of the 
pail. It is, therefore, reasonable to suppose that the divergence 
of the leaves depends upon the amount of charge on the body 
lowered into the pail, and equal charges may be compared 




Fig. 104. 
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by lowering them in turn into the pail and noting that the 
divergence is the same for each. Further, if equal charges of 
opposite kinds be obtained upon two separate bodies, that is, 
two charges of opposite kinds that would each produce the same 
divergence when used alone, then when placed inside together, 
whether the bodies touch or not, there will be no divergence of 
the leaves, showing that the effect of adding equal and opposite 
charges is to produce a neutral condition. 

A similar experiment may be made, to show that the amounts 
of electricity produced in two bodies in the act of rubbing are 
equal, and that they are of opposite kind. 
An ebonite cylinder, C (Fig. 106), is made 
to ht loosely into a hollow cylinder, F, lined 
with fur, and the two are placed inside the 
ice-pail. If now C be given a few turns by 
means of the handle, there is no divergence 
of the leaves of the electroscope, but on 
removing C the leaves diverge on account 
of the charge on F. On removing F and 
putting C in the pail, the lecives diverge to 
the same extent as for F, but when F and 
C are both in the pail together the diver¬ 
gence is always zero, showing that the electric charges on the 
two are equal and of opposite sign. 

Potential Gradient due to Charge. —The student has probably 
noticed already the similarity in the effect of charge upon charge 
to that of a magnetic pole upon a second pole. The exact 
analogy between the laws will be treated later, but, as on p. 13 
the repulsion between N poles implies that there is a magnetic 
potential which decreases as the distance from a N pole in¬ 
creases, so in the neighbourhood of a positive electric charge 
there is an electric potential which diminishes as the distance 
from the charge increases. Also a N pole experiences a force 
urging it down the gradient of magnetic potential, so a 
positive charge experiences a force urging it down the 
gradient of electric potential. It must always be borne in 
mind that the analogy is only mathematical. There is no such 
Q thing as a conductor of magnetic pole, 
in fact the pole itself is a fiction, 
although a very useful one. That a 
Fig. 107. charge produces a potential gradient in 

its neighbourhood may be shown by 
employing an insulated conductor AB (Fig. 107) which is divided 
into two parts, the parts being in contact. On bringing a posi¬ 
tively charged body C near to B a potential gradient exists, B 
being at a higher potential than A. Hence a current takes place 
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in the conductor, and will flow from B to A until the accumula¬ 
tion of positive charge at A, and the accumulation of the negative 
charge on B, restore the whole of the conductor to uniform 
potential, when the current ceases. If the two insulated parts 
are separated while C is still present, the charges on A and B 
may be found, by testing with a charged electroscope, to be 
respectively positive and negative. If instead of separating A 
and B we remove C, we at the same time remove the potential 
gradient due to it, and the reverse potential gradient due to the 
accumulated charges will cause a current from A to B until the 
potential of the conductor is again uniform. We may note here 
that when there is no current in a conductor there must be a 
uniformity of potential throughout it ; in fact, the distinction 
between a conductor and an insulator is that a potential gradient 
cannot exist in a conductor without producing a current, while 
in an insulator a potential gradient can exist even when there is 
no current. The distinction resembles very much that between 
a fluid and a solid, the former being unable to support a shearing 
strain without flowing, while the latter can. 

For convenience, we frequently consider the potential of the 
earth to be zero, and a body has then a positive potential if, when 
connected to earth by a con¬ 
ductor, a current will flow from 
the body to earth, and a negative 
potential if the current flows from 
earth to the body. For this reason 
the gauze or metallic envelope of 
the electroscope is usually con¬ 
nected to earth, so that the leaves 
have no divergence when their 
potential is that of earth. Then, 
if we bring a positively charged 
body A near an originally un¬ 
charged body B, the potential of B is thereby raised above that 
of earth, that is it is positive, and an electroscope connected to 
B will show a divergence on this account (Fig. 108 (i)). If B be 
now connected to earth there is a positive current to earth, which 
flows until B’s potential is zero. The leaves are now collapsed, 
since they are at earth potential, as in case (ii). It should be 
noted that in this condition, the negative charge on B produces 
a negative potential at B and the electroscope, exactly equal to 
the positive potential due to the charge on A, point for point; 
in fact, a flow must occur until this condition is fulfilled. On 
breaking the earth connection and then removing A, the negative 
charge on B only is present, and will produce a negative poten¬ 
tial (iii), the leaves of the electroscope again diverging. This 
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process has been called charging by induction/* but the term 
is not a good one, as the word induction ** is used in a special 
sense. “ Charging by influence ** has also been suggested, and 
is not open to that ol3jection. The process itself is a very useful 
one for charging a conductor, from a charge situated upon an 
insulator on which it may have been produced by rubbing, as it 
is more convenient than attempting to bring all parts of the 
insulator into contact with the conductor and has the further 
advantage that the original charge on the insulator is not lost. 

Electrical Machines. —Apart from the frictional machine, which 


is extremely inefficient and cumbersome, the prototype of the 
p. electrical machine is a piece of ebonite, 

which may be rubbed with a piece of fur, 
and a metal sheet with an insulating 
handle, which may be lowered on to it. 
-AK B It is called the electrophorus (Fig. 109). 

^ ^Sw/zZ///////////^^^ Thus brass plate B is charged by influence 

Fig. 109 . from the rubbed ebonite plate A. A may 

be provided with a brass sole, S, attached 
to which is a brass pin, which passes through A and earths B 
automatically, when this is lowered on to A, but the sole S is not 
essential to the electrophorus. 

It will be seen that if a number of plates such as B be attached 
to arms so that the whole can revolve, each plate moving in its 
__ own plane, coming over the 

0 plate A at some part of its 

path, and being discharged 
into a receiver at some other 
part of its path, an electric 
^ charge would be continually 
§ If produced, so long as the rota- 
V tion is maintained. This is 
really the principle of the 
j Wimshurst machine, but in- 
I stead of one conductor moving 
1 past a charged piece of ebonite, 
j ~ • two sets of conductors cone- 

spending to B rotate in oppo- 
site directions, the charges on 
IIq one set being utilized to pro¬ 

duce the charges on the other. 
Two parallel circular glass plates are mounted coaxially so that 
they can be driven in opposite directions, the conductors cone- 
spending to B being metal strips cemented on to the plates. 
Owing to the difficulty of drawing the connections for the flat 
plates, these are represented in Fig. 110 as circles, and their actual 
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Fig. no. 
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appearance will be seen in Fig. 111. When the machine is running, 
the positively and negatively charged conductors B and B' come 
opposite to C and C' at the instant that the latter are connected 
together by two light brushes carried by a wire. Then a poten¬ 
tial difference exists between C and C', and a current flows from 
C to C', Since these were uncharged before, C will now be 
negatively and C' positively charged, and the charges, moving 
on as the plates revolve, play a similar part in charging the outer 
sectors at B" and B'". The result of the two processes is that 
positively charged sectors B are continually being brought into 



Fig. 111. 


the neighbourhood of the collector E, and C into the neighbour¬ 
hood of E', v/hile the negatively charged sectors are brought to 
F and F'. From the collectors E and E' the positive charge 
passes to the conductor P, and from F and F' the negative charge 
goes to Q. The method by which the collection of the charge by 
E and F takes place may be noted. As the positive charge 
approaches E it induces charges upon E, as in the experiment 
described on p. 108 (Fig. 107), but the negative charge, being 
situated on the points nearest to the sectors, passes readily from 
them on to the .sector and neutralises the positive charge there, 
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the sector being thereby discharged, and a corresponding positive 
charge remaining upon the conducting system EP. A similar 
process occurs at F, but in this case it is a negative charge that 
remains on FQ. The action of a point in facilitating a discharge 
is described on p. 136. 

Force between Charges.—From analogy with the gravitational 
force between two masses, it would naturally be suggested that 
the force between two small electrical charges would vary in¬ 
versely as the square of their distance apart. By means of his 
torsion balance. Coulomb established roughly the truth of this 
law. He balanced the force between the charges on two gilt 
pith balls, one of which was fixed, and the other on the end of a 
light rod suspended by a fine silver wire, against the force pro¬ 
duced by the measured twist in the wire. On halving the 
distance between the balls the necessary twist in the wire was 
increased four times, and so on. Further, by removing the fixed 
ball and sharing its charge with an equal one (the charge on the 
original ball, by the principle of symmetry, being supposed to be 
halved) and replacing the ball, it was found that the force as 
indicated by the torsion balance was halved. Coulomb con¬ 
cluded that the force between two charges may be represented 

by the expression # where qi and are the magnitudes of the 

charges, and d their distance apart, the positive sign indicating 
that the force between the charges is of the nature of a repulsion. 

From this relation we may define the uriit of electrical charge as 
that which, situated one centimetre from an equal charge in empty 
space, or what is nearly the same thing, in air, will repel or attract 
it with a force of one dyne; and adopting this new electrostatic 
unit of quantity and measuring qx and q^ in terms of it, we have— 

Force between chargesdynes. 

By analogy with the magnetic case (p. 3), we may define the 
strength of electric field, or electric intensity, or electric force at a 
point as the force in dynes, which would act on a unit positive 
charge if placed at that point, and we see then that the electric 

q 

intensity at a distance d centimetres from a charge q is and 

that the force on any charge at a point at which the electric 
intensity is E, is equal to Hq. 

Proof of Inverse Square Law.—The proof of the relation 

by means of Coulomb’s torsion balance is not very satisfactory, 
because the charges are not situated at points, but are distributed 
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over metallic spheres, and although this would not matter if the 
charges were uniformly distributed over the spheres, this con¬ 
dition cannot be fulfilled, since the presence of each charged 
sphere would disturb the distribution of charge upon the other. 
Also charges will be produced upon the case of the instrument, 
and upon all other conductors in the neighbourhood, and further, 
the holders of the charged balls are not perfect insulators, so that 
the charges will gradually leak away ; and finally the amount of 
torsion and the distance apart of the balls cannot be measured 
very accurately. We have, therefore, to fall back upon indirect 
methods of proof, that is, to calculate certain results on the 
assumption of the truth of the law, and then put the results to 
the test of experiment. 

The following proof is due to Cavendish ; and at a later date 
Maxwell re-performed the experiment and succeeded in showing 
that the inverse square law is certainly 
very near the truth. To find the 
strength of electrical field at a point P 
(Fig. 112), situated within a charged 
spherical conductor, draw through P a 
cone having its vertex at P, and whose 
solid angle doj is very small. This cone 
cuts the sphere in two small areas, ds 
and d $^, which maj^ easily be found from 
the distances r and rj of P from ds 
and dsi respectively. The area of the 
right section of the cone at ds is 

t^dijj, and this makes angle a with ds, /, similarly 



t\^d(o 

If the sphere is symmetrically situated with respect 

to neighbouring conductors, the charge upon it will be uniformly 
distributed. Let the amount of charge on each unit of area of 

T^\jd(xi 

surface be a ; then the amount on ds is-, and that upon 

cos a ^ 


dsi, 


cos a ’ 


If, then, the strength of field due to a charge varies 


inversely as the «th power of the distance, the field at P due to 

r^udo) , , fi^adco 

the charge on ds will be -, and due to that on aS|, —--. 

® cos a cos a 


These are obviously equal when m=2, and since they are oppo¬ 
sitely directed, the resultant field at P due to the charges on ds 
and dsi is zero. The whole sphere may be divided by cones into 
pairs of surfaces in the same manner, and consequently the elec¬ 
trical intensity at P due to the whole charge on the sphere is zero. 
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If n>2 the component of intensity due to ds is greater than 

that due to since greater than --pprg, ri being 

greater than r, and all the elements on the same side of the 
plane APB (Fig. 112) as ds, give rise to components at P greater 
than those due to the corresponding elements on the same side 
of the plane as dsi, since for all these pairs ri>r, and if the 
charge on the sphere be of positive electricity, there will be a 
resultant field towards the centre of the sphere. On the other 
hand, if n<2 it follows in a similar manner that there will be 
a resultant field which will be directed outwards from the 
centre. 


Cavendish, and at a later date Maxwell, supported a sphere, A, 
inside a second sphere, B (Fig. 113), so that the two are inde¬ 
pendently insulated, except when connection 
is made between them by the hinged wire at 
the top. B is first positively charged ; then A 
is connected to B by means of the wire, and the 
I I connection is then broken so that A is again 
) I insulated. From the reasoning given above, 
A would be positively charged if n>2 and 
negatively charged if n<2, and uncharged if 
Fig. 113. «=2. Cavendish, using a pith-ball electro¬ 

scope, could not detect any charge upon A, and 
from the result of his experiment concluded that n must certainly 
be within one per cent, of the value 2. Later Faraday, with a 
gold leaf, failed to detect any charge within a closed conductor, 
and in 1870 Maxwell re-performed Cavendish’s experiment, 
using a quadrant electrometer to detect the charge, and again 
failed to find any. From a measurement of the smallest charge 
upon A that could be detected by the electrometer, Maxwell 
concluded that n cannot differ from 2 by more than 
Plimpton and Lawton,^ applying a low-frequency high potential 
to the outer sphere and studying potentials developed across a 
high resistance joining the two concentric spheres, estimated the 
value 2 to be true to better than 1 in 10^. 


Dielectrics. —Until the discovery of the electron (Chap. XIV) 
there was no detailed knowledge of the structure of the atom. 
As a consequence electric phenomena were treated as though 
material substances were homogeneous in structure. Each 
dielectric, including empty space, was supposed to possess some 
property, designated by a number known as the dielectric constant 
or specific inductive capacity k. Thus the capacity of a con¬ 
denser was found, by Faraday, to depend upon the dielectric 
between the conducting plates, the capacity being increased k 
times by replacing air by a dielectric of constant k. Also the' 


^ S. PUmptcHi and W. £. Lawton, Pkys. Rev., 50, p. 1065. 1935. 
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force between two charges qi and q^, is when they are situated 
in a dielectric of constant k. 

It is now known that all atoms possess electric charges in the 
form of electrons, protons or positrons (Chap. XVI). We are not 
concerned here with the structure of the atom. The only 
property we are interested in, at the moment, is that the electron 
is detachable from the atom in the case of conducting substances 
and the fact that in dielectrics the electron cannot be liberated 
from the atom. Whatever the configuration of the charges in 
the neutral atom may be, they do not produce any external field, 
but the effect of an electric field upon it will be to displace 
positive charge in the direction of the field and negative charge 
in the opposite direction. These displacements are limited by 
the forces that bind the charges to the atom. Each atom is then 
a dipole or electric doublet and has an electric moment exactly 
analogous to the magnetic moment of a small magnet (p. 5) and 
will produce an electric field in its neighbourhood. If x is the 
distance separating the effective charges -]-q and —q the electric 

. qx cos d 

moment is qx, the potential due to it is - — (p. 16) and the 


field is “fVl+3 cos^ Q (p. 19). Of course there may be various 

charges displaced within the atom, but each pair will have a 
moment and qx is taken as the vector sum, or resultant, of all 
these moments. 

Electric Polarisation. —Only isotropic dielectrics will be dealt 
with here, that is, dielectrics which have identical electrical 


properties in all directions. Consider a 
rectangular block of the dielectric situated 
in an electric field E parallel to the edge 
AB of the block (Fig. 114), Owing to the 
atoms having electric moments, the electric 
moment of the block will be the resultant 
of the electric moments of the atoms con- 



C 


Fig. 114. 


tained in it. If I is the length AB and a 

the area of the face AC, la is the volume, and if P is the 


electric moment per unit volume, considered as uniform, P/a 
is the moment of the whole. The quantity P is called the 
polarisation of the medium and it may be taken as established 
by experiment that P is proportional to E. This may be re¬ 
presented by the relation where c is a constant quantity 

for each dielectric, but varying from one to another, being 
zero for a vacuum. Again, if AC represents the boundary of 
the dielectric in zero field, the presence of the resultant field E 
causes a positive charge to appear over AC and a negative 
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C G 
Fig. 115. 


charge over the opposite end. If a is the surface density of this 
charge, +aa is the charge on the face AC and -~aa the charge on 
the opposite face. The electric moment of the block is thus 
era/, and equating this to Pa/, it is seen that P=cr. 

Even though the material may be continued beyond AC, P, 
or u, is still the charge per unit area appearing on AC. If FG 

(Fig. 115) is the layer of atoms in 

- this continuation, the sheet of 

charge on AC is faced by a 
sheet —a on FG. There is conse¬ 
quently a field of intensity Ina due 
to AC and lira due to FG (p. 126) 
between AC and FG, and as these 
are in the same direction the resul¬ 
tant of the two is or inP. 

If the dielectric were absent, the electric intensity would be 
E, but owing to the dielectric it has become, in the space between 
AC and FG, E+ 477 P. This quantity is called the electrical 
induction within the dielectric, and giving it the symbol 

^=E-|-47rP. 

Effects of Polarisation. —(i) Point charges. It is now possible 
to account for all electrostatic effects in terms of the electric 
field which may exist in empty space, or what is nearly the same 
thing, in air, together with any field due to the polarisation of 
the dielectric. Thus, the force between two point charges, qi 

* • ^1^2 

and ^2 situated a distance r cm. apart in empty space is 

dynes. Now consider that qi and q^ are situated in a dielectric. 
Being point charges, q\ produces a field at ^2 ^.nd in addition a 

radial polarisation everywhere, desig- 
nated by P. If q^ is a positive charge 
(Fig. 116) the negative ends of the 
^2 dipoles of the dielectric are turned 
towards it, and vice versa. Imagine 
now a sphere of radius x to be drawn, 
with qi as centre. Let E be the 
resultant field at the surface of the sphere ; then P=€E. If we 
imagine the dielectric within the sphere to be removed, there is 
a negative charge on the concave spherical surface so formed, 
and in order to calculate the resultant field outside the sphere, 
qi must be reduced by the amount 47 r.^ 2 p resultant field 

E at the surface is therefore and P=€E==€-^ P 


V.r .. 

/ 

Fig. 116. 






“A;2(l+4irc) 
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SO that the charge to be subtracted from qi is 

and the effective charge is 

_ ! __„Ji_ 

1 -f-477e 1 -f 4^^* 


9i92 


instead of the value when 


Thus the force on is ^ 

(l+47r^)r^ 

there is no dielectric, It might be thought that the pro¬ 

duction of the cavity might invalidate the calculation. But it 
should be noticed that ;i' may have any value, less than r, and 
may be diminished until the spherical surface contains the very 
last atoms surrounding qj. 

(ii) Field near Plane Conductor .—If A (Fig. 117) is a plane 
conductor facing a parallel plane conductor B, and having a 
surface density of charge +c7, there is 
a surface density —a upon B, and the 
field between them is 47ra (p. 126). 

Now imagine a dielectric to be intro¬ 
duced and fill the space between A 
and B. If the resultant field in this 




^ 0 


Fig. 117 . 


space be E, the polarisation of the dielectric is cE, and this 
implies a surface density — tE on the surface of the dielectric 
in contact with A and -f^E on the surface in contact with B. 
The effective surface densities are therefore cE) and 

— (a—eE) and the field E is therefore 47r(a—tE), 


That is, 
or, 


E=r47r{(7-€E) 

47ror 

^~l+47re 


instead of in the absence of the dielectric. 

Dielectric Constant.—In the above results the quantity 1 4 - 47 re 
appears in problems with dielectrics in place of unity when the 
problem refers to charges in a vacuum. The quantity 47re is 
due to the polarisation of the dielectric. It is possible to con¬ 
tinue to use this expression, but it is convenient to substitute 
one letter for it, that is, to write 1 -j-47r€=k. The name dielectric 
constant or specific inductive capacity is given to the quantity k, 
and the above results may then be written 


Force between charges= 


kr^ 


Electric intensity near plane conductor 


4irtr 

"X* 




118 


ELECTROSTATICS 


CHAP. 


The equation A=l4-47r€ may be written E^=E+47rcE 
=E+4?rP=^ . . . (p. 116). It leads then to a new definition 
of the quantity <f>, or electrical induction which is now written 
AE. It should be noted that many writers use the symbol 
D for AE, but here the letter D has been retained for the electric 


AE 


displacement, as defined by Maxwell, and D==^ (p. 128) 


In the expression for the force between charges in empty 


space, (p. 112), the charges were so chosen that the 

force should be in dynes. It is now seen that the medium in 
which the charges are situated plays a part in determining the 
force. This raises the question of the justification for making 
A=1 for empty space, which was tacitly done. As a matter of 
fact it is not possible to give a value to A for empty space. The 
electric properties of dielectrics are found to exist in empty 
space. The chief of these are the ability to support an electric 
field, and the inability to conduct electrically. For these reasons 
it is often desirable to introduce a quantity Aq into our equations 
when they apply to charges situated in a vacuum. Thus 


Fis an expression of the fact that the only measur- 

koT 

able effects of charges at rest are the forces they produce. 
Continuing on the same plan, AE=AoE+47r€E 


or. 


A =A0 -f“47r€. 


It is possible then to define the specific inductive capacity of 

A 

a dielectric as the quantity ^ which is also equal to the ratio, 

/?o 

force between two charges in vacuum 
force between similar charges in dielectric 


capacity of condenser with the dielectric 
""capacity of the condenser with vacuum between plates* 

The last ratio is in agreement with the original definition due to 
Faraday (p. 114). 

Potential. —Magnetic potential was defined on p. 13 ; electrical 
potential may be defined in a similar manner. 

Potential is a quantity whose rate of variation in any direction is 
the electric intensity or force in that direction. 
dV 

Thus E=—where V is electric potential. This may also 
be written in the form— 

dWr=.-Edx. 
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Edx is the amount of work done, when a unit charge is moved 
through the infinitesimal distance dx. Hence if the unit charge 
be carried from a point a to a point b along a path whose direction 
everywhere coincides with that of E, the total work done is 


But, 



that is, Vft““Va=work done in carrying unit charge from a to b. 

We may, if we choose, define potential from this relation as a 
quantity the difference in whose values at two points is the 
amount of work which must be done in carrying a unit charge 
from one point to the other. 

The signs are so chosen that a positive field is directed away 
from a positive charge, points nearer to it being at higher poten¬ 
tial than those further away. Hence from the last relation we 
see that work is to be considered as negative when the charge is 
moving down the grade of potential, and therefore positive when 
up the grade of potential. Thus work is to be considered to be 
positive when it is done upon the charge by any external agency. 

It is immaterial what path is followed by the charge in passing 
from a to b. The component of E along the path at a point 
such as P is E cos 6, and the work done for the element dl 
measured along the path is E cos 6 . dL 


Also, 


II 


==—E cos 0, or, dV=^—E cos d . dl 




E cos d , 


The work done in passing along the path aVb (Fig. 118) is 
equal to that in traversing aQb, for if it were not there would be 
a balance of work done in describing the 
cyclical path oPbQa, so that a would 
have more than one potential. In purely 
electrostatic phenomena there is only one 
value of the potential at each point, and Fig. ii8. 

the truth of our proposition depends 

upon this fact, although it is by no means true for all possible 
cases ; in fact, we shall see later that the integral/F cos d . dl 
for a closed path, which we call the fine integral of the field F 
round the circuital path, measures in some cases the flux of 
some quantity through the plane of the circuit. In these cases, 
however, the phenomenon is not purely statical. It will be 
discussed more fully in Chapter VIII. 

The definition of potential given above is consistent with that 
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for potential difference on p. 54. For the current being the 
amount of electricity which passes through a given section of 
the conductor per second— 

. q 

or, q^it. 

t 


Hence the work done by the current in the section of the con¬ 
ductor between the points a and b for a charge q to pass, is— 

?(Va-V,)=t(V.-V,)/. 


Thus the work done per second is V^,), that is, the product 

of current and p.d. It must be remembered, however, that 
different units of quantity of electricity are used in the two 
problems. For convenience in studying electrostatic effects, the 
electrostatic unit of quantity defined on p. 112, which is derived 
from the force between charges, is employed, w^hile that which is 
derived from the force between magnetic poles, by way of the 
magnetic field, and electric current is called the electromagnetic 
unit of charge. The relation between the two units is a very 
important one, and will be discussed in Chapter XII. 

potential due to a charge-\-q measured in electrostatic units, 
follows from our knowledge of the 
• • • • electric intensity due to -\-q. 

^9 a X. b Thus, if a, x and h are the dis- 

Fig- 119. tances of these points from 

(Fig, 119), then at x — 



dx x^^ 



Thus the work done in carrying unit positive charge from b to 
a in opposition to the force due to q is the excess in potential at 
a over that at 6, and thus, 





Ji 

b ^ 


V 


If the unit charge were carried from a io b instead of from b 
to a, work would be done by the field upon the charge, and 
V^—Vj, would be negative. Thus a has a higher potential than 
b in accordance with our convention (p. 119). 

Potential is only measurable by its differences, and therefore 
there is no absolute zero of potential. It is convenient, however, 
to consider all points at infinity to be at zero potential, since the 
field at an infinite distance from our electric charges is zero. 


Thus if the point b be situated at infinity, ^=0 and potential at 


• 9 
a IS 
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Equipotential Surfaces. —An equipotential surface is one drawn 
through a system of points which are at the same potential. In 
Fig. 120 the equipotential surfaces due to a charge +20 units 
are spheres which appear in section as circles in the diagram 
Those due to the second charge of 20 units are also shown, and 
in the left-hand upper half of the figure the resultant equipotential 
surfaces are shown as dotted lines, for the case in which this 
second charge is negative. The potential at any point is the 
algebraic sum of the potentials due to the two charges. In the 
right-hand upper part, the equipotential surfaces are drawn fot 
the case in which both charges are positive. 

The electric intensity at any point is at right angles to the 
equipotential surface passing through the point, for if this were 



Fig. 120 . 


not the case, it would have a component along the surface, which 
is only another way of saying that the potential varies as we 
pass from point to point along the surface. The surface would 
then not be one of equipotential. Thus if the equipotential 
surfaces for a given field be known, the direction of the intensity 
at every point may be found by drawing a system of lines that 
cut the equipotential surfaces everywhere at right angles. Lines 
drawn in this way would be curves of a similar shape to those in 
Fig. 9 (i) when the charges have opposite signs, and to those in 
Fig. 9 (ii) when both charges have the same sign. 

The surface of a conductor, upon which any charges which 
may be present are at rest, is necessarily an equipotential surface, 
since if this were not the case there would be an electric intensity 
other than zero directed along the surface, in which case a current 
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would flow. It follows that in any electrostatic problem we may 
imagine a conducting surface to coincide with any equipotential 
surface, on giving it the requisite potential, without in any way 
changing the conditions of the problem. This device is often of 
great convenience, as we shall see later. 

Energy of Charge. —The process of placing a charge upon a 
conductor necessitates the expenditure of a certain amount of 
energy, which may be derived from a variety of sources. In 
charging a body by friction, equal amounts of positive and nega¬ 
tive electricity are in contact until the bodies on which they 
reside are separated, and the action of separation requires a 
mechanical force to overcome the attraction between the charges. 
Similarly, work must be done in removing the charged metal 
plate from the oppositely charged ebonite sheet of the electro- 
phorus ; and the plates of the Wimshurst machine require the 
expenditure of work in turning them in opposition to the attrac¬ 
tion between the oppositely charged conductors B and C 
(Fig. 110). The work done is stored up as potential energy upon 
the charged body, and supplies the energy necessary to drive the 
current when the conductor is discharged. 

The energy possessed by the body on account of the charge 
residing upon it may be expressed in terms of the amount of 
charge and the potential of the body. Thus if v is the potential 
of the body, this represents the amount of work necessary to 
bring a unit charge from a point at zero potential and place it 
on the body ; so that, to add the infinitesimal charge dq, the 
work necessary is vdq. But we have seen that at every point in 
the neighbourhood of a charge, the potential due to it is propor¬ 
tional to the charge ; 

v~aq, where a is some constant, 
and work for increase of charge dq is aqdq 

/. work for finite charge Q is aqdq — ^aQ^. 

Jo 

But the potential for charge Q is— 

aQ =say V, 

A energy=|QV. 

If the body be discharged by a conductor, the heat produced 
in the conductor is therefore JQV, provided that none of it is 
used in producing chemical action, light, sound etc. 

The inverse of the quantity a, we shall see in the next chapter, 
is called the capacity of the conductor, and the energy of the charge 

may be expressed in terms of it. Thus if C=l, 
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or since Q =CV, 


Energy of charge 


Energy=JQV=iCV* 


Theorem of Gauss. —Since an electric charge is surrounded by 
an electric field whose intensity has a definite value at every 
point, we should expect that a knowledge of the intensity at every 
point of a closed surface surrounding the charge would enable 
us to determine the charge. The case is analogous to that of the 
uniform extrusion of a fluid from a point source situated within the 
fluid, for we can calculate the rate of extrusion by finding the total 
volume of liquid which crosses a closed surface, surrounding the 
point, in unit time. In fact the two problems are mathematically 
very similar, the solution for the case of an incompressible fluid 
being of the same form as that for an electric field. 

In the electrical problem, the quantity to be evaluated for the 
whole closed surface is called the electric flux. It may be 
defined as the product of the normal ^ 

component of electrical induction and the p 

area over which the induction may be - 

considered constant. It is thus <f> cos dds, / ^ 1 

where ^ is the induction, 6 the angle it / I 

makes with the normal to the surface at V y 

P (Fig. 121) and ds a small element 
of surface at P. For empty space Fig. 121. 

(P- 118) and £ = ---» where the charge is ; and «/> 
kor 

and E are outwardly directed through the surface. Thus 

A, r'rvo a Ac - ^ nr\c f)Ac - n ^ ‘ ic ^nv 


<f> cos 6 , ds 


Aor- o COS dds 
r COS 0 . ds . 


is the electric flux 


through ds. Now-— is the solid angle du) subtended at 

q by the surface ds, 

flux for element ds—qdu^ 
and total flux for the whole closed surface is 

lqdixi=q\du)^\TTqt 

since q is constant, and the solid angle subtended by the 
whole closed surface is 47 t. 

When a dielectric other than empty space is situated at ds, the 
flux is A cos Ods^q , , and is the same as for empty 


space. 
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If there are more charges than one within the surface, each 
charge q contributes an amount Anq to the normal flux over the 
whole surface, and if q is positive the flux is directed outwards, if 
negative, inwards, so that Gauss's theorem may be stated— 

The total electric flux over a closed surface is Air times the total 
amount of charge within the surface {E^nq). 

If there is no resultant charge within the surface, EAnq—Q, and 
therefore the total electric flux over it is zero, and vice versa. 

We can easily see that if a charge be situated outside the 
surface, it does not contribute anything to the total electric flux 

^ _ over the surface. For at P 

dw ^ -- (Fig. 122) the electric flux for 

■ I.-- an element of surface is —qdo}, 

\ y the negative sign being taken 

_ —^ when the intensity is directed 

Fig. 122 . inwards, and at Q it is -^qdixi, 

the direction being outwards, 
so that these two elements together would give a resultant of zero 
for the electric flux. Similarly for any other cone drawn through 
q to cut the surface, and the total electric flux is therefore zero. 

Electric Intensity near Charged Sphere. —Many useful problems 
may be very simply solved by applying Gauss’s theorem. Thus 
the electric intensity at a point D near a uniformly charged 
sphere may be found by choosing our closed surface to be a 
sphere, concentric with the charged sphere and passing through 
D (Fig. 123). The area is Anr^, and by symmetry the electric 
intensity is the same at every point of the sphere. Let it be E, 




then total electric flux is Anr^kE, and by Gauss's theorem it is 
also ^q ; 


E== 


kr^ 


that is, the strength of field at D is the same as though the charge 
q were all at the centre of the charged sphere. 

The intensity inside a sphere throughout which there is a 
uniform density of charge of p units per unit volume can be 
found, for the sphere may be divided up into thin concentric 
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shells, and the effect of each shell which does not enclose P, the 
point at which the intensity is required, may be found by 
imagining the charge within it to be concentrated at the centre. 
The shells which enclose P do not add to the intensity at P 
(Fig. 124), as was seen on p. 113. The whole charge upon the 
shells which do not enclose P is equal to And the 

intensity at P is therefore 

4 TTr^p 4 TTTp 

3 ■ Tr^ ' “F* 

The intensity is therefore greatest at the surface of the sphere, 
and falls off to zero at the centre. 

Electric Intensity near Charged Cylinder. —In a similar manner 
the value of E due to an infinite cylinder 
which has a charge of q per centimetre 
length may be determined. We can see by 
S 5 nnmetry that the field is everywhere radial 
and equal at equal distances from the axis. 

Hence, draw a coaxial cylinder through P 
(Fig. 125), and terminate it by two planes, 
unit distance apart, normal to the axis. E 
is parallel to these planes, and the electric 
flux over them is therefore zero. The area 
of the curved surface of the closed cylinder 
is Ittt, and the total flux over the closed 
figure is therefore lirykE, But the charge 
within it is q ; therefore, by Gauss's theorem— 

Zirrk^—^TTq 

and, E=^- 

kr 

Since this is independent of the radius of the charged cylinder it 
holds also for a linear charge. 

Intensity near Plane Sheet of Charge. 

—The value of E near an infinite plane 
sheet, having a charge of surface density 
c7o units per square centimetre, may be 
found by drawing a prism whose edges 
are normal to the plane, to cut the 
surface in unit area. If the plane is 
infinite in extent, we see by symmetry 
that the field is everywhere normal to 
the plane, and is of the same strength 
on each side of it. The charge within 
the prism is ao, and therefore the total electric flux over it is 
♦irorQ. The flux over the sides of the prism is zero, since they 
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are everywhere parallel to E, and if tJie ends P and Q (Fig. 
126) are planes parallel to the sheet, the area of each is unity, 
and they are both normal to E. 

Then, total electric flux=2^E=477cro 

. p 277-ao 

... 


It will be noticed that this is independent of the distance from 
the sheet, and the electric intensity at any point near an infinite 


plane sheet is therefore 


The charge is not situated upon a 


conductor, but is merely a sheet of charge with dielectric on both 
sides of it. 

The electric intensity in the neighbourhood of a thin charged 
plane conducting sheet may be found from the last result by con¬ 
sidering (To to be the surface density of charge on both sides taken 
together. If these two happen to be equal, which in practice is 

unlikely to be the case, the surface density upon each side is 

Calling this a, we see that the intensity near a plane conductor 
on each surface of which the density of the charge 
is cT is equal to Atto, It is, however, more satis- 
P factory to establish this relation by drawing one 

Q| | P of the closed ends Q of the prism, within the 

conductor, as in Fig. 127. Then the electric 
flux over Q is zero, since there is no electric in- 
Fig 127 tensity inside a conductor when the charges are 
at rest upon it. The whole flux Ana passes 
through P, and since this has unit area. 


kE^AnOj or E = -^—. 

This is known as Coulomb's theorem. 

Region inside a Conducting Surface.—We may also prove from 
Gauss's theorem that the space within a closed equipoiential surface 

^ _ is at uniform potential when there is no 

electric charge within the surface. For let 
® 'y A (Fig. 128) be the equipotential surface ; 
yfy then if the space within A is not at the 
potential of A, a second equi-potential 
Fig. 128. surface B can be drawn just inside A. 

The potential of B is either above or below 
that of A. If above, there is a field everywhere directed from 
B to A over the surfaces, and if below, this field is directed from 
A to B. In either case fkEds is equal to 47r times the charge 
within the surfaces, and since by hypothesis there is no su^ 
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charge, A/Erfs==0. But since in either case E has the same sign 
all over the surfaces, E must be zero at all points of the surface. 
That is, B is at the same potential as A. The same argument 
applies to the whole of the space within A, which is therefore at 
uniform potential, and there is no field within A. 

It also follows that there cannot be any charge on the inner 
surface of a hollow conductor unless there is a charge in the hollow 
space within the conductor, and if there be such a charge in the 
hollow space there will be an equal and opposite charge upon the 
inner surface of the closed conductor. Consider B to be the inner 
surface of the conductor of which A is the outer surface (Fig. 128). 
Imagine a closed surface to be drawn between A and B and 
surrounding B. The intensity over this surface is everywhere 
zero, since the surface lies entirely in the conducting medium, 
and, by Gauss s theorem, the total charge within it is therefore 
zero. Hence, if there is any charge within B there must be an 
equal and opposite charge upon B. which establishes the second 
part of our proposition. 

When there is no charge in the space within B there might 
still conceivably be equal and opposite charges upon different 
parts of B. Let a closed curve be drawn upon any part of B 
which may be supposed to have a charge upon it, and draw a 
closed surface to intersect B in this curve. The part of this 
closed surface within the conducting medium has no electric flux 
across it, for E is everywhere zero within the medium, and the 
part in the space within B has also no flux over it, as we have 
just seen, since E is zero within it. Hence the charge within 
our closed surface is zero, and that on the small area of B con¬ 
sidered is also zero. That is, there is no charge at any point 
of B. 

This proposition and the preceding one make general the 
problem proved on p. 113 for the sphere—that there is no field 
inside a conductor due to a charge outside it. It is also of 
importance in practice, for we see that a closed conductor con¬ 
stitutes a perfect electric screen for points inside it. Whatever 
the distribution of electric charge or intensity outside it, the 
conductor, since it is an equipotential surface, reduces the 
intensity inside it to zero. 

Tubes of Induction and Lines of Force.— The important part 
played by the dielectric in electrical phenomena led Faraday to 
imagine tubes or lines of strain to exist in the medium situated 
between charged conductors, the positive charge upon one con¬ 
ductor and the negative charge upon the other being merely the 
ends of these tubes or lines. Maxwell gave these tubes a quanti¬ 
tative significance, and showed that the forces between the 
charges could be correctly represented by assuming the tubes to 
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kE^ 

be under a tension equal to g- in the direction of the tubes, and 

kE^ 

a pressure -g- normal to them, and showed that such a system 

of tensions and pressures in a medium would be in equilibrium. 
Thus, the tubes tending to shorten, owing to this tension, would 
pull the opposite charges together, and the pressure of the tubes 
upon each other at right angles to their direction would push 
like charges apart (see Fig. 9). 

Consider a small area Sj (Fig. 129) drawn in an electric field 
with its plane at right angles to the direction of the field, and 
through its boundary let lines be drawn whose 
direction shall everywhere be that of the field. 
These lines enclose a tube, and if a second area S 2 
be drawTi anywhere at right angles to the field, it 
follows from Gauss’s theorem, since there is no flux 
across the side of the tube, it being everywhere 
parallel to the field, that the flux over Si is equal 
to that over S 2 . 

Thus AiEiSi ==^2^252; provided that there is no 
charge in the element of space situated between Sj 
and S 2 , and so the electric flux over any section of the tube is a 
constant quantity. Calling the flux per unit area <f>, we have 
kE=<f>, and ^iSi==^ 2 ^ 2 * 

If the tube be traced back to the charged conductor upon 
which it arises, we can, by applying Gauss’s theorem, as in 
proving Coulomb’s theorem (j), 126), show that 47r(orS)—0S, where 
a is the surface density of the charge upon the conductor, and aS 
is therefore the charge upon which the tube arises. If this is a 
unit charge, the tube is said to be a unit or Faraday tube, and 
we see that the number of Faraday tubes is numerically equal 
to the charge upon which they arise, each unit of charge giving 
rise to one tube. Thus with a surface density of charge a there 
are a Faraday tubes arising upon each square centimetre of 
surface. Calling D the number of Faraday tubes per square 
centimetre, we see from the last equation that— 

47rD==^=AE 

477 


Fig. 129. 


D is called by Maxwell the electric displacement in the medium, 
by which he means, the amount of electricity which is caused to 
cross each unit of area of the dielectric on account of the electric 
intensity at that point. Thus, if there is an electric intensity 
(which Maxwell calls an electromotive force) acting in a con¬ 
ductor, the charge continually moves on account of it; but in a 
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dielectric this motion is not indefinite ; the displacement reaches 
a limiting amount which is proportional to the force producing 
it. Thus the displacement and intensity are related to each 
other in the electrical case, like the strain and stress in the case 
of elasticity. Since a tube of induction starts upon a positive 
and ends upon a negative charge, the positive charge may be 
looked upon as a displacement in one direction at one end of the 
tube, and a negative charge as an opposite displacement 
at the other end of the tube, and throughout the tube 
the displacement is continuous, but its value changes with the 
area of cross-section of the tube. Some writers use the name of 
polarisation for this quantity, as it is of a more general character 
than “ displacement,’' but this name is used here for the electric 
moment of unit volume of a dielectric. 


From the relation ^iSj=^^ 2 S 2 » or DiSi~D 2 S 2 , we see that for 
a given tube of induction, the number of Faraday tubes per unit 
area is inversely as the cross-section of the tube ; also, since 


E 


47rD 


we see that so long as k is constant at all parts of the 


medium E is proportional to D, i.e, to the number of Faraday 
tubes per unit area. If, then, instead of representing the field 
by tubes, we draw a line dowrn the middle of each tube, the 
number of such lines per square centimetre is equal to D. It is 
more usual, however, to draw Air lines for every Faraday tube, 
and the number per unit area is then equal to These are 
called lines of induction. If, further, A = l, the number of lines 


per square centimetre is equal to the strength of field E. Such 
lines are called lines of force. This conception of lines of force 
and lines of induction is a very useful one for the graphical 
representation of fields of force, and is used very frequently in 
the case of magnetic as well as electrical problems. 

Energy in Medium.—From the analogy with problems in elas* 
ticity, we should expect that in a dielectric there is an amount 
of energy per unit volume corresponding to the 
quantity ^(stressXstrain). Consider an element 
of a tube of induction whose length dl is so small 
that the electric intensity, and therefore the area 
of cross-section, may be considered to be constant. 

SS, being at right angles to E, are equipotential 
surfaces (Fig. 130), and therefore if we arrange two 
conducting surfaces, one to coincide with each, 
and each having the appropriate potential, we shall not alter 
the problem with respect to the space between them (see 
p. 122). Upon one of these there will be a surface density of 



Fig. 130. 


charge -f-a and upon the other —a, and E 



the charges at 


5 
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the ends of the tubes being and ~aS respectively. The 
force upon unit charge is E, and hence work done in carrying 
unit charge from one end to the other is which is therefore 
the difference of potential V between them (see p. 119). But 
energy=^-QV, and Q in this case is aS ; 


energy . aS .E , dl 
1 kE^ 


1 kE^ AE2 

2-- 


Sdl is the volume of the element, and therefore the energy per 


unit volume is 


kE^ 

Stt' 


or since. 


_477D 

k ' 


energy per unit volume = 


^7rD2 

k 


-JED. 


Thus, if E is of the nature of a stress, D is the corresponding 
strain. 

It may be noted that in calculating the energy, the charge at 
one end only of the tube is used. This is in accordance with our 
procedure in calculating the energy |QV for a given charge Q 
(p. 122). For Q is the charge placed on the given conductor 
and although there must be an equal and opposite charge at the 
other end of the tubes of induction arising upon Q, we did not 
take this opposite charge into the term Q used in calculating the 
energy. 

Force on Surface of Charged Conductor. —The expression for 
the energy in the medium might have been obtained by first 
calculating the outward force per unit 
area acting normally upon a charged con¬ 
ducting surface, and then imagining the 
surface displaced through a small dis¬ 
tance. Let ^ be a point very close to a 
conductor upon which the surface density of charge is a (Fig. 
131). The electric intensity E maybe considered to consist of 
two parts, / due to the charge situated in the neighbourhood 
of p, and f due to all other charges. Then /+/'=E. At the 
point p\ inside the conductor and indefinitely close to />,/' is the 
same as at but / is reversed in sign since p' is situated on the 
opposite side of the neighbouring charges to p, which charges 
are of course on the surface of the conductor. The resultant 
intensity is therefore But this is zero, since p' is inside 

the conductor, 

E 

a result originally due to Laplace. 



Fig. 131. 
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Now, the charge o upon unit surface is situated in the field 

E uE 

and the force on it is therefore —. 


But, E = 


47r<7 

"T' 


force per unit area of surface = 


Zira^ __ kE^ 

k k Stt 


This result might have been deduced from a consideration of 
the polarisation of the medium between two parallel plates 
(Fig. 117, p. 117) together with the field that would exist in 
empty space. The field on the upper side of the plate A is 

471CT 

normal to the plane and of value E=:=--. This may be 

1 +47r€ 

E 

considered to consist of two parts 2 due to A and the same due 
to B. The charge a per unit area of A is then situated in the 

277(7 

held due to B and therefore experiences the outwardly 

27Ta^ 27Ta^ kE^ 

directed force - - . — . The distance between the 

1 +4776 k 077 

plates is immaterial since the electric field is uniform, a condition 
ensured by the presence of B. 

If, then, the surface be displaced in the direction of its normal, 

kE^ 

through distance dl, work done per unit area of surface = ; 

077 

but the volume swept out by unit area is dl, therefore work done 

kE^ 

in producing unit volume of electric field is ^ , which is there- 

077 

fore the energy associated with unit volume of the dielectric. 

Stresses in Tubes of Induction. —On the assumption that 
electrostatic phenomena are due to stresses in the medium, we 
should expect, from the fact that there is a pull upon a charged 

277D2 

conductor equal to a tension of that this pull is due to 

tension in the tube itself. It follows that if the tubes are in a 


state of tension they must also exert a lateral pressure upon 
neighbouring tubes, since if this were not the case, the tubes 
passing from a small positive charge to a similar negative one, 
would shrink until they became straight lines joining the charges, 
and the rest of the medium would be entirely free from them. 
As this is not the case, we must assume that they exert a lateral 
pressure upon each other, and we will now find the value of this 
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pressure which is necessary to produce equilibrium with the 
tension in the tubes. 

Consider a small section of a tube of induction, the sides AE, 
BF, CG and DH (Fig. 132) being parallel to the field, and the 
ends ABCD and EFGH equipotential surfaces. The forces /j 
and /2 on the faces ABCD and EFGH are due to the tensions 


27rJ)i^ 


and 


2770^2 

k 


at the respective faces. 


Then, 

and 


277 Dx 2 

/ 2 “—r 


. ai 


where Ui and ^2 the areas of the faces, and Dj and D 2 the 

corresponding displacements. 





277,_ _ 


■DiD 2 ^i) 


since Dxai=D 2 a 2 (p. 129), 




277DxD2 


(a 2 -~^i). 


Since a{>a 2 y it follows that / 2 >/i, and 
there is a resultant force acting in the 
direction of /£. Also, if the thickness of 
the slice is small, we may write in 
place of D 1 D 2 . 

t /• -IT f I- • 277 D 2 

resultant force m the direction of 72 is -- 


If Oi is the centre of curvature of AB and EF, ti the radius of 
curvature of the sides EF and GH, and Oi the semi-angle sub¬ 
tended at the centre of curvature by EF, 

'EF—lvidi, and, KB=2[ri-{-dr)di, 

In a similar manner, FG== 2 r 202 » BC=2(;'2+^^)^2» so that 

^ 2 =='^i^ 2 ^i^ 2 . and ai= 4 (ri+^fr)(r 2 +^r)^i 02 - 
Neglecting the small quantity [drY, we have— 

^1—a2==4(ri-f^2)^i^2 • 

277 D 2 

and,/2—/i=—^ • 4(^1+^2)0102 • 

For the section to be in equilibrium, the pressures over the 
sides must produce a resultant force in the direction equal and 
opposite to the above. 
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Again, if be the lateral pressure; force over side ABFE 

. 2ri6i . dr, and this is inclined at to Hence 

component parallel to is 2 , priBi . dr , sin 6^^ But if the 
element is small 62 may be written for sin 62 , so that— 

force parallel to / 2 , for side ABFE,=2/)ri0j^o^^r, 
and for the two opposite sides taken together ~ 4 pri 6 i 62 dr. 

In an exactly similar manner we see that the component due 
to the pair of sides BCGF and ADHE is 

/. resultant force parallel to f 2 =P • 

Comparing this with the value of A—/i, we see that for 
equilibrium— 

27rD2 


When the two ends of an element of a tube are parallel to each 
other, we have just seen that the stresses over the ends are in 
equilibrium with the pressures over 
the sides ; but in an electric field 
the tubes are not in general straight, 
and where they are curved, the ten¬ 
sions over the two ends of an 
element of the tube have a resultant 
at right angles to the tube, and it 
is necessary for us to see whether 
the tube is still in equilibrium under 
the equal longitudinal tension and 
, , 277D2 , 

lateral pressure If the tube 

« Fig. 133. 

is curved, let the plane of the dia¬ 
gram (Fig. 133) be taken through the direction of curvature. 
Let the section of the tube considered be short enough for us 

27rD2 

to take D as constant over its length, then the tension —~ 

k 

2ttW‘ 

at each end will give rise to forces —. hdr, and since these 
are equally inclined to the median hne BO, and 6 is small— 

27rD2 

Resultant force along BO=2— , dr . B. 



D is the mean displacement over one end, but it is different at 
the outer and inner sides A and B; for, the ends being equi- 
potential surfaces, the p.d. as measured along A from one face 
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to the other is equal to that as measured along B ; that is— 

^i{r-}-dr)d=Y.2rQ. 

47 tDi 47TD2 

But, E 1 =and, Ej = , 

Di . {r-\-dr) . r. 

277'!) ^ 

Thus pi, the lateral pressure over A, is ^ ^ , and the resultant 

27rD ^ 

force over the outer face A is - , ^ 2{r-\^dr)9 . b, and that over 


B is 


27rD22 


2r .6. b. 


Since these both act in the line BO 

47T 

'' k 

477 


Resultant force on element— '; . 6 b{l)i'^[r-]-dr)—T> 2 ^r) 


06 {DiD 2 r-r)iD 2 (H-^^)} 


477D1D2 


. db . dr. 


This is directed outwards, and writing instead of D 1 D 2 , we 
see that this is equal and opposite to the resultant of the forces 
over the ends due to the tension, and the element is in equilibrium. 


r 

Since the result is obtained on the assumption that pi~ 


and P 2 


277 D 22 

k 


, we see that our assumption is justified. 


Motion of Tubes, and Electric Current. —The phenomenon of 
the electric current may be explained in terms of these tubes of 

induction. Electric charges are the 
ends of the tubes, and these are free 
to move upon the conductor, and 
_ will therefore slide along it until the 

Fig. 134. tubes in the surrounding dielectric are 

in equilibrium. Thus, if the con¬ 
ducting plates A and B (Fig. 134) are oppositely charged, the 
ends of the tubes will slide along A and B until equilibrium is 
established. If, then, the plates are connected by a conductor 
CD, the opposite ends of the tubes nearest to CD can approach 
each other, and owing to their tension these tubes will con¬ 
tract until they vanish. This removes the lateral pressure to 
the left of the tube EF, and hence the pressure upon the right 
will push this tube towards CD, and it will in turn vanish. The 
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process will go on until all the tubes have disappeared. The 
motion of tlic positive ends along B and the negative ends along 
A constitutes the current. 

The magnetic Held in the neighbourhood of an electric current 
lias been interpreted by Sir J. J. T homson in terms of the lateral 
motion of the luiraday tubes (Chap. Xlll). 

Distribution of Charge upon a Conductor. —The fact that the 
surface of a conductor must be one of equipotential aids us in 
determining tlie way in which a charge is distributed upon it. 
In the case of a symmetrical surface, such as a splicrc or an 
infinite plane, the jiroblem pnssents no difficulty, the lateral 
pressures due to the tulies of induction ensuring a uniform distri¬ 
bution of cliarge. Wlien this symmetry is departed from, the 
problem of finding exactly the distribution of charge and field 
presents great dilficulties, but general reasoning will show us that 
on any given conductor in an open space tlie charge is distributed 
so that the surface density is 
highest on parts of greatest con¬ 
vexity, becoming infinite at an 
actual point. 

Taking a conductor of the form ^ 

AB (Fig. 135) and drawing the • 
equipotential surfaces in its luagh- hI 
bourhood, we see that near to 
it they follow its outline very 
closely, since the surface of the 
conductor itself is an equipotential 
surface. Owing to the great cur¬ 
vature of the eciuipotential sur- Fig. 135. 

faces in the neighbourhood of a 

j)oint such as B, a tube of induction such as BC lias a very 
great divergence, that is, its cross-section varies rajudly as we 
pass from C and B. Now, for any given tube the ])roduct of 
electric displacement and area of section, that is, DS, is constant 
(p. 129), and therefore, as S becomes very small on approaching 
B, I) necessarily becomes veiy great. 

At a distance from the conductor, the equipotential surfaces, 
such as FG, are approximately spherical, and each unit tube of 
induction has here the same cross-section, d'he convergence 
towards B being greater than that towards A, the cross-section 
of a unit tube is less at B than at A, and the electric intensity 
at B is therefore greater than at A. 

In the event of B being a point, S becomes zero and D infinite. 

Remembering that w^ see that the electric 

k k 

intensity in the neighbourhood of a point, and the surface density 
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of charge on the point, are both infinite. But long before this 
condition is reached, the insulation of the air or other dielectric 
surrounding the conductor breaks down, and the charge passes 
from the point. 

It has long been known that fine points facilitate the discharge 
of a conductor, and produce what is called an electric wind. 
This discharge from fine points has been used for many purposes, 
as in collecting the charge from the sectors of an electrical 
machine (p. 111). 

A further examination of the equipotential surfaces of Fig, 135 
shows us that we can easily obtain an idea of the surface density 
at all points of the conducting surface, and of the electric intensity 
of the field, for we cross the same number of equipotential surfaces 
in going from the conductor to the surface FG by whatever path 
we go, and therefore the longer the path the less close together 
are the surfaces. This means a less potential gradient and a 

weaker field. From B to C is the 



Fig. 136. 

as in going from B to D. 


shortest path, and here we find the 
strongest field. 

A similar method enables us to 
follow the effect of want of symmetry 
of the surrounding conductors upon a 
body itself symmetrical. For, taking 
a charged sphere AB inside a con¬ 
ducting sphere; both spheres aie 
equipotential surfaces, and therefore 
in passing from A to C (Fig. 136) we 
cross as many equipotential surfaces 
Hence the field between A and C is 


stronger than that between B and D, and in the approximate 


ratio of the distances BD : AC. 


Remembering that E = 


47T0r 


we 


see that the surface density of charge upon A is greater than 
that upon B. 

Force on Uncharged Body. —The force on an uncharged body 
situated in an electric field may be determined in direction by a 
simple consideration of the energy of the field. In a uniform 
field of intensity of induction the energy per unit volume is 


Stt Srrk* 


since ^E, so that for a body of dielectric constant 


k situated in the field, 


Sirk 


is the energy per unit volume of the 


body; whereas if the space occupied by the body had been 
occupied by air the energy per unit volume would have been 
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Since k is greater than unity, the energy of the field when 
occupied by a body is less than when the space is occupied by 
air, and for such a body situated in air, the energy of the whole 
system of air and body is less when the body is present than 
when it is not. If the field be uniform, the energy is the same 
wherever the body may be situated, and there is consequently 
no tendency for the body to move from one place to another. 
If, however, the field is not uniform, the energy of the whole 
system is less when the body occupies a position where ^ is 
great than in one where <j> is not so great. Now, it is a general 
principle in dynamics that a system will always tend to that 
configuration for which the total potential energy is least, so that 
in our case the body will experience a force urging it from points 
of weaker to points of stronger field. Owing to the difficulty of 
determining the distribution of <j) in the case of a body situated 
in a field which is not uniform, we cannot, as a rule, employ the 
above reasoning to calculate the actual force on the body, but 
the general principle holds that the force acts towards the place 
of greatest field. 

In the case of a conducting body, the induction ^ inside it is 
zero. The energy within the body is therefore zero, and from 
the above principle of least potential energy, the conductor will 
experience a force urging it from weaker to stronger parts of the 
field. 

The above reasoning explains why a charged body will attract 
an uncharged one, as in the case of the rubbed amber or ebonite 
attracting light bodies, such as the pith ball. 

Boundary Conditions. —At the surface of separation of two 
different dielectrics, certain conditions must hold, which con¬ 
ditions may be obtained in quite a simple manner. For con¬ 
venience we shall first study the condition applying to a field 
whose direction is parallel to the surface of separation, and then 
consider the case of a field normal to this surface. 

(i) Field Parallel to Surface of Separatiori ,—Let ki and /%£ be 
the dielectric constants of the two media, and and E 2 the 
fields in each. Draw two equipotential surfaces A and B 
(Fig. 137) through the surface of separation 
and an infinitesimal distance dl apart. Then Ar ® E 
A and B must be parallel, since equipotential ' 

surfaces are always perpendicular to the field, 
and, further, the potential difference 
is for the first medium F.ydl, and for the 
second F. 2 dL 

Since these are equal, Ei=E 2 , so that our first boundary con¬ 
dition is, that the tangential components of the electric intensity are 
the same on the two sides of the surface of separation. 

5 *^ 


i— 


Fig. 137 . 
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(ii) Field normal to Surface of Separation .—In this case, we take 
a small closed surface with ends parallel to the boundary and 
sides normal to it. Then, if and are the normal inductions 
taken positive in the direction from medium 2 to medium 1 
(Fig. 138), the total electric flux over Ui is ^i^i, and over a^ is 
<f>2^2> if a charge q be situated on the boundary we have, 
from Gauss's theorem— 

plUi —^ 2^3 == 477 -^ 

or since ai =^ 2 — 

pi — (l> 2 =^ 7 r(T, because . 

a 

In the particular case when there is no charge upon the surface 
of separation— 

a=0, and, <^i==^2 

thus the second condition is that the normal component of the 
induction is the same in both media. 

Since p—kE, condition (ii) may be written AiEi==A 2 E 2 * 

These two conditions are of great importance in the study of 



the problem of the reflection of electromagnetic waves by a 
surface of discontinuity. 

The two boundary conditions enable us to find the change in 
direction of the field as we pass from one medium to another. 
For let di be the angle between field and normal (Fig. 139) in the 
first medium, and 62 that in the second. 

The first boundary condition gives us 

El sin 0 i=E 2 sin 62 , 

and the second, ^jEi cos ^i—^ 2^2 02 - 

Therefore dividing one equation by the other— 

tan 

tan 02 kf 

In the equation or ^lEj— ^2^2=477(7, a is a 

charge which may be placed upon the surface or removed from 
it, and does not owe its existence to the discontinuity at the 
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surface of separation. When this is zero, ^iEi=A: 2 E 2 . Maxwell 
considered the difference in field E^—E 2 on the two sides of the 
medium to be due to a fictitious charge upon the boundary, 
which will, of course, disappear when the inductions (f>i and ^2 
disappear. Thus, if the dielectric constants upon both sides of 
the surface become equal to unity, the intensities will remain 
unchanged, provided that this fictitious surface charge a' remains 
upon the surface, a being obtained by putting ki=k 2 = l in the 
above equation. 

Then, Ej—E2=47r<7' 

Remembering that ^iEi=^ 2 E 2 when there is no other than the 
fictitious charge on the surface, we see that— 

ki ki 

= Ej—^*Ei=:'^*~-'Ej. 

If ^2 becomes equol to ki, which is not unity, we still obtain a 
as before. But in this case— 


47ra'=^l(Ei—E 2 ). 


Thus for any given problem the intensities on the two sides of 
the boundary will be unchanged if we change the original 
dielectric constants ki and to unity and add a surface density 
of charge 


r 

a 


1 

477 


^2 ^ 477 ki ^ 


Uncharged Sphere in Electric Field. —By the aid of this idea of 
a fictitious surface density we can solve the problem of the distri¬ 
bution of intensity in the case of a 
sphere situated in a medium whose 
dielectric constant differs from that of 
the sphere. 

Let the dielectric sphere of constant 
^2 be situated in a medium of dielectric 
constant Aj, and let the field be uni¬ 
form before the introduction of the 
sphere, the intensity being everywhere 
E. When the dielectric constant of 
the sphere changes to ^ 2 , we have for the surface condition for 
the normal component of the induction at the point P, Fig. 140, 
the relation /cjEi cos 0 i”^ 2 E 2 cos where Ej and E 2 are 
fields just outside and inside the sphere at P. We may now 
produce exactly the same fields normal to the surface of the 
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sphere, if we make the dielectric constant ever)rwhere ki and 
introduce a fictitious surface density a given by 

AjEj cos di—k{E .2 cos 62 =^ 170 ' (p. 139), 
or. k ^2 cos 62 —kiE 2 cos 62=^770 

, E 2 cos 02 /l l \ 

- 

The dielectric constant being now everywhere ki, we have every¬ 
where the original field E, together with that due to the fictitious 
surface density a. 

A distribution of surface density which may be made to satisfy 
the conditions of the problem was suggested by Poisson. Let 
the sphere be considered to have two volume densities of charge, 
and —/), which coincide when there is no external field ; but 
the sphere of positive charge is displaced relatively to the sphere 
of negative charge, in the direction of the field, by the amount 
00'-AA'=BB' (Fig. 141), owing to the field E. MANA' is 
then a layer of positive charge, and MBNB' a similar layer of 
negative charge, and throughout the rest of the sphere the 




Fig. 142. 


charges neutralize each other. When this displacement is very 
small, the surface density at a point P is represented by the 
length of a radius intercepted between the spheres, which length 
is 00' cos ^ 2 * 

Then the surface density at P is />. 00' cos 62 . 

To find the field due to this distribution of charge, all that is 
necessary is to find that due to the two spheres. At a point Q 
(Fig. 142) the intensity due to the sphere, whose centre is O, 


1 

which has volume density of charge +/>, is equal to > OQ.p 

ki 

(see p. 125), and may be represented by the vector OQ ; that due 
to the other sphere is . O'Q . />, and is represented by QO'. 

ki 

The resultant intensity may therefore, by the triangle of forces, 
be represented by the vector 00', and the intensity is . 00',) ; 
and this is parallel to 00' and is independent of the position 
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of Q. Thus the field inside the sphere is uniform and parallel 
to the original field. By finding the value of the intensity due 
to this distribution everywhere, and combining it with E, we get 
the resultant field everywhere. 

Within the sphere, the field due to the charges is opposite in 
direction to the original field, so that the resultant field E 2 is 
the difference between these, is everywhere parallel to E, and is 
constant. For the boundary condition at the surface of the 
sphere to be satisfied, 

, Eo cos ^ 0/7 TV 


and since the surface density due to the volume distributions is 
p . 00' . cos f> 2 . we have 


And again, since, 


P . 00'-- 

1 


E-E,= 




^ 1 ) 


_ E2(^2 —^ 1 ) 

477 

^TT . 00 ' . p, 

/^(E-Ej), 


£ 2 (^ 2 —^ 1 ) "f'3E2^i =3AjE, 

r- 3^1 T? 

^*“^2 + 2 ^ 1 ^' 

The field outside the sphere may be found by combining the 
uniform field E with that due to the charges situated at 

O, and —%7Ta^p situated at O', remembering that the dielectric 
has a constant ki. 

In the case of a conducting sphere situated in air, ^2 = 00 and 

*1 = 1. 

E2--=0, 

00 


which is in accordance with fact, since the intensity inside a 
conductor is zero. Also when 02—0,— 

a'=00' . -(£-£ 2 ) 

4 77 

and since E 2 = 0 , and *i = l— 

at the points A and B (Fig. 141). 

477 

3 

At any other point of the sphere a'=j-E cos 0^. 

477 

It may be shown that the field inside an ellipsoid with one axis 
parallel to E is also uniform, and the case of the sphere deduced 
from that of the ellipsoid by making the axes equal. The problem 
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presents mathematical difficulties which preclude the discussion 
of it here, but the student may find it in Absolute Measurements 
in Electricity and Magnetism," by A. Gray. 

From analogy with the case of a small magnet (p. 5) we can 



Fig. 143. Fig. 144. 


see that the field outside the sphere is equal to that due to a 
doublet of moment 

. 00', or, a3A,(E-E2) =a3A’, 


A" 2 2 A I 


E. 


Fig. 143 represents the direction of the resultant field or induction 
for a sphere, when k 2 >ki. In lug, 144, k 2 <ki. 

Electrical Images.— Plane .—The distribution of 
charge upon conductors may, in several cases, be found most 
simply by the method of electrical images, due to 
Lord Kelvin. Let us find the distribution of 
charge over a plane conducting surface, due to 
the presence of a positive charge -{-q situated at 
P (Fig. 145), when the plane is maintained at 
zero potential. At P', a point on the opposite 
side of the plane to P, so that PL=P'L, and 
PLP' is normal to the plane, place a charge ~q 
This charge is said to be the electrical image of P, 
Fig. 145. the name being suggested by the optical analogy. 

We must show that this analogy may be pushed 
further ; in fact, for all points on the P side of the plane the 
effect of the plane is exactly the same as that produced by the 
image, the plane being removed. 

In the first place, the potential at M is 





so that if the conductor were removed and the charge —q placed 
at P' instead, every point of the plane LM would stiU be at zero 
potential. 
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Again, the electric intensity E, at the point M is given by 
o PP^ 

■ PM magnet, p. 4 ) 

^2q . PL 
PM3 


But if —o- is tlie surface density of charge at M, we have from 
('ouloiub’s theonuTi (p. 126 ) 

E =- 4770 


and if these two are to be the same. 


- 4770 — 


2q ,FL 
PM3~ 


PL 

27rPM3 


which determines the value of a at all points on the plane. The 
two distributions +9 and —q on the one hand, and 4-q and —a 
on the other, both make LM a surface of zero potential, and 
both produce the same intensity at points immediately in con¬ 
tact with the plane, and since the component of the intensity 
due to P at any point is the same in both cases, it follows that 
the intensity near the plane due to —q at P' is identical with 
that due to —a on the plane. Moreover, it follows that if 
and —y on the one hand, and a^nd the distribution —a on 
the other, each make the potential of the plane zero, the intensity 
at every point on the P side of LM due to the two distributions 
must be the same. For if possible let the intensity due to the 
former arrangement be Ej and that due to the latter E 2 . In 
the second case reverse all the charges, E 2 becoming, of course, 
—E 2 , with charge —q at P and distribution +cr upon the plane. 
If we now superimpose the second distribution on the first, the 
charge is everywhere zero, and the field at the given point is 
Ej—E 2 . But the space to the right is surrounded by an equi- 
potentiaJ surface made up of the plane LM and the rest of the 
enclosure at infinity, and as there is no charge within it, it follows 
from the theorem on p. 127 that the intensity within it must be 
everywhere zero, that is, Ei~E 2 —0 or Ei~E 2 , and thus the 
intensity due to the two distributions is everywhere the same. 

Further, we can show that if the given distribution — ct, which 
produces a field everywhere on the P side of LM, produces an 
intensity equal to that due to —q at P'; no other surface distri¬ 
bution can do so. For if possible let another -—a', whose value 
is not everywhere the same as —a, give the same intensity as 
—a. Let this latter charge —a' be reversed and superimposed 
upon —a. The intensities now cancel out everywhere, but the 
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charges do not. Thus at a given point on the plane, the resulting 
surface density is a—a, and on drawing a closed surface to 
enclose this, the normal induction over it is 477 ( 07 '—a), but P does 
not lie within the surface, and therefore by Gauss’s theorem ~\-q 
cannot contribute to the total electric flux over it, and the field 


due to a and a' is everywhere zero ; hence the total electric flux 
over this closed surface is zero, and o=g'. That is, there is only 
one distribution of a that can satisfy the problem, and since one 
has been found, it must therefore be the only one possible. 

Thus the charge -\-q situated at P produces a surface density 


yPL 

27rPM3 


at the point M of the conducting plane. 


There is 


evidently an attraction between +q and the negatively charged 
plane, the value of which can be found by replacing the charge 
on the plane by the electrical image of P. 


__ 

(2PL)2“‘ 4(PL)2' 


Electrical Images. —Conducting Sphere .—The only other case 
of an electrical image which we shall consider is the image of a 
charge produced by a spherical conducting surface at zero 
potential. Let the point P' within the sphere of radius r 
(Fig. 146) be found such that OP . OP'=r2. 



Fig. 146 . 


Then, 


OP_OM 

OM‘~OP' 


Thus the triangles 0PM and OMP' are similar, and 
PM OP 

=constant. 

PM OM 

P'M 

If the charge — q be placed at P',— 

q 

potential at M due to +? at 

P'M P'M 1 

and potential at M due to-^y at P'=-9- • p7j;j 
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Theretoxe th.; two charges together produce zero potential at 

P'M 

every point on the sphere. As in the previous case —q. p^- 

placed at P' is the electrical image cx +? at P, since it reduces 
the potential at any point of the surface, such as M, to zero. 
Taking OP=«i, we have— 


- 9 


P'M 


OM 


PM “ ^6p ~ 


'I 


The force between the charge and the sphere is found as in the 
last case, by taking the image in place of the charge on the 
sphere 


T7- . 

F=-T-9 


1 


(PP')j 


rq^ 


d[d-OVY 


But OP' = 


d’ 


¥= 


rq' 


q^rd 


'H) 


2 \ 2 - {d^-r^)r 


To find the surface density of charge —a at the point M, 

q 

resolve the intensity along OM, and parallel to OP. From 

Fig. 146, SMR is the triangle of forces, and is similar to OMP, so 
that the component MS along the radius is equal to 

q MS q OM qr 
PM2 ■ MR""PM2 ■ PM ""PM*’ 

Also the triangles MVW and MOP' are similar, and the com- 

, P'M 1 . , . , , 

ponent of MW, or 9 • p'^ 2 ’ direction of the radius 

OMis 

P'M 1 MV q 


OM 


9'' 


qd^ 


^ ■ PM ■ P'M2 ■ MW~PM . P'M ■ P'M PM. P'M2 ~r. PM3 

Similarly the components MX and MY parallel to OP are 
q RS _ q OP_ qd 


, and 


PM2 ■ RM“'PM2 • PM ~PM3 

P'M 1 OP' q OU q r qd 
? ■ PM' ■ P'M “PM. P'M ■ PM “PM2 ’ P'M “PM^ 
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respectively, and are therefore equal and opposite. The resultant 
is ther^'fore along the radius, and the intensity is 

F- _ 1]^^] 

PM3' r.PM3 PM3\^ r^i 
But by Coulomb’s theorem (p. 126), E=47r(7, 

• r (\J~\ 

•• 4ir.PM3\' r2/- 

We therefore see that the surface density of charge on a sphere 
when a point charge is brought into its neighbourhood ceases to 
be uniform, but the attraction between the two may nevertheless 
be calculated by means of the method of electrical images. 
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ELECTROSTATICS {continued) 

Measurements (Capacity) 

We have seen that for any given dielectric, the ratio of the 
induction to the electric intensity is called the dielectric con¬ 
stant or specific inductive ca])acity. The absolute constancy of 
this quantity has only been established for media such as the 
gases, for which the value of k is very nearly unity : in other 
cases its value depends upon the time for which the held is 
applied, rims, if its value be deduced from measurements made 
with very rapidly alternating helds, the value of k is found to 
diminish as the alternations become more rapid. For the 
j)resent, however, we shall deal with k as though it had a dchnite 
and constant value hjr each substance. 

Sphere. —Consider an insulated sphere whose potential is 
originally zero : when a charge q is ])laced upon it, tlie potential 

at the surface of the sphere becomes where a is the radius of 

the sphere, provided that the charge is uniformly distributed over 
it, and that the sphere is surrounded b}^ air. The potential is 
proportional to the charge, and the ratio of one to the other is 
called the capacity. 

Thus for the sphere, y=^a, and the caj)acity is equal 

to the radius. 

In any case the capacity of a conductor is the ratio of the 
charge placed upon it to the resubing change in potentiab 
or is the amount of charge which will raise the potential by 
unity. 

Concentric Spheres. —The capacity of a s])here of radius a sur¬ 
rounded by a concentric sphere of radius k maintained at zero 
potential may now be found (Fig. 147). 

The inner surface of k, being conducting, is an equipotential 
surface, and therefore when a charge -f? is placed on a, there will 
be an equal and opposite charge —q situated upon the inner side 
of k (see d. 127). Then potential of a due to its own charge is 

147 





EFFECT OF DIELECTRIC ON CAPACITY 


149 


?. 

faces the earthed plate, and will, unless there are conductors 
brought near the remote side of A (Fig. 149), be practically the 
whole of the charge upon A. If ^ 
such conductors are brought near A, 
of course the problem is changed, ® 
but we are only concerned here with 
the charge on the side facing B. 

Electric intensity in the space between 
A and B is Ana (p. 126). 

V^-VB=J''47ra . dt 
=47ra/, 

/. capacity of unit area of A =--^ = 7 ^. 

^ Anat Ant 

Effect of Dielectric on Capacity. —The effect of a dielectric other 
than air separating the conductors is to increase the capacity in all 
cases. 

Thus for the cylindrical condenser, E=??, 

V.=^^logA 

k d 

and capacity =— 

21og.^ 

a 

For the plates, field between A and B 

A V^-Vb 
and capacity 

In fact, in any case, since the electric intensity is everywhere 
diminished in the ratio 1 ; k, the potential is diminished in the 
same ratio, and the charge required to bring the potential back 
to that for an air condenser must be increased in the ratio ^ : 1. 
It was owing to the increase in capacity caused by various 
dielectrics that the effect of the medium was first noticed. 
Faraday measured the dielectric constant or, as he called it, 
the specific inductive capacity of a number of substances by com¬ 
paring the capacity of two similar condensers, one having the 
substance and the other air as dielectric. 


(Fig. 149), 

_ Arrat 

k’ 

_^xarea 

4^^r' 



Fig. 149. 
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Condensers. —The Leyden jar (Fig. 150) is a torm of condenser 
used in electrostatic experiments. It is a glass jar coated inside 
and outside for about two-thirds of its depth with tinfoil, the 
remaining glass surface being coated with shellac varnish to 
improve the insulation. The outer coating is usually sufficiently 
well earthed by standing on an ordinary table, and contact witl: 
the inner coating is made through a metallic knob and stand. 
If A be the area of the inner coating and t the thickness of the 

6A 

glass, the capacity is about ^ the dielectric constant of the glass 

I TTf 

being about 6 . 

Many standard condensers are constructed of layers of tinfoil 
separated by sheets of mica, the alternate layers of tinfoil being 


O 



Fig. 150 . Fig. 151 


connected respectively to the terminals T and T' (Fig. 151). The 
mica being an extremely good insulator and at the same time 
very thin, a great capacity can be obtained without the necessity 
for great bulk. The dielectric constant of mica is about 6 . For 
convenience in use, condensers are made up in a manner similar 
to that of resistance boxes, but it must be remembered that to 
add the capacities the condensers must be placed in parallel, not 
in series. With the plugs as shown in Fig. 152 the capacity 
075 microfarad is being used. 

A,.__ 



Fig, 152 . Fig. 153 . 

Condensers in Parallel.— Thus in Fig, 153, Ci, C 2 , C 3 are three 
condensers connected in parallel between A and B, and the same 
p.d. exists between the terminals of the three. Let p.d. =V. 
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Then if Ji, ?2 93 ^ th® charges upon each, 

9i=CiV, 5'3=C3V, 

and, 9 i+92+?3=(Ci+C2 4-C3)V. 

But, total capacity 

_?l+^2 +?3 

*=CiH-C2+C3. 

Condensers in Series. —If the condensers are connected in series 
as in Fig. 154, the combined capacity may be found from the 
fact that the charges upon the opposite plates of each condenser 
are equal. Thus if the charge +? is situated upon one plate of 
Cj, —q is situated on the other. Hence the charge -{-q has 
passed to the first plate of C 2 , and so on. 


Then, 


V — V^—-- 

Va 

V,-V,= ?., 

■■ ''-''•“He. 




C, 


But, 




V^-Vb 


is the combined capacity C, 

c Cl Cj^cV 


In the case of most condensers used for practical purposes, the 
capacity has been found by comparison with a standard, whose 
value can be calculated from its geometrical form. The simplest 
case is that of a sphere whose capacity is equal to its radius, but 
a sphere would have to be of such great size to have a sufficient 
capacity for practical purposes that this consideration alone 
would prevent its use. But in addition, we have the fact that 
the sphere must be at an infinite distance from all other bodies 
for the surface density of charge to be uniform and the field 
everywhere radial. A pair of concentric spheres would get over 
both these difficulties, but then we meet with the objection that 
it is difficult to construct the spheres and to arrange them to be 
concentric, and the insulation of the inner sphere would also give 
trouble. 
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Guard-Ring Condenser. —The first satisfactory standard con¬ 
denser to be made was the guard-ring condenser of Lord Kelvin. 

In the case of the parallel plate con¬ 
denser, an uncertainty in the effective 
area of the insulated plate arises from 
the fact that the field near the edge of 
m the plate is not uniform (see Fig. 155). 

Fig. 155 . Lord Kelvin got over this difficulty 

by making the insulated plate circular 
and surrounding it by a guard-ring, so that the irregularity of 
the field does not occur at the edge of A, but at that of the 
guard-ring G. There is still a slight irregularity in the field 
where the gap between A and G occurs, but if this gap is not 
very wide, Kelvin found that the effective area of the plate is 
the arithmetical mean of the area of the plate A and the circular 
hole in G. Calling this effective area A, 

Capacity-^. 

Fig. 156 illustrates the guard-ring condenser,* the left-hand 
half of the figure being in section, h, the guard-ring, and k, the 




Fig. 156. 


plate, can be insulated or connected together, and the parallel 
earthed plate e can be raised or lowered by means of the micro¬ 
meter screw /. The distance apart of the plates is measured by 
^ J. Hopkinton, Phil, Tra$u., 169, p. 17. 1878. 
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bringing e into contact with k and h. The reading of the micro¬ 
meter screw is observed and e is then lowered by turning the 
screw, and the reading again taken. On subtracting one micro¬ 
meter reading from the other, the distance t is obtained. In 
using the instrument, e is earthed, and h and k connected together 
and charged. On then earthing h, the charge upon k remains 


and has the value corresponding to the capacity 


kA 


Variable Condensers.—One convenient form is the sliding or 
cylindrical condenser, also due to Lord Kelvin. A and C (Fig. 
157) are two coaxial cylinders of the same diameter, with a small 



gap separating them. The smaller cylinder B is coaxial with 
the other two and is carried by a support which slides upon C, 
so that the length lying within A can be varied and measured. 
A is insulated and B and C are earthed. Then, if B is caused to 
slide in or out of A by the distance /, the change in capacity of 

A is —^—. A is surrounded by an earthed metallic tube to 

2 log. I 


prevent its capacity from being varie^d by the movement of con 
ductors in its neighbourhood. This condenser has not a capacity 
of known absolute value, but its 


change in capacity for any move¬ 
ment of B is known from its 
dimensions. If a scale of lengths 
be attached to the slider, and 
the absolute capacit}^ be deter¬ 
mined experimentally for one 
position, that for other positions 
of the scale will then be known. 

Another useful variable con¬ 
denser made by Mr. A. C* 
Cossor, is shown in Fig. 158. A 
number of semicircular plates are 
insulated, and between them 
and parallel to them are a 



Fig. 158. 


number of similar plates mounted upon an axle, so that they 
may be rotated to occupy any position from lying entirely within 
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or entirely external to the fixed plates. This is really a 
multiple parallel plate condenser, and the relative position of 
the plates may be determined by means of a pointer moving 
over a circular scale. The condenser is not an absolute one, and 
the scale must be calibrated by experimental comparison with 
known standard condensers. It is the type from which tiiose 
now commonly used in wireless work are derived. 

Electrometers. —For the comparison of capacities, some 
measurer of potential is necessary. The electromagnetic volt¬ 
meter described in Chapter III is, of course, useless, since its 
reading depends upon the existence of a current, which is exactly 
what must be avoided in dealing with electrostatic charges , in 
fact, the difficulties met with are largely due to faulty insulation, 
which allows minute currents to flow, and hence the charges to 
leak away. 

Faraday used the gold-leaf electroscope as an electrometer, but 
its low sensitiveness and the uncertainty in the value of its read¬ 
ings restrict its use. The gold-leaf electroscope has been so 
modified in form that its use as an electrometer has been greatly 
extended (see Chap. XV). 

Attracted Disc Electrometer. — More exact electrometers. 


depending upon a measurement of the attraction between two 
conductors, maintained at different poten- 
tials, have been designed, and after many 
^ modifications, the instrument took the 

0 C form of the Attracted Disc Electrometer, 

A which, in the case of Lord Kelvin's pattern, 

— - -- —-- is an '' absolute " instrument, the potential 

difference being found in terms of a force, 
g a length and an area. The arrangement 

is shown diagrainmatically in Fig. 159. 
§ A is the attracted plate, which is carried 

^ by a spring S, and situated in the plane 

Fig. 159 . l^he guard-ring C, just as in the case of 

the guard-ring condenser. A is maintained 
at a constant potential, and B, which can be raised or lowered by 
means of the micrometer screw M, is brought in turn into contact 
with the bodies, the difference of potential between which it is 
required to determine. 

To calculate the attraction between A and B, let their poten¬ 
tials be and and their distance apart t. The electric 

V —Vfc 

intensity E in the space between them is therefore 


V.-V, 

“ < • 
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Also from p. 131, we know that the force per square centimetre 
£2 

of either is 5 , so that if A be the area of the plate A, the total 

OTT 

force upon it is— 

. p_(Va-V,)2A 

877^2 ’ 


or, 


In using the instrument, the plates are, to begin with, all 
earthed, and a small known weight m is placed upon A. This 
depresses it below the plane of C, and it is raised by means of the 
screw N until it again comes into the plane of C. The small 
weight is then removed, when, of course, the spring S pulls it 
above C, but if subsequently the attraction between A and B 
pulls A again into the plane of C, we know that the force acting 
on it is mg dynes, where g is the acceleration of gravity. A and 
C are now insulated and charged to a potential which is kept 
constant by means of a small electrical machine, the prototype 
of the Wimsliurst machine, called the Kelvin replenisher, the 
constancy being observed by means of a second guard-ring con¬ 
denser with fixed spring control and fixed position of earthed 
plate. B is tlien connected to the first of the points the p.d. 
between which we wish to measure, and its position adjusted by 
means of M until A is in the plane of C. The force on A is then 
mg, and if Vi be the potential of the first point, and the micro¬ 
meter M is read— 

B is now connected to the second point, whose potential is V 2 , 
and the adjustment again made. 

Therefore, Vj—Vj=(i i —f 2 ) 

Thus V 2 —Vj is known in terms of the difference of the two 
micrometer readings, the area of the plate A, and the weight of 
a small mass m. It is not necessary to know either the actual 
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distance between A and B or the potential of A, but the latter 
must remain constant.^ 

Quadrant Electrometer. —The Quadrant Electrometer bears a 
certain resemblance to the galvanometer, in that both give 
deflections proportional to the quantity to be measured, the 
deflection in each case depending upon a number of constants of 
such an uncertain value that the instrument is used for purposes 
of comparison only. The quadrant electrometer, like that of the 
attracted disc type, is evolved from others of simpler type and 
achieved its first satisfactory form at the hands of Lord Kelvin. 

The Fig, 160 shows a typical arrangement of the instrument. 
Four hollow quadrants are connected in pairs AA and BB. A 
paddle-shaped conductor C, frequently called the needle from 
analogy with the galvanometer needle, is maintained at a high 
(or low) potential and is therefore positively (or negatively) 
charged. When A and B are at the same potential, the needle 



Fig. 160. 



Fig 161. 


hangs symmetrically between them, but on establishing a differ¬ 
ence of potential between A and B, the field produces a couple 
which rotates C until the control brings it to rest. The deflection 
is approximately proportional to the potential difference between 
A and B. To prove this, imagine that the needle is charged to a 
high potential Vq, and the quadrants to potentials and Vb, 
where V^> V®. / Let these potentials be maintained by con¬ 
nection with sources of supply such as cells. Consider the needle 
to be held for a moment in its zero position and then released. 
It will then be deflected towards the B quadrants ; that is, down 
the grade of potential. The requisite energy is all drawn from 
the source of supply, and is used in twisting the suspension and 
in increasing the potential electrical energy associated with the 
quadrants and needle. Equilibrium is attained when the 
deflecting couple is equal to the restoring couple due to the 
suspension fibre. 

Consider a deflection ^ (Fig. 161) ; then an area of needle equal 

^ For a detailed account of the construction of the absolute electrometer and 
its use, the student may consult Absolute Measurements in Electricity and 
Magnetism,** by A. Gray. 
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to 7Tr^6l7T=r^0 has been transferred from the A quadrants to the 
B quadrants, and, remembering that there are two faces to the 
needle, the effective area transferred is 2r^0, This is equivalent 
to diminishing the capacity of the A-C condenser by an amount 
2r^6l47Tl=r^dl27Tt, and increasing that of the B-C condenser by 
the same amount, t being the thickness of air space between 
needle and quadrants. Thus an amount of charge r-0[W^ /27r^ 
has been lost from the A~C condenser, and the corresponding loss 
of electrical energy is (Vo-VJr2tf(Vc-V^)/27r/-r20(Vc-VJ2/27r/, 
since the potentials have remained constant throughout. Simi¬ 
larly the amount of energy gained from the sources of supply on 
the B-C side is r20(Vc—Vjj) 2 / 277 /. Thus the total energy supplied 
to the electrometer from the sources is— 


J^((Vo-V,)'-(V„- 




"Vb)|^Vo— and the balance of work 


Again, the potential energy of the char^esresidingon the A-C con¬ 
denser has been reduced by |(capacity)(p.d.)2=:r-0(V(;;—VA)2/47r/, 
and the gain on the B-C side is r20(Vc—VB) 2 / 477 /. Therefore the 
gain of potential energy of the charges residing on the electro- 
r^O 

meter is 

done by the source of supply over the potential energy gained 
by the charges is ^ which is propor- 

Hence the deflecting couple is constant and equal 

If the restoring couple of the suspension fibre for one radian 
twist is c, that for deflection 9 is cd, and for equilibrium the two 
couples are equal, 


tional to 9 
to ^ 


or, 




^2 

We see, therefore, that the deflection is proportional to ;r—, 

2TTCt 

which is a constant, to the difference of potential between A and 
B, and to the difference between the potential of C and the 
average potential of A and B. The last term is very nearly 
constant if is great and and Vg change very little during 
the experiment, and we may then say that— 


0=K(V^-Vb) 

where K is a constant. 

The shape of the needle is immaterial, provided that the change 
in area within each pair of quadrants is proportional to the 
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deflection, which condition is fulfilled when the outer edge of the 
needle is circular, and the radial edges of the needle lie well within 
the quadrants. 

In the method of use described above, the conductors A, B 
and C are all at different potentials, and the instrument is said to 
be used heter opiatic ally, It may also be used idiostatically by 
connecting C to one pair of quadrants, say A. Then V.-Vo, 
and the equation for the deflection becomes— 




-K'(V,-V,)*. 

In this case the constant K' is much smaller than K, since 
is very great (2K'Vc=K). Hence for a given deflection, V^—Vg 
will generally be greater when the use is idiostatic than when 
heterostatic. The range of usefulness of the instrument is there¬ 
fore considerably extended. It should be noted, however, that 
when the method is idiostatic, the deflection is proportional to 
the square of the p.d. to be measured. This is for some purposes 
inconvenient, but on the other hand it has the great advantage 
that the deflection is in the same direction whether the p.d. is 
positive or negative, and the electrometer will therefore give a 
deflection with an alternating potential difference. This point 
will be dealt with in the chapter on alternating currents. 

In the Kelvin instrument Vc is maintained constant by means 
of a replenisher and a trap-door indicator, as in the case of the 
guard-ring electrometer, and further, the constancy is assisted by 
placing C in connection with the insulated coating of a condenser 
of large capacity. Also the control is produced by means of a 
bifilar suspension. ^ 

The type of quadrant electrometer most commonly used at 
the present time was designed by F. Dolezalek, and is shown in 
Fig. 162. The quadrants are of brass, and are mounted on amber 
pillars A to ensure good insulation. The needle N is of paper, 
thinly coated with metal, or in the latest instruments it is of thin 
aluminium. It is suspended by a quartz fibre which is made 
conducting by dipping it into a strong solution of calcium chloride, 
which, being very hygroscopic, maintains the surface of the fibre 
sufficiently conducting to keep the needle charged by means of a 
battery. The quartz fibre produces such a feeble control that a 
high sensitiveness is obtained without the employment of very 
high potential for C. With a suitable fibre and a p.d. of 50 to 
100 volts between the needle and earth, one volt will cause a 
deflection of 200 to 400 millimetres with a scale distance of a 


* For further description of the Kelvin quadrant electrometer the student is 
referred to the pamphlet by Messrs. Kelvin and White of Glasgow. 
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metre from the mirror. The deflection is usually observed by 
means of a lamp and scale, as in the case of the reflecting galvano¬ 
meter. If the absolute values for the deflections are required, 
the scale must be calibrated by some known source of p.d., as 
for example a standard cell. If an insulating quartz fibre be 
used for the suspension, this will enable the needle to keep the 
charge for some time. The needle may always be recharged by 
means of the contact maker K. 



Fig. 162. 

To control the sensitiveness of the quadrant electrometer, A. H. 
and K. T. Compton ^ used a slightly tilted needle and had the 
level of one pair of quadrants slightly above that of the other. 
vSmall changes in this level alter tlie sensitivity and up to 60,000 
mm. per volt is attainable. 

The portable Lindernaim electrometer ^ has a modified arrange¬ 
ment, with a taut quartz suspension controlling the needle, which 
is a stiff metal-coated glass fibre. The tip of the needle is observed 

^ A. H. Compton and K. T. Compton. Phys. Rev., XIV (2nd), p. 85. 1919. 

* F. A. and A. F. Lindemann and T. C. Keeley, Phil. Mag., 47, p. 577. 1924. 
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with a microscope or an image of it is projected optically. The 
capacity and period are both very small. 

Several forms of Electrosfalic Voltmeter operate on similar 
principles to tlie quadrant electrometer, but with the needle 
pivoted. To improve the sensitivity despite the more robust 
construction, the Kelvin multicellular form may be used, with a 
large number of alternating quadrants, connected idiostatically. 
I1ic moving system may be suspended by a metal strip which also 
supplies the control. 

String Electrometer.—A bitilar instrument of moderate sensi¬ 
tiveness and very small capacity is illustrated in Fig. 163. A 
pair of fine fibres of platinum are fixed to a 
terminal at A and a quartz bow B, which 
exerts a tension on them. The conductors E 
and F are earthed. When the fibres are at 
a potential, not zero, they stand apart, the 
distance between them being measured by 
means of a microscope. The instrument must 
be calibrated, either by means of standard 
cells or an electrometer whose readings for 
given p.d.'s are known. A modified form 
consists of a single fibre between two plates, 
one of which is earthed and the other charged. 
The instrument has extremely small capacity 
and its readings are almost instantaneous. 
Its principle is really that of the gold-leaf 
electroscope. 

Comparison of Capacities. —On p. 149 we saw 
Fig. 163. that the capacity of any conductor is directly 

proportional to the dielectric constant of the 
medium in which it is situated, and therefore the measurement 
of the constant of any dielectric generally devolves upon the 
comparison of the capacities of two condensers, one with and the 
other without the given medium as dielectric. 

Faraday’s Method. —The first determination of dielectric con¬ 
stant was made by Faraday. He constructed two spherical 
condensers of the pattern shown in Fig. 164, as nearly as possible 
alike, and tested their equality in capacity by charging the inner 
sphere of one of them and then sharing its charge with the other, 
the outer spheres being earthed. He found that the potential 
fell to half, on the sharing of the charge taking place. The 
lower half of one of them, B, was then filled with shellac, and the 
other one. A, which had only air between the spheres, was given 
a charge. On sharing A’s charge between the two, the potential 
did not fall to exactly half, showing that the capacities were no 
longer equal. Thus, if Vi is the original potential of A, and Vj 
the final common potential, the original potential of B being 
zero, calling and C| the capacities of A and B— 
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The charge passing from A to B, that is q-- 

. C*_V,-V2 

•*C. V, 


'C.(Vi-Vj)=C»V„ 


In this way it was found that Q=l-50Ca. Remembering that 
only half of B is filled with shellac of dielectric constant k, and 
that without shellac the capacities are equal. 






/. 1-50- 





Fig. 164. 


which gave k—2 for shellac. 

In a similar manner Faraday found the 
dielectric constant of sulphur to be 2*2. 

A considerable improvement in the com¬ 
parison of capacities by the above method 
may be made by using the electrometer 
instead of the electroscope, but in this case 
the capacity of the electrometer itself may 
be appreciable, and should be taken into 
account. 

If A be a standard condenser, it is first 
charged by depressing the key(Fig. 165), 
and the electrometer deflection noted ; let it be 0i. The key 
p is then opened and q closed, and the new deflection 0^ noted. 
Since the potentials in the two cases are proportional to 0i 
and capacity of the electrometer (C) must be added 

to that of A, we have as before the relation, 

_ 01 — 02 

Cfl+C 02 

C may be found by charging A and the electrometer and noting 
the deflection 0^, The electrometer 
is then insulated, discharged, and 
again connected to A and the de¬ 
flection ^4 noted. 

The charge which passed from A 
to the electrometer being q, 

?==C,(V3-V4)=CV4 

C_V3-~-V4_^3-~04 

Ca V4 ^4 ' 

If C is very small, the experi¬ 
ment does not give an accurate determination, owing to the 
smaUness of ^ 4 ; but it should be noted that the smaller 

6 
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that C is, the less is the importance of knowing its value 
accurately. 

If one of the capacities, say C^, be very small in comparison 
with the other, it may be charged a number of times from the 
other, provided that it is discharged between the successive 
chargings. When C^ is first connected to C^ the charge remaining 

Q 

on Cl, is Q -—where Q is the initial charge upon C,,. If C« 

be then discharged and again connected to C^,, the charge upon 
the latter falls to ■ 



For n charges and discharges, the charge upon Cj falls to 



and the potential falls proportionately. Thus, if Vj is the initial 
potential of C^, and V, the potential after n sharings— 



and Vi being proportional to the electrometer deflections and 
C^ and n being known, may be calculated. Fig. 166 shows 

how the repeated sharing may be 
performed by means of the key K. 

Kelvin’s Methods. —The following 
null method of comparing capacities 
is due to Lord Kelvin. Four con¬ 
densers are required, of which one 
must be variable, and these are 
arranged as in Fig. 167, the points 
some source of electromotive force. 
Then if the points E and F remain at the same potential, the 
electrometer needle will be undisturbed, but if not there will be 
a deflection. If a balance is not obtained, the capacity of the 
variable condenser is altered and the experiment repeated. 

When a balance is reached the p.d. between A and E, t\e, 

C\ 

is equal to that between A and F, i.e, p. 



A and B being joined to 
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Similarly, 

from the two equations, 


?i==£? 
C2 c/ 

C2 Q* 


A second null method, also due to Lord Kelvin, is frequently 
employed for comparing capacities, and it has the great advan¬ 
tage over the previous method, that only one standard condenser 
is required, and this a constant one, the balancing being effected 
by varying the resistances in two boxes, Ri and R 2 (Fig- 168). 
When the keys 1 and 2 are depressed, the condenser Cj is charged 
by the p.d. between the ends of the resistance R^, the value of 
which is iRi, where i is the current produced by the battery in 
the circuit R 1 R 2 * A and B are earthed. Hence the positive 
and negative plates of Ci have charges +»RiCi and —iRiCi 
respectively. 


E 



Fig. 167. Fig. 168. 


Similarly, the charges on C 2 are +fR 2 C 2 and —fR 2 C 2 . On 
releasing the keys, the positive plate of Ci is connected to the 
negative plate of C 2 , and the charge +f(RiCi ~-R 2 C 2 ) will remain. 
If, now, the key 3 be closed, there will be a deflection unless the 
remaining charge is zero, in which case RiCi=R 2 C 2 . The test 
is made with various resistances Rj and R 2 , until this condition 
is fulfiUed. This is known as the method of mixtures, and the 
electrometer may be replaced by a sensitive galvanometer, in 
which case a transient current flows on closing the key 3, when 
the balance is not perfect. 

Gott’s Method. —^This is a modification of the last. On closing 
the key 1, D and F (Fig. 169) will in general have different poten¬ 
tials, and on closing key 2, a deflection will be produced. If, 
however, the resistances be adjusted so that there is no deflection. 
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the p.d. between B and D is equal to that between B and F. 
If, then, E is the p.d. between B and earth 

p.d. between B and F~E . 

Ki +E2 
1 E 

p.d. between B and D~ - . r: - 

(^9 I , 1 



1 . 1 


Cl C 2 


on each plate of the condensers (see p. 151). 


combined capacity of the condensers in 

series, and -j—is therefore the charge 

. +: 

Cl C 9 


/. E 


R. 


1 


E 


RiC‘> ‘ ^ ^ * 

Cl C 2 

R 2 __ ^1 

R1+K2 C1+C2 


/. RiCi-RoCo. 

Further methods for measuring capacities will be described in 
later chapters (VIII, X, XI, Xll). 

Determination of DieRctric Constant, —The dielectric constant 
of several solid substances was measured by Boltzmann 1 in 1873 
by a method somewhat resembling that of Faraday. A parallel 
plate condenser is used, between the plates of which could be 
inserted a slab of the substance. The capacity is compared with 
that of the electrometer and a fixed condenser together, by means 
of the method of sharing the charges, both with air between the 
plates, and when the slab together with an air space separates 
the plates. In the latter case one plate of the condenser could 
be moved away from the other until the capacity is rest 01 ed to 
its original amount, and the dielectric constant is then known in 

terms of the thickness of the slab and 
. . displacement of the plate. Thus, 

L ..._if / be the distance apart of tiie plates 

g and d the thickness of the slab (Fig. 

Fig. 170. 170), ^ being the electH;: .viduction, 

which is uniform (see p. 152). .since the 
field is everywhere normal to the slab; the electric inten.sity in 


1 L. Boltzmann, Wien. Akad Sitzungsher 6? (2), p. 1873. 
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the air space being E, that in the slab is -y, and if V, and V* are 

/v 

the potentials of A and B, 

=e(,-.+^). 

But, E =47ror, 

where a is surface density of charge on plates. 


capacity per unit area of plate-- 

47Ta 

and, capacity of area A =—-r - - -—^ 

Thus the effect of introducing the slab of thickness d is the 
same as would be produced by diminishing t by the amount 

introducing the slab, so that if t be increased 

by this amount when the slab is in, the capacity will again be 
brought to the value it had without the slab. Calling this 
displacement h, 



or, ^ = 


d 

d-K 


The values of k found for sulphur, ebonite and paraffin were 
respectively 3*84, 3-15 and 2*32. 

The attracted disc electrometer may be used to measure the 
quantity h of the last equation. As in Fig. 159, we see that the 

£2 AE2 

force per square centimetre of A is and the total force F ==-^—.. 
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Thus, if the p.d. between the plates is maintained constant 
and the slab introduced, F increases and the charged plate is 
pulled down. On then lowering the earthed plate by the amount 





the charged plate will return to its original position. 


Electric Absorption. —The earlier measurements of the dielectric 
constant were all subject to error, owing to the fact that media 
other than gases do not instantaneously acquire their maximum 
induction in an electric field. This phenomenon of " Electric 
Absorption " is very similar to that exhibited by various complex 
substances, such as glass, when subjected to torsional strain. It 
was noticed by Faraday in conducting his experiment with the 
spherical condensers {p. 161), that a smaller result is obtained for k 
when the condenser containing the shellac is charged first and its 
charge shared with the other, than when the condenser without the 
shellac is charged first, and the change in the value of k obtained 
is greater the longer the interval that elapses between the 
charging of the shellac condenser and the sharing of the charges. 

If a Leyden jar be given a charge and its potential be measured 
by means of an electrometer, it will be found that the potential 
will fall for some time, but will eventually become constant. 
On discharging the jar the whole induction in the medium does 
not disappear immediately; successive discharges, gradually 
getting smaller, may be obtained. The charge, which does not dis¬ 
appear at the first discharge, has been called the residual charge. 

This phenomenon renders it important that in making measure¬ 
ments of the dielectric constant, the time for which the charging 
takes place, and the interval between charge and discharge should 
be known. In most cases the result obtained on charging and 
discharging a condenser within half a second is sufficiently con¬ 
stant to be used in defining the capacity of a condenser for 
practical purposes. 

That it is not necessary to consider that there is an actual 
absorption of electricity to explain this phenomenon was demon¬ 
strated by Maxwell,^ who showed that a composite layer of 
dielectrics having different dielectric constants and slight con¬ 
ductivities would exhibit effects like those usually called absorp¬ 
tion. It is necessary that the ratio of dielectric constant to 
resistivity should vary from layer to layer; otherwise there 
would be no phenomenon corresponding to absorption. 

When measurements are made with alternating currents the 
values of k obtained are independent of any absorption pheno¬ 
menon. 

Hopkinson’s Method. —Dr. J. Hopkinson * used a modification 


^ James Clerk Maxwell, A Treatise on Electricity and Magnetism.*' 1873. 
^ J. Hopkinson, Phil. Trans.. 169, p. 17. 1878. 
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of the method of mixtures for finding the capacity of a guard¬ 
ring condenser, and employing the slab method (p. 164) found 
the dielectric constant of various substances. The charging 
battery (Fig. 171) is earthed at its middle point and the terminals 
connected to the plate A of the guard-ring condenser and the 
inner cylinder D of the sliding condenser. These are conse¬ 
quently at equal and opposite potentials, and if the two capacities 
are equal, the charges received are equal and opposite. On dis¬ 
connecting the battery and joining A and D, the resulting poten¬ 
tial as indicated by the quadrant electrometer will be zero. The 
sliding condenser is adjusted until this condition is fulfilled. 
The slab is now introduced between A and B, and the equality 



re-established by means of the sliding condenser, the change in 
capacity being therefore known. A special key is used to enable 
the various connections to be made with great rapidity. 

As a result of an extended series of experiments, Hopkinson 
found that the dielectric constant for glass is constant for times 
of discharge varying from to J second, for measuring 

which short periods he used a pendulum for connecting A and 
D at a known short interval after the charging. 

By a modification of the method of sharing charges (p. 161) 
Hopkinson, 1 using the pendulum make and break, also deter¬ 
mined the dielectric constant of certain liquids (Table, p. 169). 

Silow’s Method.—A method differing entirely from the last has 
been employed by Show ^ for determining the dielectric constant 
of certain liquids. The liquid is made to replace the air in a 
cylindrical electrometer. The conductors A and B (Fig. 172) are 
four strips of tinfoil attached to the sides of a cylindrical glass 
vessel. The needle C is also cylindrical and is made of platinum. 
It is suspended by a fibre, its deflection being observed in the 
ordinary way. One pair of conductors, say B, is earthed, the 
other pair. A, being maintained at steady potential, C also being 
earthed. The deflection is then proportional to the dielectric 
constant of the liquid filling the vessel. For, the capacity of a 

» Ibid,. 172, p. 355. 1881. 

* P. SUow, Pcgg. Ann.. 166. p. 389. 1875. 




168 


ELECTROSTATICS 


CHAP. 


condenser being proportional to A, we may introduce this quan- 
tity into our calculation for the deflection of the needle of the 
quadrant electrometer (p. 156), and we then find that, when 
used idiostatically 

that is, the deflection is proportional to k. 

Cohn and Arons. —Using a modification of Silow's method, 
Cohn and Arons ^ employed an alternating p.d. for the deter¬ 
mination of the dielectric constants of a number of liquids* 

An ordinary quadrant electrometer and one constructed on 
Silow s principle to take the liquid, are connected, as shown in 




Fig. 173. The two electrometers are used idiostatically and are 
connected in parallel, the p.d. being supplied from an alternating 
source. Since they are in parallel the p.d. is at every instant 
the same for the two, and therefore from the equation on p. 158, 
0=K'(Vo—the deflections when both electrometers have 
air as dielectric are given by, 

^i=K,'(V.-V,)2. 

02=K2'(V.-V,)2. 

^2 

Kj' and K 2 ' being the values of -— for the electrometers. Since 


V^—Vfc is the same at every instant for the two, 

02 K 2 " 

however and V,, may vary. If, now, the liquid be introduced 
into the Silow electrometer, and two new deflections, 61 and , 
are simultaneously obtained— 

Ki' 

e^' AK," 


1 B. Cohn and L. Arons, Wied Ann., 88, p. 13. 1888. 
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Other Methods. —In general the dielectric constant of a medium 
depends on the frequency of alternation of the applied potential, 
so that it is desirable to make measurements at well-defined fre¬ 
quencies. 

In several modem determinations, the test condensei into 
which the dielectric is to be introduced forms part of an oscillatory 
circuit (Chapters X and XI). Small differences in frequency 
between this circuit and an oscillator of fixed frequency are 
detected by the ‘‘ beats produced between them—fluctuations of 
amplitude of the combined effect due to the two signals coming into 
and out of ])hase. The number of beats per second is equal to the 
difference in the two frequencies and the method is very sensitive 
to small changes in the frequency of the test circuit and hence to 
changes in the capacity of the test condenser. When the dielectric 
is introduced, the original frequency can be restored by altering a 
calibrated variable condenser in parallel with the test condenser ^ 

For high-frequency measurements with fluids, an alternativ^e 
method is to utilise the nodes and antinodes which can be detected 
along a pair of l.echer’s wires (p. 459). The wave-length so 
obtained is inversely proportional to the square root of the di¬ 
electric constant, and changes are hence observed when the whole 
system is immersed in the fluid.^ Alternatively, oscillations are 
set up by reflecting electromagnetic waves to and fro in a cylin¬ 
drical metal cavity and observing changes in the resonant length 
of the cavity when the cavity is filled with the medium.^ 

Temperature Variation. —The dielectric constant of a given gas 
depends mainly on its density. Writing k~\-\-[inpjl(}), where ^ 
is the pressure in cm. of mercury, m is found to be independent of 
temperature for the simpler gases (He and other rare gases, Ho, 
O2, No) but with some others {e,g, NH3, HCl, HoO), m falls with 
rise of temperature.'^ With most liquids k falls with rise of 
temperature, the effect being especially marked with glycerine, 
but solids seem mostly to have positive temperature-coefficients. 


Dielectric Constants {k). (From Kaye and Laby's Tables.) 


Substance. 

k. 

Substance. 

k. 

Crown glass. 


5-7 

Petroleum. 

2-2-2 

Flint glass . 


7-10 

Ethyl alcohol. 

26-8 

Plate glass . 


6-7 

Ether. 

4-34 

Ebonite . 


2-7-2-9 

Water A= 00 ..... 

81 

Sulphur . 


3-6-4’3 

„ A=3600 cm. 

3-32 

Mica . 


5-7-7 

„ A=~-=1200 cm. 

Air (76 cm. pressure, 0° C.) . 

2-79 

Paraffin wax 


2-2-3 

1-000594 

Shellac . 


3-3-7 

Hydrogen (ditto) .... 

1-000265 

Rock salt 

• • • 

5-6 

Carbon dioxide (76 cm., 25° C.) 

1-000904 


1 G. E. Bell and F. Y. Poynton, Phil. Mag. (6), 49, p. 1065. 1925. 

2 See p. 460. Also R. Bock, Zeits.f. Phys., 31, p. 534. 1925. 

® See, for example, L. Essen and K. D. Froome, Proc, Phys. Soc. (B), 64, p. 862. 
1951. 

® M. Jona, Zeits. /. Phys., 20, p. 14. 1919. 
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ELECTROLYSIS 

Ionic Charge. —In Chapter II we considered Faraday’s laws of 
electrolysis, and saw that the amount of an ion liberated from a 
solution by an electric current is proportional to the strength of 
the current and to the time for which it flows ; from this we may 
now conclude that the amount of the ion liberated is proportion^ 
to the amount of electricity which has passed through the electro¬ 
lyte, since the current itself is the amount of electric charge 
passing per second. Taking the ampere as the unit of current, 
the corresponding unit of charge is called the coulomb, and is 
the amount of charge passing when one ampere flows for one 
second. We can then define the electrochemical equivalent of a 
substance as the amount liberated by the passage of one coulomb 
—in fact, Faraday’s first law of electrolysis is usually stated to 
be, “ that the amount of deposition is proportional to the quan¬ 
tity of electricity which has passed through the electrolyte.” 
The term ion is used here in the sense originally intended by 
Faraday, for the substance liberated by the passage of a current. 
At the present time the word ion has changed in meaning and is 
applied to the particle, which may be an atom, or group of 
atoms, which has a positive or negative charge. In this sense 
ions may exist in a liquid or gas, and on the application of an 
electric field will travel towards either cathode or anode according 
to the sign of the charge. 

The second law of Faraday states that a given quantity of 
electricity passing through the electrolyte liberates an amount of 
substance proportional to its chemical equivalent, and it follows 
that the amount of a monovalent ion liberated is proportional to 
its atomic weight, of a divalent ion to half the atomic weight, 
and so on. Thus 107-88 grammes of silver, 35-46 grammes of 
chlorine, 62 grammes of NO 3 , 31-77 grammes of copper, etc., are 
each liberated by the same amount of electricity passing through 
the cell. This amount may conveniently be taken as a unit of 
quantity of the substance, and is called a Gramme-equivalent. 
Thus a gramme-equivalent of any monovalent substance is a 
quantity which, measured in grammes, is numerically equal to 
the atomic weight, and of a divalent substance to half the atomic 
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weight, etc. The importance of this lies in the fact that a 
gramme-equivalent of any substance is liberated by the passage 
of a fixed amount of electricity through the electrolyte. This 
amount of electricity may easily be found from the electro¬ 
chemical equivalent, for it is the amount deposited by the passage 
of one coulomb ; therefore, taking the electro-chemical equivalent 
of silver to be 0*0011183 and the atomic weight 107*88— 

Charge required to pass in order to liberate one gramme- 


equivalent of silver = 


107*88 

"0*001H83 


=96,467 or 96,470 coulombs. 


Since the gramme-equivalent of all monovalent substances 
contains the same number of atoms, we see that the liberation of 
each atom from the electrolyte requires the same amount of 
charge, and again, since the gramme-equivalent of a divalent 
element has half this number of atoms, all divalent substances 
require twice this amount of charge for the liberation of an 
atom. 

These facts strongly suggest that the atoms are the carriers of 
the charges, and that a monovalent atom carries a constant 
amount of electricity, whatever be its chemical nature, a divalent 
atom twice that amount, a trivalent atom three times that 
amount and so on ; and further, that the metallic atoms being 
liberated at the cathode have a positive charge, and the non- 
metallic atoms or radicles, since they are liberated at the anode, 
have a negative charge. 

Conduction. —So far we have not made any assumption as to 
the mechanism of the transport of the atoms with their respective 
charges from the solution to the electrode, but it becomes of the 
greatest importance to decide whether the positively and nega¬ 
tively charged atoms forming a molecule of the substance in 
solution are pulled apart on the application of the electrical field 
which produces the current, or whether they are wandering about 
independently of each other in the solution, and are merely sub¬ 
jected to forces, just as any other charged bodies would be, which 
drive the positively charged atoms down the grade of potential 
and those negatively charged up the grade of potential. 

In future we shall speak of an atom with its associated charge 
as an ion ; thus in an electrolyte the positive ions are liberated 
in the neighbourhood of the cathode, and these, on giving up 
their charges to the electrode, acquire the properties of neutr^ 
chemical atoms. 

Experience shows that a definite amount of energy must be 
expended in order to effect the separation of the two ions forming 
a binary molecule, which energy reappears, usually in the form 
of heat, upon their recombination. Hence, if the ions in an 
electrolyte are all in a state of combination tP form neutral mole- 
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cules, we should expect that a certain minimum potential differ* 
ence would be necessary before any decomposition would occur. 
But, on the contrary, it is found that any potential difference, 
however small, will cause some current to flow, although the 
current will soon cease unless the potential difference between 
the electrodes exceeds a certain amount ; about 1*7 volt in the 
case of acidulated water. From this it might at first sight be 
concluded that there are a few unattached ions in the electrolyte, 
and tliat when all these have been driven to the electrodes the 
current ceases. 

Polarisation.— The real cause of the stoppage of the current, 
however, is to be sought in the layer of ions which collects upon 

the electrodes, which layer produces 
an electromotive force in opposition to 
tliat driving the current. The pheno- 
menon is called polarisation, and it 
may be exhibited by immersing two 
platinum plates in a dilute solution of 
sulphuric acid, and passing the current 
by depressing the key K (Fig. 174). 
On releasing the key, the battery is 
disconnected, and the galvanometer connected to the plates, 
when it will be found that a current will flow for a short time. 
The deposition of hydrogen ions upon tlie cathode k and oxygen 
upon the anode a produces a back electromotive force, and a 
reverse current flows when the battery is removed and the 
circuit completed. This back electromotive force causes the 
reverse current to flow until the collected hydrogen and oxygen 
ions have been removed. 

We should expect on general grounds that some minimum 
electromotive force would be required to decompose any sub¬ 
stance continuously; for in order to decompose one gramme- 
molecule of a substance such as water (in this case 18 gm.) energy 
is required to separate the hydrogen and oxygen ions, the amount 
of which (68,400 calories per gramme-molecule) may be deter¬ 
mined by finding the energy liberated in the form of heat on 
allowing them to combine. When one gramme-molecule of 
water is decomposed, two gramme-equivalents of hydrogen are 
liberated, and therefore 2 x 96,470 coulombs have passed through 
the electrolyte. If this passage is caused by an electromotive 
force equal to E volts, 2 x 96,470 xE joules is the amount of 
work done, and this must be at least as great as the amount of 
energy liberated when a gramme-molecule of water is formed. 
Thus, if no other work is performed by the electromotive force 
in the cell, 



2 X 96,470 X 0-239 x E =68,400, 
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from which E=:l*48 volts, and we cannot think that a less electro^ 
motive force can continuously decompose water. For, if this 
were the case, we could derive more energy from the liberated 
hydrogen and oxygen by the process of combustion than was 
used in separating them, and, by a suitable mechanism, we should 
then have an inexhaustible supply of eneigy, which contradicts 
our experience. The actual back electromotive force, opposing 
the current when platinum plates are used as described above, is 
about 1-7 volts, but in this case the surface is too small to absorb 
the gases as quickly as they are liberated, and bubbles are formed, 
some of the energy being thus irrecoverable. If, however, the 
surface of the electrodes is increased by depositing platinum 
black upon them, the minimum electromotive force required to 
produce a continuous current has been found by Le Blanc ^ to 
be 1-67 volts. 

If, instead of water, a substance such as copper sulphate had 
been decomposed, copper electrodes being used, we have seen 
(p. 64) that the amount of copper sulphate in the solution is 
unchanged, and in this case we find that, however small the 
electromotive force may be, the current is proportional to it, that 
is, there is no minimum electromotive force required to produce 
electrolysis. In any case in which the nature of the electrode 
is unchanged by the deposition, there is no polarisation and no 
back electromotive force. 

It appears then that there must be at least a few free ions in 
the solution, since a small but limited current flows, however 
small the potential difference between the electrodes. According 
to the experiments of Kohlrausch, who investigated the relation 
between the electromotive force and the current in electrolytes 
very thoroughly, we find that any excess of electromotive force 
over that necessary to balance the back electromotive force due 
to polarisation, produces a current strictly proportional to this 
excess, and hence, that Ohm’s law is applicable to the conduction 

in electrolytes. Thus 1=-^-^ where E is the applied E.M.F., 

K 

and El the back E.M.F. due to polarisation. 

Electrolytic Dissociation. —It is to Arrhenius ^ that we owe a 
satisfactory account of the process of conduction in electrolytes. 
According to him, the current is entirely due to the motion of 
the ions in the electric field between the electrodes, and it follows 
that the conductivity of a solution is proportional to the number 
of free ions present. Thus, in the case of a solution of silver 
nitrate, the salt, on being dissolved, dissociates to a certain 
extent, and free silver ions carrying a positive charge (Agd-) and 

^ M. Le Blanc, Zeitsckr. phys. Chem,, 8, p. 299. 1891. 

* S. Arrhenius, Z$iUchf. phy$. Cham,, 1, p. 631. 1887. 
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NO 3 ions having a negative charge (NO 3 —) are formed by the 
splitting up of the AgN 03 molecules. 

It is found that the conductivity of a solution diminishes on 
diluting it, as would be expected if the conductivity is due to 
the dissolved substance, for if we imagine the solution to be 
diluted until a given amount of dissolved substance occupies 
twice the original volume of solution, there will be only half the 
number of ions between two fixed electrodes, that is, there will 
only be half the number of carriers of electricity. Provided that 
the velocity of the ions in constant electrical field is unchanged 
by the act of dilution, the same electromotive force will now 
produce only half the transfer of electric charge in a given time, 
that is, half the current, so that the conductivity is now only 
half its value previous to dilution. Thus, if no fresh ions are 
produced by dilution, we should expect the conductivity to be 
inversely proportional to the dilution, or directly proportional to 
the concentration, of the dissolved substance, the concentration 
being for convenience taken as the number of gramme-molecules 
in one litre of solution. 

Measurement shows, however, that the decrease in conduc¬ 
tivity on dilution is not so great as the above simple argument 
would indicate ; that is, the conductivity after dilution is greater 
than the simple proportion would give, and it therefore seems 
probable that, on increasing the dilution, new ions are produced 
by the dissociation of previously neutral molecules. 

In order to follow this process, it is convenient to consider the 

, • x-i conductivity - . , . 

change in the quantity -—-r- for a given solution. This 

concentration 

new quantity is called the Equivalent Conductivity of the solution, 
and it is constant so long as the degree of dissociation is un¬ 
changed. As the solution is made more dilute, the equivalent 
conductivity of most of the solutions of inorganic salts in water 
increases, but the increase does not go on indefinitely, since a 
condition will eventually be reached in which all the molecules 
are dissociated, and hence the equivalent conductivity tends 
towards a superior limit for infinite dilution. 

According then to Arrhenius' theory of electrolytic dissociation, 
the conductivity of a solution is proportional to the concentration 
of the free ions, and is therefore a measure of the degree of dis¬ 
sociation, y, the ratio of the number of dissociated molecules to 
the total number. Thus, if be the equivalent conductivity of 
a solution at concentration c, and that at zero concentration, 
that is, infinite dilution. 
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For most substances, the actual conductivity gets so small 
before infinite dilution is reached that cannot be determined 
by direct measurement ; but for 
strongly dissociated substances in A 
solution, such as the inorganic salts, ° 
it may be obtained without large ^20 
error by extrapolation as shown in 
Fig. 175 for potassium sulphate. It no 
may, however, be obtained for less 10000 ^ 

strongly dissociated substances from 

a knowledge of the partial conductivities of the constituent ions, 
as we shall see on p. 183. 

The following table of molecular conductivities for the tempera¬ 
ture 18° C. is taken from Arrhenius ^ :— 



c in gramme- 
equivalents 
per litre. 

Dilution = -. 

c 

NaCl. 

X 

KCI. 

A 

*K,SO. 

A 


00 

108-99 

130-10 

135-0 

00001 

! 10000 

108-10 

129-07 

133-5 

00002 

5000 

107-82 

128-77 

132-7 

0-0005 

2000 

107-18 

128-11 

130-8 

0-001 

1000 

106-49 

127-34 

129-0 

0-002 

500 

105-55 

126-31 

126-3 

0-005 

200 

103-78 

124-41 

121-9 

0-01 

[ 100 

101-95 

122-43 

117-4 

0-02 

1 50 

99-62 

119-96 

111-8 

0-05 

1 20 

95-71 

115-75 

102-5 

0-1 

! 10 

92-02 

112-03 

95-9 

0-2 

1 5 

87-73 

107-96 

88-9 

0-5 

2 

80-94 

102-41 

78-7 

1-0 

1 

74-35 

98-27 

71-8 


This theory of electrolytic dissociation presents many diffi¬ 
culties, as, for example, the presence of free ions, such as the 
sodium ions, in a water solution of sodium chloride, since it is a 
well-known fact that metallic sodium and water cannot exist in 
contact without chemical action taking place. But it must be 
remembered that an ion, that is an atom with its associated 
charge, is in an entirely different condition to the atom without 
the charge, and that if sodium be liberated by electrolysis, it is 
dissolved by the water as soon as it has given up its positive 
charge to the cathode. Ihere is no necessity for the ions to be 
imagined to be isolated in the solution ; in fact it is extremely 
hkely that they are surrounded by a number of neutral molecules 
of the solvent, which group is dragged along by the force on the 

^ Svante Arrhenius, Lehrbuch der Elektro^chenoiie.** 
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enclosed ion due to the electric field. It must also be remem¬ 
bered that electrolytic dissociation differs fundamentally from 
the dissociation that is met with at high temperatures, in which 
case neutral molecules are formed by the splitting up of the more 
complicated molecule. The difference may be illustrated in the 
case of ammonium chloride, which dissociates at high tempera¬ 
ture into ammonia and hydrochloric acid. 

NH4C1=NH3+HC1, 

both the new molecules being uncharged or neutral molecules. 

On solution in water, ammonium chloride dissociates electro- 
lytically, thus— 

NH4Cl=NH4+-fCl“. 

Then, again, it has been advanced in opposition to the theory 
that unless the positive and negative ions have the same velocity, 
the more rapidly moving ones would diffuse at greater rapidity, 
leaving the solution with a charge of electricity, and a separation 
in the ions might thus be effected. This objection has been met 
by Nemst, who used this very fact to explain the electromotive 
force in cells constructed of two solutions of the same material 
at different concentrations. 

Evidence from Osmotic Pressure. —There is, however, ample 
evidence from other than electrical sources to support the theory 
of electrolytic dissociation. Van’t Hoff, making use of the dis¬ 
covery of Pfeffer, that a substance in solution exerts a pressure 
on the boundary of the solution, and that this pressure is pro¬ 
portional in many cases to the concentration of the solute, showed 
that this osmotic pressure is also proportional to the absolute 
temperature, and therefore obeys the same laws as a perfect gas. 
From this it follows that the maximum vapour pressure of water 
vapour over a solution ^ is less than over pure water by an 
amount proportional to the number of molecules per litre present 
in the solution, and hence there is a lowering of the freezing 
point and a raising of the boiling-point, also proportional to the 
concentration of molecules of the solute. By measuring the 
lowering of the freezing point and raising of the boiling point, 
on the addition of a known mass of the solute, the molecular 
weight may be determined. In many cases the result is in 
accordance with that of the ordinary methods, as, for example, 
in the case of sugar and similar organic substances, but for those 
substances which in solution form electrolytes, the pressure 
appears to be too great, and the molecular weight therefore too 
small. At great dilution, the molecular weight has, in the class 
of substances which dissociate into two ions, half the ordinary 
value, which makes it seem that there are twice the expected 
^ I. H. van't Hoff, ZeiUchr, phys. Ckem. 1, p. 481. 1837* 
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number of molecules present, and it is not unreasonable to 
suppose that in these cases the substance is completely dis¬ 
sociated. 

When dissociation is not complete, let y be the degree of dis¬ 
sociation, and n the number of ions produced by the dissociation 
of one molecule. Then for one gramme-molecule present per 
htre we have ny gm.-eq. of dissociated ions, and 1 —y of unis- 
sociated molecules. The concentration, counting all together, is 


1 -1 


This is the quantity which may be determined from the freezing 
or boiling point experiment, and in any given case, knowing m, 
y may be found. For a number of substances, the value of y 
found in this way agrees very well with that found from electro¬ 


lytic determinations 



which is very strong evidence in 


favour of the theory of electrolytic dissociation. 

In the last three columns of the following table, the values of 
i in the above equation are given,^ from the three methods of 
observation :— 



Concentration. 

i 

lowering of 
freezing point. 

i 

from osmotic 
pressure. 

f 

from electrical 
conductivity. 

KCl . . . 

014 

__ 

1-81 

1-86 

LiCl . . . 

013 

1-94 

1*92 

1*84 

CaiNOs), . 

018 

2*47 

2*48 

2-46 

MgCl, . . 

019 

2*68 

2*79 

2*48 

CaCl,. . . 

0184 

2*67 

2*78 

2-42 


Migration of the Ions. —According to the above theory, the 
free ions in solution experience forces due to the electric field in 
which they are situated, and hence acquire a velocity, the positive 
ions moving towards the cathode and the negative ions towards 
the anode. Except on the first application of the field, the ions 
will not have an acceleration, since in their motion they will 
encounter so many neutral molecules that their velocity will soon 
reach a limit; just as very small falling bodies soon reach a 
hmiting velocity owing to the viscous resistance of the air. In 
the case of the ions, the limiting velocity depends in the first 
place upon the intensity of the electric field and the charge upon 
the ion, but it also depends upon the nature of the solvent and 
upon the size of the ion with its accompanying group of neutral 
molecules. Since this last varies for different ions, we should 
expect that their velocities in equal electric fields would be 
^ H. van*t Hofi h. Th. Reicher, Zeitschr. pkys, Chem., 8 , p. 198. 1889. 
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different, and Hittorf explained the variation in concentration of 
the solute at the anode and cathode which usually occurs, in 
terms of this difference in the velocity of the positive and negative 
ions, and even succeeded in determining the ratios of the velocities 
of migration of the two ions in a number of cases. ^ 

This variation in concentration may easily be observed in the 
case of the electrolysis of a solution of copper sulphate using 
copper electrodes, the colour of the solution becoming lighter 
near the cathode, since the S 04 ~ ions have a greater velocity 
than the Cu"^ ions. To observe the effect it is advantageous to 
use horizontal electrodes one above the other, the upper one 
being the cathode, with which arrangement the phenomenon is 
not masked by convection currents set up by the variations in 
density in the different parts of the cell. 

The diagram given by Hittorf is a very convenient one for 
explaining the effect of the migration of the ions upon the changes 
Q A concentration occurring in an 

electrolyte. Let the dots repre¬ 
sent positive and the circles 
negative ions (Fig, 176). At the 
instant of application of the 
electric field, the uniform ar¬ 
rangement of the two sets is 
indicated by the first row. Then, 
if the positive ions be imagined 
to have, for simplicity, twice the 
velocity of the negative ions, the state of affairs an instant latez' 
will be represented by the middle row. The deposition at the 
cathode is 3 ions and at the anode 3, and 7 molecules remain in 
solution, but of these 4 are in the cathode half of the cell and 
3 in the anode half. The third row represents the cell still 
another instant later, and it will be seen that the total deposition 
at each electrode is now represented by 6 ions and that 4 
molecules remain, 3 in the cathode half and 1 in the anode half. 
Thus at each step it will be seen that the loss in concentration 
of solute on the anode side of the median line is twice as great as 
that on the cathode side. In this simple case we can see that— 


O O O O OlO o o o o 


OOOO <0 00000 


O O 0!0 O O O 0 O O 


Fig. 176. 


Diminution in concentration at anode _ velocity of -f ions 
Diminution in concentration at cathode velocity of — ions 

Or in general, if u be the velocity of the positive ions and v 
that of the negative ions, the current and therefore the total 
deposition in a given time are proportional to (u-\-v). Let the 
current flow for such a time that (w+v) gramme-molecules of 


1 W. Hittorf, Pogi, Ann., 89, 98, 108, 106. 1853-1859. 
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solute are removed from the solution. Now, considering the 
space near the cathode [u-\-v) gramme-equivalents of positive 
ions have been removed by deposition and u gained by migration, 
leaving a loss of 

(u-\-v) —w=t;. 

Also V gramme-equivalents of negative ions are lost by migration, 
which shows that this part of the solution is uncharged, as it 
should be, and since it has lost v gramme-equivalents of both 
kinds of ions it has lost v gramme-molecules of the solute. 
Similarly, on the anode side, total loss of negative ions by deposi¬ 
tion is \u-\-v) gramme-equivalents, and gain by migration is v, 
leaving a balance of u gramme-equivalents lost. Also, loss in 
positive ions by migration is n gramme-equivalents, and there¬ 
fore resulting loss is u gramme-molecules of solute. 

Hence we obtain Hittorf's relation— 

Loss in concentration at cathode 
Loss in concentration at anode u 

To determine experimentally the ratio -, or the quantity 

which is the transport ratio or migration constant of Hittorf, 
changes in concentration of the solute in the neighbourhood of 
the cathode and anode may be found 
by chemical means. Two beakers 
(Fig. 177) contain the solution, 
whose concentration at the start is' 

Uniform. They are connected elec¬ 
trically by a small syphon containing 
the electrolyte and through which 
the diffusion of the solute tending to 
equalise the concentrations in the 
two vessels will take place so slowly 
that a determination by chemical analysis of the amount of 
solvent removed from each vessel for the passage of a given 

current may be used to measure 

u 

By this and similar methods, which must be suitably modified 

V 

when one of the ions is soluble in water, the values of —— given 

u-\-v 

in the table on p. 185 have been found. 

Ionic Velocities. —A further step, due to Kohlrausch,^ enables 
us to determine the sum of the actual velocities u and v in terms 
of the conductivity of the solution and the concentration of the 

» F. Kohlrausch, WUd. Ann., 6. p. 145. Ig79. 
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solute. Let us take a case in which there are m gramme- 
equivalents of completely dissociated molecules per cubic centi¬ 
metre of the solution ; then the concentration of both positive 
and negative ions is m gramme-equivalents per cubic centimetre. 
Now each gramme-equivalent of positive ions carries 96,470 
coulombs, and if the velocity of these ions is u, the charge passing 
unit cross-section of the cell in one second is rnu . 96,470. 

Therefore, current density due to movement of positive ions is 
mil . 96,470 amperes per square centimetre. Similarly, the 
stream of negative ions in the opposite direction constitutes a 
current density of mv . 96,470 amperes per square centimetre. 
But the effective current is the sum of these two, since they are 
opposite charges moving in opposite directions. 

/. resultant current density=m(w+?^)96,470 amperes per 
square centimetre. 

The same quantity may also be expressed in terms of the con¬ 
ductivity of the solution and the potential gradient in it. Thus 
the conductivity k is the inverse of the resistivity, and is the 
current product in a conductor of unit cross-section and unit 
length, for unit potential difference between its ends ; that is, it 
is the current density for unit potential gradient; therefore for 
potential gradient E volts per centimetre length 


Current density ==/tE amperes per square centimetre, 
2^)96,470 =AE, 


m ‘ 96,470* 


If now we take c to be the concentration in gramme-equivalents 
per litre, 

C = 10007n 

and, u -f =0*01036 . - . E. 

c 


The transport ratio —- being known from Hittorf's method, 

u-\-v 

u and V may be separately calculated from the two equations. 
k 

Further, - is the quantity we have called the equivalent con- 
c 

ductivity (p. 174) at infinite dilution, A^, since we have obtained 
our relation on the assumption that dissociation is complete. 
Since this quantity is known from Kohlrausch's measurements of 
the conductivity of highly dissociated acids and salts, u and v 
for unit potential gradient are known. It will be seen from the 
table that these velocities are very small. They must not be 
confused with the velocity of the free ion in the solution, on 
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account of which it exerts a pressure c alled the osmotic pressure 
on the boundary of the solution, which in the case of hydrogen 
ions is about 18*4 x 10^ cm. per sec., the different individual ionr. 
moving indiscriminately in all directions. The velocity u is a 
drift of the ions towards the cathode, due to the applied electric 
field. 

The ionic velocities increase with rising temperature. 


For Solutions in Water at 18° C. 



Partial ^ con¬ 
ductivity in 
practical C.G.S. 
units. 

Ionic velocity * 
in cm. per sec. 
for potential 
gradient of 

I volt per cm. 


Partial^ con¬ 
ductivity in 
practical C.G.S. 
units. 

Ionic velocity * 
in cm. per seo 
for potential 
gradient of 

1 volt per cm. 

Li 


33-4 

0000347 

F . . 

46-6 


Na . 


43*6 

0000451 

Cl . . 

654 

0000678 

K . 


64-7 

0000670 

Br . . 

67-6 


Rb . 


68 


I . . 

66-4 

0-000685 

Cs . 


68 


NO,. . 

61-8 

0-000640 

NH 4 . 


64 

0000660 

CIO, 

550 


Ag . 


54 0 i 

0000570 

10 , . . 

33-9 


\Zn . 


46*7 1 


BrO, . 

46 


iMg . 


460 


CIO 4 . . 

64 


iBa . 


55-5 


10 , . . 

48 


iPb . 


61-3 


iCrO, . 

72 


H , 


318 

0003250 

iSO, . . 

684 


iSr . 


51-7 


OH . . 

174 

0-001780 

iCu 


47-3 





iCa . 


51*8 






Direct Determination of Ionic Velocity. —Several direct deter¬ 
minations of ionic velocities have been made, the general method 
of which is to follow the course of an ion by means of some 
chemical reaction produced by it. The results are in fair agree¬ 
ment with the determinations of Kohlrausch. 

Sir Oliver Lodge ^ filled two vessels with an electrolyte, and 
joined the two b)^ a horizontal tube containing a solution of some 
suitable material in gelatine or in solid agar-agar jelly. Using a 
weak solution of sulphuric acid in the vessels, and sodium chloride 
with phenolphthalein as an indicator in the tube : on passing the 
current from one vessel to the other the ions form HCl with 
the sodium chloride, and decolourise the phenolphthalein. The 
progress of the ions could thus be watched, and their velocity 
measured. In another experiment, using BaCl 2 solution in the 
vessels and acetic acid and silver sulphate in the gelatine, the 
progress of the Ba^ ions could be observed by the precipitate of 
BaSO^, and of the Cl” by the precipitate of AgCl. 

‘ F. Kohlrausch, “ Lehrbuch der Praktischen Physik.* 

* Svante Arrhenius, ** Lehrbuch der Elektro-chemie.** 

B O. Lodge, Brit. Assoc., Birmingham, 1886. 
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W. C D, Whetham ^ used two solutions differing in density, 
but of the same conductivity and having one ion in common. 
Thus with deci-normal solutions of potassium bichromate and 
potassium carbonate, the ions pass in one direction, and the 
Cr 207 ’“ and C 03 “ in the opposite direction. Since the colour of 
the bichromate is due to the Cr 207 ~ ions, the travel of the 
surface of separation of the two liquids can be observed. 

B, D. Steele 2 has further modified the method by avoiding the 
use of colouring mattei, the surfaces of separation of the liquids 
being sufficiently well defined on account of their different lefrac- 
tive indices, due to the slight differences in density produced on 
replacing one ion by another. The applicability of the method 
is thus considerably extended since it is not necessary to depend 
upon a coloured indicator, of which there are only a few that are 
suitable. The salt solution under examination is placed in a 
U-tube, and is bounded at the two ends by a gelatine solution 
containing the indicators employed. In some of the experiments 
lithium chloride and sodium acetate are used, the former at the 
anode and the latter at the cathode. Using, for example, potas¬ 
sium chloride as the salt in solution the lithium and potassium 
ions travel in the direction of the current, the potassium chloride 
being converted to lithium chloride. With the ion in solution 
having slightly higher velocity than the indicating ion that 
follows it, a very clear surface of separation can be observed with 
suitable illumination, and its velocity is that of the more rapidly 
moving ion, in this case potassium. In a similar manner, at the 
other end of the column of solution the anions travel from the 
gelatine, and the chloride is converted into acetate, and the 
velocity of travel of the surface of separation is that of the chlorine 
ions. The arrangement is always such that the denser liquid lies 
underneath the less dense, so that the surfaces of separation are 
not disturbed by convection currents, and when necessary for 
this, the U-tube is of the inverted form. Precautions are taken 
that the specific resistance of the solution shall be as nearly 
uniform as possible, as only then is the potential gradient 
throughout the solution known. 

Partial or Ionic Conductivities. —On examining the equation 

«+z^=0-01036^ . E, (p. 180) 

k 

we see that for any given value of E, the quantity - or A^, which 

c 

may be written is the sum of two others, and 

» W. C. D. Whetham, Proc. Roy. Soc.. 52, p. 283 (1892); 68, p. 182 (1895). 

2 B. D. Steele, Chem. Soc. Joum., 79, p. 414. 19ol. 
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which are called the partial or ionic conductivities of 

U'UlUjOJb 

the two ions. In any case is made up of the sum of two 
partial conductivities whose ratio is u : v, and hence if can be 
measured and also the transport ratios, the partial conductivities 
can be found. The partial conductivity of any ion is independent 
of the other ions in the solution, and hence, if the partial con¬ 
ductivities of the ions in a solution are known, the equivalent 
conductivity at infinite dilution A^ is known, since it is the sum 
of the partial conductivities. 

Many partial conductivities are given in the table on p. 181, 
and from them, the limiting equivalent conductivity A^ of a 
substance which is only partially dissociated at very great 
dilution may be found. 

Measurement of Conductivity. —The difficulty met with in 
measuring the conductivity of electrolytes is due to the polarisa¬ 
tion which generally occurs, producing a back 
electromotive force that cannot always be sepa¬ 
rated from the ohmic potential difference corre¬ 
sponding to the resistance of the electrolyte. In 
some cases the electromotive force due to polarisa- ^ 
tion may be eliminated by using electrodes of the I 
material which is present in the ionic state in the 
solution. Thus in the case of a solution of copper 
sulphate, copper electrodes may be used, and a 
method of simple substitution, due to Horsford, 
employed. The tube containing the solution is 
placed vertically, and is provided with disc elec¬ 
trodes, which nearly fill the cross-section of the fig. 178. 
tube (Fig. 178). The resistance in the box R is 
adjusted until the galvanometer deflection is a convenient amount. 
The upper electrode is then pushed downwards by a measured 
distance /, and R is adjusted to give the same deflection ats 
before. The resistance of the length I of the electrolyte in the 
tube is equal to the change of resistance in R. The mean area 
of cross-section of the tube may be determined by finding the 
weight of water required to fill a measured length of it. 

The method most generally applied is due to Kohlrausch. The 
electrolytic cell, which has the form shown in Fig. 179 for good 
conductors, and Fig. 180 for bad conductors, is placed in one 
arm of a slide-wire bridge, a known resistance being placed in 
the other. The polarisation electromotive force may be greatly 
reduced by using electrodes of large area, since for a given 
amount of deposition the layer of deposit is then thinner than 
when a small electrode is used. The effective area is much 
increased, in the case of platinum electrodes, on covering them 
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with a layer of platinum black, by immersing them in a solution 
of platinum chloride, and passing a current backwards and 
forwards through the solution a number of times. 

In order to reduce the polarisation still further, a small and 
rapidly alternating current is used, so that the small amount of 
deposition occurring when the current passes in one direction will 
be removed on its reversal. A small induction coil with a high 
frequency trembler is a very efficient source of electromotive 
force, but in this case an ordinary galvanometer is useless for 
finding the position of balance, since the deflection is proportional 
to the first power of the current and would be reversed with it; 



Fig. 179. 


Fig. 180. 


hence, there will be no deflection with an alternating current. 
In order to get over this difficulty, a telephone receiver is used 
instead of a galvanometer, and the observer adjusts the position 
of the slide-wire contact until a minimum of sound is heard in 
the telephone. Alternating current galvanometers, such as the 
Duddell thermo-galvanometer described on p. 75, have also been 
used, which instrument is capable of detecting very small 
alternating currents. 

If resistance coils are used as standards, they should be few in 
number and should be wound so that they have as small an 
inductance and capacity as possible, as, otherwise, there will not 
be a perfect balance when the proportionality in resistance of 
the four resistances of the Wheatstone’s bridge is attained. The 
higher the frequency of the alternating current the greater will 
be the disturbance due to this cause. With frequencies below 
200 alternations per second the disturbance is inappreciable 
when ordinary resistance coUs are used. 

In using a cell of the type shown in Fig, 179, the cross-section 
of the tube may be found by means of a mercury thread whose 
length in the tube and whose mass are measured. The indeter¬ 
minate resistance where the end of the narrow tube enters the 
vessel may be eliminated by performing the experiment twice. 
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using two different lengths of tube, cut from the same piece. As 
the end errors are the same for each tube, the difference in the 
two resistances found is equal to that of a column of length equal 
to the difference in length of the tubes. 

If the cell have the form shown in Fig. 180, the absolute con¬ 
ductivity cannot be found from the dimensions of the liquid 
between the electrodes, with any degree of accuracy. It is usual 
then to find the resistance first with a standard electrolyte of 
known conductivity, and then with that whose conductivity it is 
required to find. For this purpose Kohlrausch ^ gives the 
conductivities showm in the following table :— 


Normal Solutions in Water at 18® C. 



(Ohms and cm.s.) 

1 dk 
k * Jt' 

f 

KOH . 



• 

1840 xlO-* 

0-0186 

0-74 

KCl , 




982-6 xl0-‘ 

0-0193 

0-51 

KT3r . 



• 

1030 XlO--* 

0-0190 

0-51 

KI . 




1036 XlO--* 

0-0190 

0-51 

KNO, 




805 XlO-^ 

0-0200 

0-49 

iK,SO^ 




715-9x10-* 

0-0205 

0-50 

NH 4 CI 




970 X 10 -* 

0-0194 

0-51 

NaOH 




1600 X 10 -* 

0-0197 

0-83 

NaCI . 




1 743-5 x 10-* 

0-0212 

0-64 

NaNO, 




1 659 XlO-* 

0-0215 

0-61 

INajSO. 




1 508 Xl0“* 

0-0236 

0-64 

iZnCl, 




! 550 X 10-* 

0-0220 

0-70 

iZnSO^ 




i 262-1 x 10 -* 

0-0218 

0-68 

iCuS 04 




1 257-7x10-* 

0-0216 

0-70 

AgNO, 




! 676 xlO-* 

0-0210 1 

0-50 

HCI . 




1 3000 XlO-* 

0-0159 

0-17 

HNO 3 




2990 X10-* 

0-0150 

0-17 




• 

1970 XlO-* 

0-0120 i 

1 

0-17 



(Ohms and 
cm.s.) 

1 dh 
k'dt' 

KCl 5 per cent. 

690X10-* 

0-020 

.. 10 

1360X10-* 

0-019 

15 „ 

2020 x 10 -* i 

0-018 

20 „ 

2680x10-* 

0-017 

CUSO 4 5 

189x10-* 1 

0-022 

10 ,$ I 

320X10-* 

0-022 

M 15 „ 

421 XlO-* 

0-023 




1 dk 
k' dt' 

K 2 SO 4 5 per cent. 

460x10-* 

0 022 

.. 10 


860 X 10 -* 

0-020 

ZnS04 5 


191 XlO-* 

0-022 

,, 10 


321 XlO-* 

0-022 

15 


415x10-* 

0-023 

„ 20 


470x10-* 

0-024 

„ 25 


480x10--* 

0-026 

30 


440 X10-* 

0-027 


‘ F. Kohlrausch, Lehrbuch der Praktischen Physik. 
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In all cases it is necessary to observe the temperature of the 
electrolyte at the time of measurement, since the resistance falls 
about 2*4 per cent, for a rise in temperature of one degree when 
the temperature is 18° C. 

Application of Thermodynamics to Reversible Cells. —The 

second law of thermodynamics can only be applied to processes 
which are strictly reversible, that is to say, will proceed in either 
direction when one of the forces producing equilibrium is increased 
by an indefinitely small amount. A gas enclosed in a cylinder 
by means of a frictionless piston affords a good example, for if 
the pressure inside the cylinder exceed that outside by ever so 
small an amount, the piston is driven outwards, and when the 
pressure outside is greater than that inside by however small an 
amount, the piston moves inwards. If the piston is not friction¬ 
less, it requires a finite difference of pressure on the two sides to 
move it, and the work done in moving it in opposition to the 
force of friction is irrecoverable ; the process is then irreversible, 
in the thermodynamic sense. 

In the case of an electric cell, we have reversibility when there 
is no polarisation, as in the case of a DanielFs cell, since at each 
electrode the ion liberated does not alter the chemical nature of 
the electrode, and we have already seen (p. 173) that in such a 
case an electromotive force, however small, will produce a current. 
It is also evident that if the current be allowed to flow until a 
certain amount of anode is dissolved and an equivalent amount 
of metal is deposited on the cathode, we can, on reversing the 
current by some external means, bring the cell back again to its 
original condition. This in itself is a satisfactory test for 
reversibility in the case of a cell. 

Whenever a current flows, an amount of work i'^ri is converted 
into heat in the cell, and this is irreversible, since the process 
cannot be reversed ; that is, the application of heat will not 
produce the current. Another source of irreversibility is the 
diffusion that takes place when there are two liquids in the cell, 
but we shall assume the currents and times taken to be small 
enough to justify us in neglecting these two irreversible processes. 

Let us then consider a reversible cell whose electromotive force 
is e at absolute temperature T, which can be maintained constant, 
and let the cell produce current until a charge q has passed round 
the circuit. Drawing an indicator diagram for the process 
(Fig. 181), PQ represents the passage of the charge q round the 
circuit, and this line is parallel to the axis of q, since the electro¬ 
motive force is constant at constant temperature. Now thermally 
isolate the cell, and let a further infinitesimal charge pass ; the 
only source of energy is now the cell itself, and let us suppose 
that the using up of the energy of the cell causes drop of tempera- 
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ture 8 T. The temperature is now T — 8 T, and the electromotive 

dc dc • 

force ST, where — is the rate of change of electromotive 
di d 1 

force with temperature. On our diagram this change is repre¬ 
sented by the path QR. Now, main¬ 
taining the lower temperature con- ^ 
stant, pass a current in the opposite ^ ^ 

direction to the first, until the charge \ ^ 

q has passed through the cell; this ^ * 

brings us to the point S. Then pass 

a sufficient charge to bring the cell, _ 

when isolated thermally from outside ^ 

sources, back to its original tern- Fig. 181. 

perature T. 

If all the processes are carried out by indefinitely small differ¬ 
ences between the electromotive force of the cell and the applied 
external electromotive force, every part of the cycle is reversible, 
and the two adiabatic processes represented by QR and SP are 
identical and the cycle is complete. 

It is shown in works on thermodynamics that in any reversible 
cycle between two temperatures, the ratio of the useful work 
performed during the cycle to the heat drawn from the source at 
the higher temperature, is equal to the ratio of the difference in 
the two temperatures to that of the source, or 

A-Ai_T-~Ti 
A ~ T ’ 

The work done by the cell during the process PQ is eq, and that 

restored to the cell during the process RS is ^ST^^, and if 

8 T is so small that the difference in the amounts of work repre¬ 
sented by the processes QR and SP is infinitesimal, the balance 

of useful work done by the cell is . 8 T . 

\ di / di 

and this is equal to h—h^, the excess of heat absorbed over that 
given up, so that we have from thermodynamics, 


? .ST. 


from which. 




<fT_^ 

T' 

... ds 


This relation holds, whatever the chemical changes going on in 
the cell, since, being reversible, it is brought back to its original 



188 


ELECTROLYSIS 


CHAP. 


condition on completing the cycle, for as much charge has 
passed through it in one direction as in the other. 

The actual heat h drawn from the source depends upon the 
work done, eq, and the energy supplied by the chemical reactions 
in the cell. If H be the amount of heat measured in ergs, which 
is liberated by the chemical processes occurring when a unit of 
charge passes through the cell, llq is the amount liberated during 
the process PQ, and the work done being eq, we have by the 
principle of the conservation of energy 

eq-=-llq+h, 

that is, h"Cq—Viq, 

and substituting this value of h in our previous equation we get 

T* 

or, '-H+Ta- 

This is known as the equation of Helmholtz. From it we see 

dc 

that when the temperature coefficient y- is zero, ^=H, and the 

a 1 

energy of the current is exactly supplied by the chemical reactions 
occurring in the cell. This is approximately the case in the 
DanielPs cell, in which case H~2'66x4T8x 10'^ = M12x 10® 
e.G.S. units, and therefore ^ = 1T12 volts. 2-66 is the number of 
calories liberated when one equivalent of zinc (0-00338 grammes) 
replaces an equivalent amount (0*00329) of copper in the sulphate. 
The observed electromotive force of the Daniell is about 1*09 volts. 
If the electromotive force of the cell increases with rise in 
de 

temperature, ^ is positive and ^>H. Hence, in order to supply 

the energy necessary to maintain the current, the heat of the cell 
jtself is drawn upon, and the cell is thereby cooled. On the 
other hand, if the electromotive force falls with rising tempera- 
dc 

ture, "Y is negative and ecM. In this case the energy liberated 

by the chemical reaction is greater than that required by the 
current and the cell gets warmer when running. 

Jahn 1 determined experimentally the electromotive force of a 
number of cells, and their temperature coefficients at a number 
of temperatures, also the heats of chemical reaction by means of 
the ice calorimeter, and found the results to be in accordance 
with the equation of Helmholtz. 

Standard Cells. —The two most important cells used as stan- 

» H. Jahn, Wied. Ann., 28, p. 491. 1S86. 
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dards of electromotive force are of the reversible type, thus 
ensuring constancy of electromotive force and temperature coeffi¬ 
cient; they are the Lntimer-Clark cell and the Weston or 
Cadmium cell. There are many patterns of these cells; one 
very useful pattern of the Clark cell due to Lord 
Rayleigh is shown in Fig. 182. Through the 
bottom of each limb of the H-shaped tube is 
sealed a platinum wire to serve as terminal. 

Mercury is poured into one limb, and upon this 
rests a paste consisting of mercurous sulphate and 
zinc sulphate, and in the other is an amalgam of 
zinc (10 per cent. Zn), upon which rests a layer 
of crystals of zinc sulphate. Zinc sulphate solution 
fills the tubes above the cross-piece, and the 
whole is sealed up with corks and paraffin wax. 

According to Jiiger and Kahlc (Reichsanstalt), the E.M.F. is 

1 *4328 -- 0-00119(/ -15) -0-000007(/ -15)2 volt, 

where / is the tcm])erature Centigrade. 

In the Weston or Cadmium cell, cadmium amalgam and sul¬ 
phate replace the zinc amalgam and sul])hatc of the Clark cell. 
In 1908, the International Cojiference on Electrical Units and 
Standards adopted 1-0184 volt as the electromotive force of a cell 
of tliis type at 20'^ C., the amalgam containing from 10 to 13 per 
cent, of cadmium, 'lliis value was subsequently revised to 
1*0183 volt and this figure fixes the international volt,'’ although 
it was the original intention that the unit of potential difference 
should be derived from those of current and resistance. The 
international units served a very useful purpose for many years, 
but reference is now (since 1948, by international agreement) 
made to the absolute units. Since the standard Weston cell is 
found to have at 20'^ C. an electromotive force of 1*01864 absolute 
volt, the inteniational volt is l-01864/l-01830 = l-00034 absolute 
volt. 

The Weston cell replaced the Clark cell because it lasts better. 
In addition, it has a smaller temperature-coefficient. In fact, the 
E.M.F. at /C C. exceeds that at 20"^ C. by 
-39*39 X 10-^>(/-20) -0*903 x 10-c(/~20)2 

+0*0066 X 10~<^(/-20)3-0*00015 X 10-6(/-20)4 volt.i 

Standard cells must not deliver currents above a microampere 
or so. 

Concentration Cells. —The possibility of constructing cells in 
which the source of energy is not due to chemical action but to 
the diffusion occurring between two solutions of the same sub- 

^ For details, see P. Vigoureux and C. E. Webb, “ Principles of Electric and 
Magnetic Measurements," p. 14. 1947. 
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stance at different concentrations was first pointed out by 
Helmholtz. 1 In both the cells indicated by the formulae 

Cu I CUSO 4 (concentrated) | CUSO 4 (dilute) [ Cu 
and, Ag | AgNOs (concentrated) j AgN 03 (dilute) | Ag 

the metal in contact with the dilute solution goes into solution, 
and that in contact with the concentrated solution receives a 
deposit when the cell is in action. As the metallic ions are positive 
the latter becomes the positive pole of the cell. 

In order to examine the mode of change of the concentration 
of the two solutions, let us consider that u-\~v gramme-equivalent 
of metal is dissolved at the anode, and an equal quantity deposited 
at the cathode, where the ionic velocities of the positive and 
negative ions are respectively u and v. We have for the silver 
cell, as on p. 179— 

Loss of Ag at cathode by deposition 
Gain ,, ,, transport—-^, 

total loss of Kg~{;u-\-v)—u~v, 

Also loss of NO 3 by transport~p, 

loss of AgN 03 --z; gramme-molecules 


On the other hand, at the anode we have— 

Gain of Ag by solution— 

Loss of Ag by transport—if, 

/. gain of Ag—(if+p)“~'W =^* 

And since there is a gain of NO 3 by transport equal to this— 
Gain in AgN 03 anode— 7 ; gramme-molecules. 


Thus the result of the process is a transference of v gramme* 
molecules of AgN 03 from the concentrated to the dilute solution. 
If instead of u~\-v gramme-atoms deposited we take one gramme- 

V 

atom, the transference of AgN 03 is equal to ~ gramme- 

V 

molecules, and - is the transport ratio of the negative ion. 

u~\-v 

Other cells have been devised in which the migration of the 
positive ion has been employed, and in this case the transference 

of the salt for one gramme-equivalent of deposit would be — 

u~\-v 

V 

gramme-molecules. Putting the transport ratio equal to 


we see that 


u 


u+v 


= 1 —«. 


> H. Helmholtz, Wied. Ann., 8, p. 201. 1878. 
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Source of Energy in Concentration Cells.-^^e may seek for 
the source of energy of the current in the diluting of the solution 
from the concentration at one electrode (Ci) to the less concen¬ 
tration (C 2 ) at the other electrode. The substance in solution 
exerts a pressure, the osmotic pressure, which has been shown by 
Pfeffer, and by van’t Hoff (see p. 176) to have the same value as 
that exerted by an equal number of molecules existing as a gas 
in a space equal in volume to the solution, and hence work is 

done as the solute expands from molecular volume to molecular 
volume 

L2 

The pressure of a gas is given by the relation PV~RT, where 
T is the absolute temperature, and R a constant that can be 
found from the volume of a given amount of gas at some standard 
temperature and pressure. 

It is usual to take V as the reciprocal of the concentration in 
gramme-molecules per unit volume, so that if this be known, R 
will enable us to calculate the osmotic pressure P at any tempera¬ 
ture T. If then we imagine the expansion of the solute to take 
place reversibly by enclosing it in a cylinder, in which works a 
piston constructed of a medium which is permeable to the solvent 
but not to the solute, so that the osmotic pressure P may be 
balanced by an external pressure very slightly less than P, 
applied to the piston— 


work for small increase dV in volume—PifV, 


total work 


or remembering that, 




PdV, 


»RT 

V 


dV, 


=RT[log, V] • 


=RT log. 


V2 

V,' 


V,=l. and, = 


work =RT log, 


C, 


Such semi-permeable membranes have only been found for a 
few substances, but the actual work done by the solute in ex¬ 
panding so that the solution becomes more dilute does not 
depend upon the mechanical method of carrying out the dilution, 
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provided that the process is reversible, which it is in the case of 
the concentration cell; for the solute may be carried back from 
the weak to the strong part of the solution on reversing the 
«;urrent by means of some external electromotive force. 

E.M.F. of Concentration Cells. —Now, work performed in pro¬ 
ducing current ergs, where q is the charge in absolute units 
(9647), equivalent to the deposition of one gramme-equivalent of 
ion, and as there is no other source of energy than the work done 
by the solute in changing from concentration Ci to concentration 
C2, and remembering that when the solute is completely dis¬ 
sociated, the osmotic pressure is double that for no dissociation, 
by Avogadro's law— 

Work=2RT log, S¬ 


and therefore, for n gramme-equivalents of solute transferred by 
the passage of the above charge, we may write 

eq=2nRT: log. 


Taking the density of hydrogen as 0 0000899 gramme per 
cubic centimetre at 0°, and the atmospheric pressure of 76 x 980-6 
X 13-59 dynes per square centimetre, the molecular weight being 


2-016, the molecular volume (V) is since PV=RT- 


76 X 980-6 X 13-59 X 


2-016 

o-booo^ 


=RT, 


from which. 


R=8-32xl0’. 


C C 

And remembering that log.pJ =2-303 logio^-, we have— 

L2 L2 

8-32x107x2-303x2..t,,._ Ci 


9647 

And at 18° C., T=291, 


-«T logic 


C,’ 


. e =5-78 X 2n logic 7^ X 10®, 

E =0-0578 X 2n logic ^ volts. 


Thus the electromotive force of a concentration cell consisting 
of two solutions is proportional to the absolute temperature, and 
depends upon the ratio only of the concentrations. In the silver 


nitrate cell suggested above, n= 


61-8 

54+61-8 


=0-533 (see table on 
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p. 181), and at temperature 18° C., with ratio of concentrations 

10 : 1 , 

E=0-0S78x2x0-533=0-0615 volt. 


The value found by Nemst is 0*055 volt at 18° C., and the dis¬ 
crepancy between this and the calculated value he attributed to 
the incomplete dissociation of the salt in solution. 

Since there is no resultant chemical reaction in the concen¬ 
tration cell, the total amount of solute remaining constant, and all 
the processes being reversible, we may apply Helmholtz's E.M.F. 
equation of p. 188— 

putting H=0, 
then, e 


or. 


d^__dT^ 

e~^T^ 


And integrating— 

logc ^=log^ T-fconstant. 


logc ^—constant. 


or e is proportional to T, which is in accordance with the relation 
found. 

Amalgam Concentration Cells. —^Another form of concentration 
cell in which the electrodes are amalgams, the two having different 
concentrations of the metal, and the electrolyte being a solution 
of some salt of the metal, was constructed by G. Meyer. ^ The 
electromotive force acts in such a direction that the metal is 
transferred from the amalgam of greater to that of less concen¬ 
tration, and since it has been shown that the osmotic pressure of 
the metal in an amalgam is proportional to the concentration, 
the electromotive force may be calculated as above. For cells 
with amalgams of Zn, Cd, Pb, Sn, Cu and Na, there was agree¬ 
ment between the calculated and the observed electromotive 
forces. 

Now the expression for the work done by a gas or a solute in 
expanding, namely 


r‘Pifv, or. r 

Jp, Jt, 


v.RT 


dV 


depends upon the value of P, or of 


RT 
V ' 


(p. 191) 


and the value of the gas constant R is calculated on the assump- 
• G, Meyer, ZnUchr. Phy$. Chem., 7, p, 477. 1891. 


7 
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tion that the molecule is undissociated ; but it follows that when 

dissociation occurs, the pressure increases in accordance with 

Avogadro's rule, that at equal temperatures and pressures, 

equal volumes contain equal numbers of molecules. Hence if 

each molecule dissociates into n others, on going into solution 

p RT 
P=n^. 

And the expression for the work done on expansion becomes 


or since PV = 


Jv -^V=«RT log. 
=constant, at constant temperature— 
work=nRT log* 


and the value of the electromotive force at the contact of the 
concentrated amalgam with the solution is given by 

eqr=nRT log, 

^2 

where qr is the quantity of electricity which passes from the 
concentrated amalgam to the solution for one gramme-atom of 
the metal to be transferred, which is 9647r absolute C.G.S. units ; 
r being the valency. 

. _«RT , P, 

''“9647r Pj’ 

Pi and P 2 being the osmotic pressures of the metal in the amalgam, 
and in the solution respectively. 

Similarly, at the electrode of weaker amalgam— 

nRT , P 3 
^ 9647r P/ 

where P 3 is the osmotic pressure in this amalgam, and the electro¬ 
motive force acts from the amalgam to the solution. The 
resulting electromotive force due to the whole cell is therefore the 
difference between these two ; 

nRT . Pi 
9647r P,’ 


The results of Meyer’s experiments agree with those calculated 
on the assumption that the molecular weight of the metal in the 
amalgam is equal to its atomic weight, the osmotic pressure being 
proportional to the concentration. 

A further type of concentration cell may be employed, namely, 
one in which a gas, such as hydrogen, is dissolved, or rather 
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occluded by platinum or palladium. On immersion in a solution 
of sulphuric acid there is an electromotive force between the 
electrode and the solution, owing to the difference in osmotic 
pressure between the occluded gas in the electrode and the ions 
in the solution. Wulf ^ has shown that up to pressures of 1000 
atmospheres, the observed and the calculated electromotive 
forces are in agreement. 

Solution Pressure. —The consideration of the relation between 
osmotic pressure and electromotive force, particularly in the case 
of amalgams, enabled Nernst to make a great step forward in the 
theory of the voltaic cell. Ever since its discovery by Volta 
there had been a controversy regarding the location of the electro¬ 
motive force in the circuit. While, on one hand, Volta and his 
followers maintained the junction of the metals to be the seat of 
the electromotive force ; on the other hand, Davy looked to the 
contact of the metal and the solution, and explained the electro¬ 
motive force in terms of the chemical affinity of the metal for 
the acid in solution. The experiment of the electrification of a 
copper and a zinc disc when placed in contact and then separated, 
seemed to bear out Volta’s contact hypothesis, but this effect 
was explained by the chemical school of physicists on the ground 
of the difference in chemical affinity of copper and zinc for the 
oxygen of the air. 

Following the experimental work on concentration cells, 
Nernst - ex])lained the electromotive force in terms of the work 
done by the ions in travelling from places of higher to places of 
lower concentration, on account of the osmotic pressure exerted 
by them. When a metal is placed in a solution, the osmotic 
pressure of the ions in solution drives the ions upon the metal, 
but the ions in the metal itself having a certain pressure tending 
to drive them into solution, there will be equilibrium when these 
two pressures are equal. 

Thus for every metal there is a particular osmotic pressure of 
the metallic ions in solution, for which neither deposition nor 
dissolving will occur. This is called the solution pressure of the 
metal for the given solvent. FTom the reasoning given above 
for concentration cells, it follows that the electromotive force at 
the contact of a metal with its solution is 


RT . 

‘-%47 ‘“ S . 


P 

P 


absolute units, 


where r is the valency of the metal, P the solution pressure, and 
p the osmotic pressure of the ion in solution. 

The electromotive force directed from a metal to the normal 


' T. Wulf, Zeitschr.f. phys. Chem., 48, p. 87. 1904. 

• W. Nemst, Zeitschr. Phys. Chew., 4, p. 129. 1889. 



CHAP. 


196 


ELECTROLYSIS 


solution of its salt has been determined by Ostwald, the values 
being for— 


Mg, +1*22 volt 
ZUf “|-0*51 ,, 
Al, +0*22 „ 
Cd, +0-19 „ 
Fe, +0*06 „ 


Pb, —0*10 volt 
H, -~0-25 „ 
Cu, —0-60 ,, 
Hg,-0-99 „ 
Ag, -1-01 „ 


From the last equation, we may find the solution pressure P 
for the metal, if we take p to be the osmotic pressure due to the 
metallic ions in the normal solution. In the case of hydrogen, 
taking two atoms to the molecule in the gaseous state, and the 
density 0*0899 gramme per litre at O'" C. under the atmospheric 
pressure, for a normal solution of 1 gramme per litre the pressure 
2 

is atmospheres at O'" C., from van't Hoff’s law (p. 176), 

taking the molecules to be monatomic in solution. 

Hence the electromotive force between hydrogen (H 2 ) occluded 
by palladium and a solution containing 1 gramme of hydrogen 
per litre being —0*25 volt, or •—0*25 X 10® absolute units. 


-0-25 X108=--^^^-— log, ~ 
1x9647 


P P 

from which, log^ _== —10*74, and -- = 

P P 


=2*16x10-'^ 


2x2*]6xl0"*^ 


0*0899 


=4*8 X10"'* atmosphere. 


The following are the approximate values of the solutiou 
pressures in atmospheres :— 


Mg, 1023 atmospheres. 

Pb, lO'i atmospheres. 

Zn, 10*0 

»» 

H, 10-5 

Al, 105 

99 

Cu, lO-’o 

Cd, 106 

99 

Hg, 10-i« 

Fe, 102 

99 

Ag, 10-i« 


The electromotive force of a reversible cell may then be repre¬ 
sented in terms of the solution pressures of the electrodes and 
the osmotic pressures of the ions in solution ; thus, in the case 
of the DanieU cell, neglecting the electromotive force due to the 
contact of the solutions, which is very small compared with that 
due to the electrodes— 


RT , P 

'2x9647^°®V' 


RT 


•log. 


P' 


2x9647 p' 

where P and P' are the solution pressures of zinc and copper, p 
and p’ being the osmotic pressures of the zinc and copper ions 
in the solutions ; and, taking the e.m.f. from zinc to solution as 
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0*51 volt, and from solution to copper to be —0*60 (table, p. 196), 
the E.M.F. of the cell would be 1*11 volt. 

Dropping Electrodes.—At the moment of bringing a metal into 
contact with a solution, a transference of ions will take place in 
accordance with the respective osmotic and solution pressures. 
If the circuit is not completed through some other electrode, this 
transference of the ions will produce an electromotive force at 
the contact of the metal and the solution, which will increase as 
the transference of ions continues, until a limit is reached, at 
which further transference is prevented. Thus, in the case of 
mercury in contact with a solution of sulphuric acid, it will be 
seen from the table of solution pressures that the mercury ions 
in the solution will pass to the jet (Fig. 183), since the solution 
pressure of the mercury is extremely small, and is less than that 
for even a very weak solution. The mercury will then become 
charged positively with respect to the solution. This electro¬ 
motive force will, however, require an appreciable time for its 
establishment, and it was pointed out by Helmholtz that if the 
mercury issue from a small orifice in the form of a jet into the 
solution, it will break up into drops before any appreciable 
potential difference is produced, and the jet will then be at the 
same potential as the solution. Although the explanation of the 
production of the p.d. given by Helmholtz differs from the above, 
the fact of the usefulness of the dropping electrode remains. 

It will easily be seen that any attempt to measure the electro¬ 
motive force at a single contact between a metal and an electro¬ 
lyte is frustrated by the necessity of making electrical connection 
with the electrolyte by means of a second metallic electrode. 
The measurement gives us merely the algebraic sum of the two 
respective electromotive forces between the metals 
and the solution, unless we can obtain some elec¬ 
trode at which there is no electromotive force at 
its contact with the solution. The dropping elec¬ 
trode of Helmholtz supplies us with such a ter¬ 
minal, but the observations made with it were 
very unreliable until Paschen ^ constructed a form 
of it in which the mercury jet does not enter 
the liquid until it is just about to break up, the 
interval of time in which the mercury is in con¬ 
tact with the solution before breaking into drops 
being then a minimum. In Fig. 183, the leads fig. i83. 

1 and 2 go to the mercury of the jet and the pool 
of mercury in the vessel. On measuring the difference of 
potential between 1 and 2, we thus obtain that between the 
mercury at rest in the pool at the bottom and the solution. 

1 F. Paschen, IVied. Ann. 41, p. 42. 1890. For a recent study, see R. J. 

Newcombe, Nature, 169, p. 240. 1952. 
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Once this difference of potential between the mercury and the 
solution has been found, the dropping electrode can be dispensed 
with, since the resulting difference of potential, produced by 
combining this with other electrodes, can be found by the 
ordinary means. 

Normal Electrode. —It is convenient to employ some constant 
form of electrode of useful pattern and known electromotive 

force, to combine with other electrodes 
whose electromotive force it is required 
to find. This usually consists of mer¬ 
cury upon which rests a layer of mer¬ 
curous chloride, and again upon this a 
normal solution of potassium chloride, 
which fills the remainder of the vessel 
and the tube T (Fig. 184). The latter 
can be placed in any cell in which the 
electromotive force at contact with 
the electrode and the solution is re¬ 
quired. The resultant electromotive 
force being measured in the ordinary 
way, that of the normal electrode may be deducted and the 
unknown electromotive force obtained. 

The electromotive force of the normal electrode is 0-56 volt, 
the mercury being positive to the solution. 

Capillary Electrometers.— An alternative method of measuring 
the electromotive force at the contact of mercury and a dilute 
solution of sulphuric acid has been devised by Lippmann.^ We 
have seen that the electromotive force is so directed that the 
mercury is positive with respect to the solution. Now it is found 
that the surface tension of the mercury in contact with the solu¬ 
tion depends upon this electromotive force, and becomes a 
maximum when this is zero. If, then, the difference of potential 
between the mercury and the solution be varied by any means 
and in either direction, the surface tension diminishes. 

The mercury in a long tube (Fig. 185) will not flow through the 
capillary part at the lower end, unless the pressure of the mercury 
exceeds a certain amount, depending upon the surface tension of 
the mercury and the diameter of the tube, and since the drawn- 
out end of the tube tapers slightly, there will be an equilibrium 
position of the mercury meniscus for each value of the surface 
tension. The pressure of the mercury may be adjusted by 
varying the height of the column, by means of an arrangement 
not shown in the diagram, until the meniscus is in the field of 
the microscope, as shown at A. For an increase in the surface 
tension the meniscus will rise, while for a decrease it will sink, 
» G. lippmaau, Ann Chim. Phys., V. 5. p. 494. 1875. 
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and its position may therefore be adjusted by varying the resist¬ 
ance in the box R and therefore the difference of potential 
between the mercury in the capillary tube and that in the beaker. 
This difference of potential is adjusted until the meniscus reaches 
its highest point, or rather lowest, as seen inverted in the field of 
vision of the microscope, as at A, when the dilute sulphuric acid 



and the mercury in the capillary tube will be at the same poten¬ 
tial. The potential difference as measured by the current in the 
resistance box R is equal to the electromotive force that exists 
between the mercury and the solution in the beaker. 

A very convenient form of capillary electrometer is shown in 
Fig. 186. The capillary tube is of uniform bore and is nearly 
horizontal. Its lower portion contains mercury and its upper 



portion, together with the vessel, contains dilute sulphuric acid. 
The left-hand terminal is naturally positive to the solution, and 
if this difference of potential be diminished, the surface tension 
of the mercury surface in contact with the solution is increased, 
and the meniscus travels down the tube, reaching a limiting 
position when this difference of potential vanishes. If the differ¬ 
ence of potential be further changed in the same direction, the 
meniscus travels back again. The sensitiveness of this electra 
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meter may be increased by making the inclination of the tube 
to the horizontal less, by means of the screw, and by reading the 
position of the meniscus by means of a microscope. 

Changes of p.d. of the order of 0*001 volt may be detected by 
means of this apparatus. 

Secondary Cells or Accumulators. —In principle, any form of 
reversible cell may be used to store energy, for when a current is 
driven through the cell in the reverse direction, deposition will 
occur at the natural anode while the natural cathode is dissolved. 
The actions are reversed when the cell is used to produce current 
and the stored energy is recovered, at least in part. 

The most generally satisfactory modem “ accumulators " or 
secondary cells are still based on the type produced by Plante in 
1859, using lead electrodes in a solution of sulphuric acid. After 
a preliminary " formingprocess, in which current is sent 
repeatedly through the cell in opposite directions, the charging 
process leaves one plate (the negative) as lead, but the other is 
oxidised to the lead oxide Pb 02 . During discharge, hydrogen 
ions, having delivered their positive charges to this latter plate, 
reduce it to a lower oxide and in the presence of the acid this pre¬ 
sumably turns into lead sulphate (PbS 04 ). Oxidation at the 
other plate also leads to formation of sulphate. When this coat¬ 
ing of both plates with sulphate readies a certain stage, the in¬ 
creasing similarity of the plates leads to a rapid fall in E.M.F. 
from the 2 * 1 volts characteristic of the fully charged cell, and the 
cell should be recharged. 

Using c for the charge carried by a positive ion, the process of 
charging may be roughly represented as follows:— 

Positive plate. 

PbS04+S04--+2H20=Pb02+2H2S04-~2^. 

Negative plate. 

PbS04 +2H+ =Pb+H 2 SO 4 +2^. 

For discharge we have— 


Positive plate. 

Pb02 +H 2 SO 4 +2H+ =:PbS04+ 2 H 2 O+2^. 

Negative plate. 

Pb+H 2 SO 4 + 0 --PbS04+H 2 O -2^. 

Hence during charge the electrolyte gains sulphuric acid. In 
fact, the density of the solution is the most convenient index of 
the condition of the cell; when fully charged it should not rise 
above the figure given by the makers, usually about 1 * 21 , and the 
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discharge should stop before the density falls below 1*17, since the 
lead sulphate then becomes insoluble: the cell is sulphated.*' 
The permissible density range is higher (1-1 to 1-25) for some cells. 

In the later stages of charge, water is lost by electrolysis; 
hence the acid level is restored from time to time by the addition 
of distilled water (not acid). With a cell in good condition, the 
E.M.F. should remain very steady 
at about 2T volts for a very large 
fraction of the discharge. The in¬ 
ternal resistance of a large cell is 
extremely low (of order 0-01 ohm 
or even less) and the type used for 
car starter batteries will supply 
currents of the order of hundreds 
of amperes for a few seconds at a 
time. 

Modern cells often use '' paste'' 
plates (following a suggestion of 
Faure), with a mixture of lead 
oxides held in a lead grid: these 
are less durable but cheaper than 
plates “ formed from solid lead 
as in Plante’s process. To obtain 
large exposed areas of active 
material and to keep the internal 
resistance low, the positive and 
negative plates are usually inter¬ 
leaved (Fig. 187) with insulating 
distance pieces between them. In 
the case illustrated, lengths of glass tubing are used for this 
purpose. 

There are also on the market alkali cells in which the electrolyte 
is an aqueous solution of a mixture of alkali hydroxides and the 
plates are metal structures containing, in pockets, hydroxides of 
nickel and of iron or of cadmium. The E.M.F. of these cells is 
about 1*4 volts and is less steady than that of a lead cell, but the 
cell is less easily damaged by overloading or by being over-dis¬ 
charged or left standing. The electrolyte is slowly weakened by 
the action of atmospheric carbon dioxide and must be renewed 
from time to time. 


BUD 


Fig. 187. 
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CHAPTER VII 


THERMO-ELECTRICITY 

The study of reversible thermo-electric effects dates from the 
discovery by Seebeck.^ in the year 1826, that a current flows in 
a circuit consisting of two different metals when a difference of 
temperature is maintained between the two junctions. He 
arranged 35 metals in a series such that, when any two comprise 
a circuit, the current flows across the hot junction from the metal 
occurring earher to that occurring later in the series. Seebeck’s 
list comprises Bi—Ni—Co—Pd—Pt—U—Cu—Mn—Ti—Hg- 
Pb-Sn-Cr-Mo - Rh - Ir - Au - Ag-Zn-W-Cd - Fe-As- 
Sb—Te, and several others of doubtful composition, such as 
brass, commercial copper etc. 

The discovery of the complementary phenomenon, the heating 
or cooling of a junction when a current flows across it, is due to 
Peltier,2 who found in 1834 that on passing a current across a 
junction from bismuth to antimony, heat is absorbed at the 
junction, which is therefore cooled, but on reversing the direction 
of the current heat is developed, and the junction is warmed. 

The Seebeck and Peltier phenomena may both be explained if 
we assiune an electromotive force to exist at the junction of the 
A B two metals, its direction being from 

bismuth to antimony across the 
junction. If the circuit (Fig. 188) 
could be completed without the intro¬ 
duction of any further electromotive 
Fig. 188 . force, a current would flow in the direc¬ 

tion BADC, a fall of potential occurring 
in the external circuit from A to B. The heat is produced by 
the current in the external circuit at the expense of the energy 
at the junction. Such a circuit, having only one junction, is 
impossible, and if the ends of the antimony and bismuth rods be 
bent round and brought into contact at a second point, the 
electromotive force at this junction is, of course, equal and 
opposite to that at the first, so that the resultant electromotive 

1 T. J. Seebeck, Pogg. Ann.. Bd. VI., 1826. 

• Peltier, Ann. d. Chim. »t de Phys., 2 Serie, 56. 1834. 
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force in the circuit is zero, and there will be no current. If, 
however, a cell be introduced, so that a current is driven in the 
direction DCBA, it is found that the junction AB is cooled, and 
from our reasoning on p. 55 we should conclude that the direction 
of the Peltier electromotive force is from B to A. On reversing 
the cell, so that the current flows in the direction ABCD, the 
junction AB is warmed, which fact again indicates the presence 
of the electromotive force at the junction in the direction B—A. 

On constructing a simple circuit of two metals—antimony and 
bismuth will do very well for our present purpose—we have seen 
that, owing to the opposition of the two equal electromotive 
forces at the junctions, there is no current. If, however, the 
junctions are not at the same temperature, these opposing electro¬ 
motive forces are not necessarily equal; in fact, they are generally 
unequal, and the resultant electromotive force equal to their 
difference Avill maintain a current. 

Let IT 2 be the electromotive force at junction 2 (Fig. 189), at 
the higher temperature, and tt, that at 1, at the lower temperature. 
In the case of the above metals W2>7ri, and 
if these are the only electromotive forces in 
the circuit, the resultant E.M.F. is Tr^—ni, and 
the current is anti-clockwise. 

It will be seen that the current itself will 
cause a cooling at 2 and heating at 1, and we 
may therefore look upon the difference of 
temperature between the junctions as the 
condition for the current to flow, and further, 
the current flows until it has brought the circuit to uniform 
temperature. 

It is not difficult to demonstrate the heating or cooling at an 
Sb-Bi junction i by placing a bismuth bar between two bars of 
Mtimony, and passing a current through the three in series as 
in Fig. 190. Two pieces of silk-covered, fine copper wire are 
wound one upon each half of the rod of bismuth; the two are 
connected to the two gaps 
of a metre bridge, and a 
balance found in the ordi¬ 
nary way. If, now, a current 
be passed through the rods Fig. 190. 

from left to right, the junc¬ 
tion A is warmed and B is cooled, and the two copper coils will 
now be at different temperatures. Since the electrical resistance 
of copper varies very rapidly with change of temperature, the 
balance of the metre bridge is now destroyed, and a galvano¬ 
meter deflection will be observed, which deflection may be 
> S. G. Starling, Katur*, Feb. 16, 1911. 
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reversed by sending the current through the rods from right to 
left. Peltier placed the junctions in glass bulbs, and observed 
the heating and cooling by the expansion or contraction of the 
air in the bulbs; but the amount of heat developed or lost is 
in all cases very small, so that atmospheric disturbances of 
temperature are liable to hide the effect sought. He also used a 
thermal junction, thus employing the Seebeck phenomenon, but 
it is desirable if possible to use an independent heat pheno¬ 
menon for demonstrating the effect. 

The Peltier effect must not be confused with the Joule pro¬ 
duction of heat. The latter, for a conductor of constant resist¬ 
ance r, is ih ergs per second, and is irreversible ; that is, electrical 
energy is always converted into heat, the reverse process being 
impossible. Also the heating effect is proportional to the square 
of the current, and is therefore independent of its sign and 
direction, whereas the Peltier effect varies as the first power of 
the current and so depends upon its direction. Thus if the 
current flowing across a junction causes an absorption of tti ergs 
per second, tt is the Peltier electromotive force, usually called 
the Peltier coefficient. A current in the opposite direction causes 
a heating at the same rate. Owing to the fact that the heat 
liberated at a junction diffuses by conduction through the mass 
of the metals, it is not convenient to measure the Peltier effects 
by means of the heating or cooling due to a known current; the 
actual method of determination will be described later. 

Measuring heat in electrical units we have : heat absorbed at 
any junction = where t is the time for which the current 

flows, the sign depending on the direction of the current. 

Laws of Addition of Thermal Electromotive Forces.—In 
measuring the electromotive force in any circuit due to thermo¬ 
electric effects, it is nearly always necessary to insert some piece 
of apparatus, such as a galvanometer, somewhere in the circuit, 
and since this generally involves the presence of more than the 
two original metallic junctions, it is important to formulate the 
laws according to which the electromotive forces produced by 
additional junctions may be added. There are two such laws. 

1. Law of Intermediate Metals ,—The insertion of an additional 
metal into any circuit does not alter the whole electromotive 
force in the circuit, provided that the additional metal is entirely 
at the temperature of the point of the circuit at which it is 
inserted. 

This law may be taken as the result of experiment, but we 
may see that it follows from the second law of thermodynamics ; 
for if a number of metals A, B, C etc. (Fig. 191), are joined in 
scries to form a complete circuit, there is no current in the 
circuit when the temperature is everywhere the same. Should a 
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current flow, it will immediately cause heating or cooling at the 
junctions, and the energy required to maintain the current would 
be obtained by heating some parts of the circuit 
and cooling others, the divergence of tempera¬ 
ture becoming greater the longer the current 
flows. As there is no chemical action in the 
circuit, the above process would be in contradic¬ 
tion to the second law of thermodynamics, and 
we therefore conclude that there is no current, 
and that the algebraic sum of the electromotive 
forces in the circuit is zero. The same reasoning would apply if C 
were removed, and therefore we conclude that the introduction 
of C when it is entirely at the temperature of the point at which 
it is inserted does not alter the total electromotive force in the 
circuit. 

This is equally true though the junction between A and B at 
which C is inserted should be at some other temperature, for this 
does not affect the electromotive force occurring at the unaltered 
junction of A and B, this being determined by its own tempera¬ 
ture only. 

2. Law of Intermediate Temperatures .—The electromotive force 
for a couple with junctions at Tj and Ts is the sum of the electro¬ 
motive forces of two couples of the same 
metals, one with junctions at T| and T 2 and 
the other with junctions at T 2 and T 3 . 

For, in Fig. 192 (a) let the electromotive 
force for the T 2 -T 3 couple be [e]\ and that 
for the T 1 -T 2 couple be [e]\. Then if the 
junctions at the temperature T 2 be placed in 
contact there is no change, because like 
metals at the same temperature only are 
joined. If then the junctions be opened to 
form the arrangement (^) there is again no 
change in the resultant electromotive force, 
for the two contacts destroyed both had the 
same Peltier effect at temperature T 2 , and 
these are directed oppositely in the com¬ 
pound circuit. We therefore conclude that 

Application of Thermodynamics.—Since the Peltier effect is a 
reversible one, a thermal couple is an arrangement for deriving 
useful energy by the absorption of heat at one temperature, part 
of which is given back at a lower temperature, the difference in 
the amount absorbed and that given up being the energy appli¬ 
cable for external purposes. Thus the current may be used for 



Fig. 192. 
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driving an electro-motor in which case the energy takes the form 
of mechanical work. Although the available energy is usually 
very small in amount this does noi vitiate our argument. 

Lord Kelvin ^ pointed out that, the processes being entirely 
reversible, the arrangement is in reality a heat engine with source 
at one temperature (T 2 ) and refrigerator at a lower temperature 
(Ti), and that the ratio of the heat absorbed at temperature T 2 
to that given up at Tj should be the same as that of T 2 to T], 
where T 2 and Tj are absolute temperatures. 

Now, on carrying a charge q round the circuit, the heat absorbed 
at the hot junction is TTgj, measured in absolute units, and that 
given up at Ti is ttiJ, 


hence, 

and therefore. 



Now, if TT^—TTi =^, the whole electromotive force in the circuit— 



It would therefore follow that if one junction is maintained at 
constant temperature T], then tti is constant, and e oc (T 2 —Tj). 
Now it may easily be shown that this is not true ; for if a piece 
of copper and a piece of iron wire be twisted together at one end 
and the other ends connected to a galvanometer, it will be found 
on heating the copper-iron junction with a burner, that the 
resulting current, and therefore electromotive force, increases at 
first, then diminishes and, passing through zero, actually becomes 
reversed. 

Obviously then, e is not proportional to T 2 —Ti. 

Lord Kelvin (then Prof. Wm. Thomson) therefore concluded 
that the Peltier effect was not the only source of electromotive 
force in the circuit, and pointed out the likelihood of another, 
existing between the different parts of a metal at different 
temperatures. 

If then, for any substance, a is the electromotive force due to 

fTf 

unit difference of temperature between two points of it, adT 

J T j 

is the total electromotive force between points at temperatures 
Ti and T 2 , and taking and for the value of a in the two 
metals A and B in Fig. 193, our equation of electromotive forces 
for the whole circuit will now become 


* W. Tbomaon, PkU. Trmu. Roy. Soe., 1$5S. 
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«=W2—wi— J o^dt, 

the small arrows indicating the directions in which the various 
electromotive forces tend to drive the current 
round the circuit, a is assumed to be posi¬ 
tive for both metals, that is, the electro¬ 
motive force is directed from points of lower 
to those of higher temperature, and could the 
circuit be completed by a neutral conductor 
so that this is the only electromotive force 
in the circuit, the current would flow in the 
external circuit from points of high to points 
of low temperature. 

The quantity a is called the Thomson coefficient, and the 
existence of the electromotive force involves an absorption of 
heat if a current flows in the direction of the electromotive force, 
since its direction is such that the electromotive force tends to 
maintain the current, and therefore to give energy to the circuit, 
which energy is supplied at the expense of the heat of the metal 
itself. If the current be reversed, heat is liberated for a corre¬ 
sponding reason (p. 55). The sign of a may be positive or nega¬ 
tive, which means that the Thomson electromotive force may 
act in such a direction that it tends to drive the current in the 
external part of the circuit from points of high to points of low 
temperature or vice versa. Thus, if <7 is positive the state of 
affairs is shown in Fig. 194 (i), where the ordinates indicate the 
temperature, and the small arrows the Thomson electromotive 
force. The current passing in the direc¬ 
tion ABC absorbs heat in AB, since it 
is flowing in the direction of the electro- 
motive force ; that is, from points of ^ »bsorbed 
lower to those of higher temperature ; 
and for a corresponding reason it gives 
out heat in BC, just as a flow of an 
ordinary liquid down a tube heated at 
B would do. On the other hand, if a 
is negative, we have the condition Fig. 194. 

shown in Fig. 194 (ii). A current 

flowing from A to C would give out heat in the part AB and 
absorb heat in BC ; that is, it gives out heat when flowing from 
colder to hotter points, and absorbs it when flowing from hotter 
to colder points, so that if we wish to find any analogy with the 
flow of liquid in a tube heated in the middle, we must imagine 
the liquid to have a negative specific heat, 
a is positive for the metals Cd, Zn, Ag, Cu, and negative for 
Fe, Pt and Pd. 


0) 


X.. 


‘ ‘-f 

i heat jfhn our 
B 2 = ^ 




. \htJiit (ft out ! heat absorbed ; 


(iO 


6 -g* 



THERMO-ELECTRICITY 


CHAP. 


The Thomson effect may be exhibited ^ in a manner similar to 
that for the Peltier effect, but in this case the difficulty is greater, 
on account of the fact that a considerable temperature gradient is 
necessary for the exhibition of the effect, and thus it is not easy 
to measure the small additional reversible heating and cooling 
due to the current. If, however, an iron rod be bent into the 
shape shown in Fig. 195 with the two limbs, on which the resist¬ 
ance coils P and Q are wound ver)^ 
close together and packed round 
with asbestos wool, then if P and Q 
are placed in gaps of a metre bridge 
as before and a balance found, a 
current of 10 amperes flowing round 
ABC will cause a disturbance in the 
balance when B is heated to red heat 
with a bunsen burner, and A and C 
immersed in mercury baths. In 
ixiis way a very steep temperature gradient in BA and BC can 
be maintained, and the change of resistance in P and Q, due to 
the current, occurs in a manner which shows that heat is given 
out when the current flows up the temperature gradient, and 
the limb in which the current flows down the temperature 
gradient is cooled. 

The effect with copper is in the reverse direction, and is much 
smaller, both on account of the smallness of the Thomson coeffi¬ 
cient < 7 , and the difficulty of maintaining sufficient temperature 
gradient owing to the high thermal conductivity of the metal. 

Thermo-electric Power. —The equation of electromotive force— 

^=7r2—771— J a^T+j 
may be written in the form— 

^ being the rate of change with temperature of the Peltier 
ai 

coefficient for the two metals, and w, and wj the upper and lower 
limits of the integral j^^dT. 

Or, again, 

• S. G. StarUng. Nature, Feb. 16, 1911 
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Differentiating this equation with respect to T, we have— 

de dtt , , 

dc 

— is called the Thermo-electric power for the two metals, and 
d 1 

is the rate of change of the electromotive force acting round a 
couple with change of temperature of one junction. The thermo¬ 
electric effects in a circuit may be very conveniently represented 
on a diagram in a manner suggested by Prof. Tait,^ the values 
de 

of —, the thermo-electric power, being plotted against the 
a 1 

temperature. Then, at a temperature represented by the point 
F in Fig. 196, the thermo-electric power P is represented by EF, 
and the thickness of the strip being rfT, 

de 

area of strip=-~ , dT=TddT—de, 
d\ 

Hence the area of the strip represents the electromotive force 
acting round the couple, the difference of temperature of the 
junctions being dT. 

By the law of intermediate temperatures, the electromotive 
force round a couple having junctions at temperatures repre¬ 



sented by D and C respectively is equal to the sum of the electro¬ 
motive forces for a number of couples having differences of 
temperature dl, provided that the first junction has temperature 
corresponding to D and the last to C. Thus, the electromotive 
force is equal to the sum of the areas of strips, such as EF, and 
this is the area of the whole figure ADCB. 

The electromotive force for finite differences of temperature 
may be found by experiment, by measuring the total electro- 

* Prol. Tait, Proc, Roy. Soc. Edin., p. 597. 1871. 
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motive force round a circuit, when one junction is maintained at 
constant temperature and that of the other varied. The shape 
of the curve usually obtained is shown in Fig. 197, and the rate 
of increase of e, when the temperature of the hot junction is 

AB 

represented by OB is the ratio ^, where AC is a tangent to the 

BC 


curve at the point A. 
Thus, 


it _AB 

St““bc 


and the curve (Fig. 196) may now be plotted for P, the thermo¬ 
electric power as derived from Fig. 197. 

The experimental methods of measuring the electromotive 
force due to a couple will be considered later, but we may note 
that the E.M.F.-Temperature curves for most metals approxi¬ 
mate to parabolas, which would lead to the (thermo-electric 
power)-(temperature) curves being straight lines, as we shall see 
on p. 215. 

Second Law of Thermodynamics. —In applying the second law 
of thermodynamics to the couple, we must now take the Thomson 

effect into account, since the 



Fig. 198. 


heat is not all absorbed at 
the hot junction nor all given 
up at the cold junction. 
Suppose a charge q to pass 
round the couple consisting 
of metals A and B, having 
its junctions at temperatures 
Tg and Tj (Fig. 198). As 
before (p. 206), when charge 
q passes round the circuit in 


an anti-clockwise direction in 


the figure, the heat absorbed at the hot junction is that 

given out at the cold junction, q-ni, that given out in passing 

through the metal A is qj o^dt, and that absorbed in passing 


through B is a^^dt (see Fig. 193). 


Let us consider the couple to consist of an infinitely great 
number of small couples at temperatures, T„_i and etc., 

varying from Tj to T 2 . From the law of intermediate tempera¬ 
tures ip. 205), the electromotive force for the whole couple is the 
sum of the electromotive forces for the small couples. For the 
small couple whose jtmctions are at T.+X and T,_i, bearing in 
mind the direction of the current and the fact that when thu is 
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in the direction of the Peltier or Thomson electromotive force, 
heat is absorbed and vice versa, we see from Fig. 198 that— 

heat absorbed at 
heat given out at 

heat given out in metal A at mean temp. 
heat absorbed in metal B at mean temp. T^^-qa^dT. 

Since all these processes are reversible, we can apply the second 

law of thermodynamics to the cycle, which states that 

Thus, for the elementary cycle— 

T,_:i T7 ‘ 


For the adjacent small cycle we have— 

qa^,dT 

r T T ' T 

-•n-l ^n-3 ^ n~2 ■*n-2 


where the lower temperature for one cycle is the upper tempera¬ 
ture for the next, and so on. Adding up these equations for all 
the elementary cycles, remembering that the first has upper 
temperature To, and the last, lower temperature T|, the terms 


etc., all cancel out except the first and the last. 

i n+l 


^2 M J1 ^ J 1 A 


or, 


7^2 

'^2 


T, 


O-yr^O. 

1 1 



1' are tlie limits at T 2 and I ] of the integral 





Differentiating this, we have—■ 



Substituting this value of a.—< t,, which is a consequence of the 
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application of the second law of thermodynamics, in equation— 
de diT 


we have. 


dt dT 

de dv 
dT^ d:Y 

dtt 

'"dT 


-T±i'”\ 

^iT\T/ 


l/t- // rp 


1 d^ 
T' dT 


—’'I 

T2J 


(p. 209) 


From which. 


'V 


tt-T 


de 

dT 


Thus the Peltier coefficient for the junction of a fair of metals is the 
product of the absolute temperature of the junction {T) and the rate 
of change of the electromotive force for the whole circuit with change 

of temperature of the junction 

Thermo-Electric Diagram. —Let us now return to the con¬ 
sideration of the thermo-electric diagram ; we shall find that the 

de 

relation tt—T — enables us 
d i 

to interpret the diagram 
more fully than we could 
hitherto. If A, Ag (Fig. 199) 
is the line whose ordinates 
are the thermo-electric 
powers P at different tem¬ 
peratures, of the metal A, 
with respect to the metal 
B, the area AgAiBjBg re¬ 
presents the electromotive force acting round the couple when 
the temperatures of the junctions are Tj and Tg. These, on 
the diagram, are imagined to be measured from the absolute 
zero of temperature, the direction of the effective electromotive 
force round the circuit being in the order of the letters, that is 
anti-clockwise in the diagram. 

Now 7Ti=Tjf^=TCPi. 

But A 2 B 2 =P 2 , and OB 2 =T 2 , 

/. 7r2=area of rectangle BgAgDO. 

Similarly, Tri=area of rectangle BiAiEO. 
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Again, from equation 


on p. 211 ; 


d 

^t\T 

■n dc ^ 

Since. 

and, (a„--a,)iT=T<iP. 

But the area of the strip LM is Ti^P, because LM==T, and 
width of strip =iiP. 

'•2 

((7 ^—area A 1 A 2 DE. 


r 


We can therefore identify all the thennal electromotive forces 
acting round the couple, as areas upon the diagram. 

Thus, 7r2=area B 2 A 2 DO, 

7ri==area BiA^EO, 


and, 


cT 5 )iT=area A1A2DE. 

Which would, from our electromotive force equation— 

give, (?=area B 2 A 2 A 1 B 1 . 

It will be seen that the Peltier and Thomson effects are electro¬ 
motive forces which would drive a current from points whose 
positions upon the thermo-electric diagram are lower to those 
which are higher. 

The electromotive force round a couple may be represented as 
a function of the thermo-electric power, or the Peltier coefficient 
for— 

^ de 7T 

^ k 


dT T 
de=V^dT= 


dT, 

■ 2 / 


and, [ef=j\dT= £(^)^T, 


where [e]* is the electromotive force acting round a couple A-B 
the temperatures of whose junctions are Tj and T, respectively, 
and P^ is the thermo-electric power of A with respect to B. 

In the above reasoning one metal (B) has been taken as a 
standard and the thermo-electric powers of the other metal (A) 
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plotted with respect to it. If now a third metal (C) be combined 
with B to form a couple, we should have an exactly similar set 
of relations for C and B. Thus for temperatures of junctions Ti 
and T 2 (Fig. 200)— 

dj=area C2C1B1B2 

7 r 2 =T 2 . B 2 C 2 > and, 77 j=Tj , BjCj, etc., 
and it follows from the law of intermediate metals that for the 
couple made up of A and C— 

^=area A 1 A 2 C 2 C 1 
7 r 2 =T 2 . A 2 C 2 and 7 ri=T 2 . AjCj. 

Hence if any one metal be taken as standard and the thermo¬ 
electric powers of a number of others be plotted with respect to 
it, the thermo-electric powers with respect to each other of the 
different metals will simply be the difference of the respective 
ordinates for the thermo-electric lines of the two metals. And 
further, if it is desired to change the standard metal, all that is 

necessary is to replot the 
curves, with the differences of 
the ordinates measured from 
the new standard as ordinates 
upon the new diagram. This 
will not change the relations of 
the thermo-electric powers of 
the different metals, nor will 
it alter any of the areas in the 
diagram, and the respective 
electromotive forces also will be 
unchanged. Thus, in Fig. 200, if we subtract AjBj, A 2 B 2 , etc., 
from all the appropriate ordinates, A 1 A 2 will now be horizontal, 
B 1 B 2 will slope downwards from left to right, and the slope of 
C 1 C 2 , will be increased, but the electrical quantities involved 
will all be unchanged. 

The metal usually taken as a standard with respect to which 
the thermo-electric powers of the others are plotted is lead, the 
reason being that the Thomson coefficient for lead is supposed 
to be zero,^ but should this subsequently prove not to be the case, 
the usefulness of the diagram would not be affected, and we 
could, if we chose, knowing the value of u for lead, replot the 
diagram, taking an ideal metal for which cr=0 as standard. 

If we assume that for lead C7==0, which is certainly very nearly 

true, and in Fig. 199 take B to be lead, equation 0 ^ 5 = 1 ^ 

a L 

becomes a,=T—, since ax= 0 . 
aY 



^ Le Roux, Ann. de Chim. et dc Phys., 4 8ehe, 10. p. 201. 1867. 
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Thus, since T is essentially positive, the Thomson coefficient o 

has the same sign as and if P increases with the temperature 
aT 

or is positive, if P decreases with rising temperature a is negative. 
It will then be seen from the diagram (Fig. 203) that for cadmium, 
zinc etc., a is positive, and for iron, palladium etc., it is negative, 

and further, that since ~=tan 0, where 0 is the inclination of a 

flT 

thermo-electric line to the axis at any point— 

a=T tan 0, 


Neutral Temperature.—So far we have made no assumption as 
to the shape of the thermo-electric lines ; but if they are straight 
lines we can then calculate the electromotive force round any 
couple when we know the equations to the thermo-electric lines. 

In Fig. 201, let Pa==WaT4-c„ and be the equations 



to the thermo-electric lines for the metals A and B. Then— 

which, when integrated gives— 

2^ —Tj 2) + (c„ -c,) (T, -Tj). 

If the temperature Tj be fixed while T 2 be varied, we see that 
the equation connecting e and Tj is that of a parabola. It may be 
written in the form— 

Hence e is zero when T 2 =Ti, which would be expected ; but 
it again becomes zero when 

T2~f"Ti Cq — 

2 

That is, when the average temperature of the junctions is 
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-«— t This temperature is called the Neutral Temperature, 

and is that at which Pa=P^, or the thermo-electric lines, 
and intersect. Calling it T,, we may 

now write the electromotive force equation— 

e= (»«.—m^) (Tj -Tj) -T,|. 

is evidently the temperature corresponding to the point E 
(Fig. 202) on the E.M.F.-Temperature diagram at which the 
curve ceases to rise and begins to descend, for on referring to 
Fig. 201 it will be seen that with one junction at fixed tempera¬ 
ture Tj, the area B 1 A 1 A 2 B 2 which represents the electromotive 
force round the couple, increases as T 2 rises, until the neutral 
point K is reached. When this is passed, as at temperature T 3 , 
the area A3KB3 must be deducted from the area BjAjK to get 

the effective electromotive 
force round the couple; for 
at temperatures below the 
thermo-electric power of B is 
greater than that of A, but this 
is reversed when is passed, 
the thermo-electric power of B 
with respect to A at being 
zero. Below the Peltier and 
Thomson effects have been so 
directed in A 1 A 2 , A 2 B 2 , B 2 B 1 , 
that they tend to drive a cur¬ 
rent round the circuit from A to B across the hot junction, but 
at T 3 the effect in B3A3 is such that it tends to drive the current 
from B to A at the hot junction, and its value grows until a 
temperature T 4 is reached, which is as much above T^ as Tj is 
below it, when area AiKBi=B 4 A 4 K, and the resultant electro¬ 
motive force round the couple is zero. This temperature corre¬ 
sponds to the point F in Fig. 202. The student may verify the 
fact that in Fig. 201— 

area (A 4 B 4 XT 4 )—areaj <T^T-farea(AiBi xTi)—areaj at,dT=0. 

If now the temperature of the hot junction be raised above T 4 
the resultant electromotive force in the couple is reversed. For 
this reason T^ is sometimes called the temperature of inversion, 
as the direction of the resultant electromotive force changes sign 
as the average temperatiure of the couple passes this value. 
Results of Experiments.—A curve such as that shown in 
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Fig. 202 is easy to determine experimentally, and from it the 
neutral temperature can be accurately found. The temperature 
corresponding to the highest point E can only be read approxi¬ 
mately, since at this point the electromotive force is changing 
very slowly with temperature. But by taking two points p and 
Y for which the electromotive force is the same, the mid-point 
between q and s is the neutral temperature T^. If this be done 
for some metal A, using lead for the metal B, (7^=0, ^^,=0, and 
Cf,—0, since the thermo-electric line for B is now the temperature 

axis, and therefore 

ma 

Also when one junction is at the neutral temperature (say 
Ti=TJ, remembering that we have, 

either from the diagram (P'ig. 199) taking as the intersection 
of AiA 2 with the axis of T, or by substitution in the equation for e 
on p. 216. Thus if the electromotive force for any chosen tempera¬ 
ture be noted from the curve (Fig. 202), can be calculated, 

and since T,=—can also be found, and the equation— 

for the thermo-electric line becomes known. 

Referring to equation cr=T tan d (p. 215), we see that when 
the thermo-electric lines are straight, tan 6 is identical with 
which is constant, and that o- is therefore proportional to the 
absolute temperature. 

If it is inconvenient to compare the given metal directly with 
lead, the electromotive forces for a couple made up of the metal 
with some other which has previously been compared with lead 
may be found, and the electromotive forces for the metal and 
lead found by means of the law of intermediate metals. 

Tait ^ found that for most of the metals the E.M.F.-Tempera- 
ture curves are approximately parabolas, and therefore the 
thermo-electric lines are straight; but exceptions occur, as in 
the cases of iron and nickel, which exhibit several points of 
inflection at high temperatures. The thermo-electric line for iron 
cuts that for an alloy of platinum and iridium at several high 
temperatures, and it is pointed out that if an Fe-(Pt-Ir) couple 
have one junction at each of two temperatures at which the 
thermo-electric lines intersect, a current will be maintained on 
account of the Thomson effect alone, for the Peltier coefficients 
at these points are zero. The curves of Fig. 203 are taken from 
Prof. Tait's paper, but the thermal electromotive forces are con¬ 
verted from his arbitrary units (the Grove ceU, E.M.F. =3=1*7 volt) 
approximately into microvolts. 

‘ Prof. Tait, Trans. Roy. Soc. Edin,, p. 125. 1873. 
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The thermo-electric lines for iron at temperatures up to 1000° C. 
have been determined by G. Belloc, ^ and these show clearly 



sd" IO(f JS(f zof ZSO* 300* 350* 400* C' 

Fig. 203. 


(Fig. 204) the points of inflection mentioned by Tait. The 
thermo-electric powers are given in microvolts per degree, with 
respect to the metal platinum, which was taken for reference. 
The effect of various percentages of carbon in the iron upon the 
thermo-electric power is also indicated by the dotted lines in the 



diagram. The approximate position of the thermo-electric line 
of silver with respect to platinum is also placed upon the same 
diagram, and it will be seen that if a silver-iron couple be con¬ 
structed and the junctions maintained at 310° C. and 620° C. 
respectively, the Peltier coefficients at these temperatures are 

‘ G. Belloc, Ann. de Chim. et de Phys,, 80, p. 42. 1903. 
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zero, and a current will then be maintained on account of the 
Thomson effect alone, the effective electromotive force acting 
round the couple being represented by the area to scale of the 
figure ABC. 

The following values of the E.M.F. in microvolts for a couple 
consisting of platinum with one of the following metals, one 
junction being at O'" C. and the other at either —190° C. or 
+ 100° C., are given by Kaye and Laby. 


Metal 

-190" 

+ 100" 

Metal 

-190" 

+ 100* 

Aluminium 

4-390 

+380 

Lead . 

+210 

+ 410 

Bismuth . 

+ 12300 

-6500 

Nickel 

+ 2220 

-1640 

Copper 

-200 

+ 740 

Silver . 

1 -140 

+ 710 

Gold . . . 

-120 

+ 730 

Zinc . 

-120 

+ 750 

Iron 

-2900 

+ 1600 

Constantan *. 


-3440 


♦ Eureka, 60 Cu, 40 Ni. 


From these results, the constants in the E.M.F. temperature 
equation on p. 216 can be found, or the thermo-electric lines 
may be determined. 

Experimental Measurements. —The electromotive force in a 
thermal couple may be measured by placing a calibrated galvano¬ 
meter in the circuit and observing the current. Then, knowing 
the resistance of the circuit, the corresponding electromotive 
force may be found ; but a much better way is to employ the 
potentiometer, as in this 
case the current in the 
couple is zero when a 
balance is obtained. Since 
the electromotive force is 
usually of the order of a 
few millivolts, the poten¬ 
tiometer must be modified 
so that it can measure 
much smaller E.M.F.'s than 
usual. A wire AB about 
a metre long (a metre 
bridge will do very well) is 
connected in series with a 
resistance box Rj (Fig. 205), a rheostat R 2 , and a secondary cell 
El. The resistance per centimetre of AB being known, the fall of 
potential in microvolts per centimetre of it can be found when 
the current is adjusted by means of Rg, so that the potential 
difference between the ends of Ri is equal to the electromotive 
force of the standard ceU E 2 . Then, the junction Ti being kept 
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in ice and water, the temperature of T 2 may be varied, and the 
electromotive force of the couple found from the length of wire 
AB necessary to produce a balance. 

A more convenient apparatus for the same purpose, made by 
the Cambridge Instrument Company, is illustrated in Fig. 206. 
The secondary cell B maintains a steady current in the circuit 
BVVSSR 2 R 1 B. Using a standard cadmium cell C between M 
and N, the current in the main circuit is adjusted by means ol 
the rheostats Rj and R 2 until a balance is obtained, and SC and 
SN are arranged to be of such resistance that for the proper 
value of the main current, the fall of potential over 50 ohms of 
circuit is 1 volt. The coil MVC has 29 sections, each of resistance 
0-05 ohm, and the fall of potential per section is thus 1 millivolt. 
VV is the slide wire upon which the final balancing is performed, 
and has a resistance of 0-06 ohm, so that the difference of poten¬ 



tial between P and Q due to the current may be varied at will 
from 0 to 30-2 millivolts. This is, therefore, the range of 
variation of the electromotive force of the thermal couple to be 
measured, the couple being placed at X. As the electromotive 
force of a thermal couple rarely exceeds 30 millivolts, the instru¬ 
ment is a very convenient one for rapidly calibrating such couples. 

If a number of points on the E.M.F.-Temperature curve 
be obtained with one junction at fixed temperature, and the 
other variable, the apparatus forms a convenient pyrometer for 
measurements of temperature over considerable range. 

Applications to Thermometry. —The electromotive force in a 
thermal couple, although very small, has, as a rule, a circuit of 
very low resistance in which to produce a current, which may 
therefore be considerable. One of the best-known applications 
is the detection of smaU amounts of radiant heat by means of 
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the Thermopile. The effect produced by one junction is multi¬ 
plied by arranging a number in series. Antimony and bismuth 
bars alternate, one set of junctions A (Fig. 207) being exposed to 
the radiation, and the other set B being protected by a metal cap 
to maintain them at constant temperature. 

A more sensitive arrangement is seen in Boys' radio-micro¬ 
meter,^ in which the couple and the galvanometer are combined 
in one instrument, the loop of 
wire which hangs between the 
poles of a powerful permanent 
horseshoe magnet terminating in 
a piece of antimony and one of 
bismuth soldered together at the 
tips. The radiation falling upon 
this junction warms it, and the 
thermo-electric force is estab- Fia 207. 

lished in the circuit, producing a 

current in the loop which, hanging in a magnetic field, experiences 
a couple. This arrangement has been modified to form a 
galvanometer by Duddell (see p. 75). 

On referring to the thermo-electric diagram (Fig. 203) it will 
be seen that some of the thermo-electric lines, for example those 
of copper and .silver, are nearly parallel; if they were actually 
parallel, the electromotive force round one of these couples w^ould 
be proportional to the difference of the temperature of the 
junctions, since the figure A 2 C 2 C 1 A 1 (Fig. 200) in this case 
becomes a parallelogram, and its area is proportional to the 
perpendicular distance between the sides AjCi and that is, 

to T 2 —Ti. This is a})proxiniately true for some couples. For 
measurement of high temperatures, tlic cou])le is usually of pure 
platinum and an alloy of platinum and iridium, or y)latinum and 
rhodium, and is enclosed in a tube of suitable material for with¬ 
standing the temperature to which it will be exposed. In series 
with the couple, a millivoltmcter may be employed, which may 
be graduated in degrees Centigrade, and is of the type described 
on p. 81. 

Thermo-milliammeter. —A sensitive form of ammeter, applicable 
to the measurement of small alternating or continuous currents, 
has been devised by Sir J. A. Fleming ,2 in which the heating 
produced by the current flowing in a fine constantan wire AB 
(Fig. 208) warms the junction of a tellurium-bismuth couple. 
The fine wires of tellurium and bismuth are soldered to the 
constantan wire, and the whole is situated in a high vacuum in a 

> C. V. Boys, Phil. Trans., 180, A., p. 159. 1889. 

* J. A, Fleming, “ Th© Principles of Electric Wave Telegraphy and Tele¬ 
phony.*' 
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glass vessel. In this way considerable sensitiveness is obtained, 
and the galvanometer G in series with the thermo-electric couple 

may be calibrated by passing a known 
continuous current through AB. Since 
the heating effect is proportional to the 
square of the current the instrument 
may be used when the current is alter- 
nating (p. 83). 

Radio-Balance.—The absorption of 
heat at a thermal junction, when the 
direction of the current is the same as 
that of the Peltier electromotive force, 
Prof. Callendar ^ for the measurement of 
radiant heat. The radiation is absorbed by a blackened copper 
disc upon which it falls, and the rise in temperature in a given 
time might be measured by means of a thermo-electric couple 
of iron and constantan, which also acts as a suspension for the 
disc. To determine the rate of absorption of energy from the 
rate of rise of temperature would require a knowledge of 
the heat capacity of the system and the losses due to con¬ 
duction and radiation, but, instead, the temperature is main¬ 
tained constant by passing a current through a second thermal 
junction attached to the disc, and varying the strength until 
the cooling due to the Peltier effect compensates for the radiant 
heat absorbed. If the resistance of the arrangement were so 
small that the heating due to the Joule effect were negligible, 
we should have— 

w =7ri, 

where w is the energy in ergs absorbed per second, it the Peltier 
coefficient, and i the current. But the resistance is never 
negligible, and the heating due to it being i^r ergs per second. 


w=7Ti—i^r, 



Calling - the neutral current Iq, for which the Joule heating is 

T 

just equal to the Peltier cooling (^o^/'=7r/o), so that the disc would 
be neither warmed nor cooled by such a current, we have— 

W==TTtl 1—~ 

\ ^0 

In the actual arrangement employed (Fig. 209) there are two 
similar discs, 1 and 2, each supported by four stout iron and four 

^ H. L. Callendar, Proc. Phys. Soc, Lond., 28, Part I. December, 1910. 



Fig. 208. 


has been employed by 
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constantan wires, the two discs being thus the junctions of an 
iron-constantan couple. The discs also form the junction of the 
single-wire iron and constantan circuit in which the galvanometer 
G is included. Suppose that the radiation falls on the disc 1, 
the arrangement will be as 
shown in the diagram, and the 
current is adjusted by the re¬ 
sistance R until the two discs 
remain at the same tempera¬ 
ture, as indicated by the current 
in G being zero. Knowing the 
current t, as indicated by the ^ 
milliammeter A, and the Peltier 
coefficient tt, w, the rate of 
absorption of radiant energy 
by the disc 1 is known. The 
neutral current Iq is determined 
by a preliminary measurement in which no radiation falls upon 
either disc. 

Should the whole apparatus become warmed by the radiation 
falling upon it, as would probably be the case when the sun’s 
radiation is being measured, both discs are affected in the same 
way, and the error due to this cause is eliminated. Also the 
radiation may be allowed to fall on the disc 2 instead of 1, for 
the purpose of making a control measurement. 

In a later design the discs are replaced by cups, for the purpose 
of rendering the absorption more complete ; the electrical arrange¬ 
ments in this case are very similar to those in the disc apparatus. 

The cup ” arrangement has also been used as a calorimeter 
and the Peltier coefficient, for a junction placed in either cup, 
directly measured. It has also been used for measuring the rate 
of emission of heat by radioactive substances. 

Pyro-electricity, —Another electrical effect due to differences of 
temperature should be noticed. Certain crystals, especially 
tourmaline, exhibit electrical charges when heated or cooled. 
The name pyro-electricity is given to this phenomenon. If a 
crystal of tourmaline be raised in temperature, one end becomes 
positively and the other negatively charged while the tempera¬ 
ture is rising, but during cooling the charges are reversed. This 
order of the charging takes place whether the crystal be heated 
or cooled from the atmospheric or from any other temperature. 
If a crystal be broken up, each part of it exhibits the same 
properties, and if tourmaline be powdered and spread on a glass 
plate and warmed, or cooled, the particles gather themselves 
together in chains, owing to the polar charges, just as iron filings 
do when magnetised. 
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It has been thought that only hemi-morphic crystals exhibit 
pyro-electric properties, but according to Hankel ^ hemi- 
morphism is not indispensable to the production of pyro-elec¬ 
tricity, and it is exhibited by other crystals, provided that their 
crystallographic axes are unequal; but, in the case of crystals 
having equal axes, only those which are hemi-morphic are pyro¬ 
electric. Boracite, quartz and fluor are among the pyro-electric 
minerals. 

Piezo-electricity. —It was discovered by the brothers Curie 2 
that if the crystals which exhibit pyro-electric properties are 
subjected to compression or tension, opposite charges of elec¬ 
tricity appear at the ends of the crystal. Under compression 
the sign of the charge at either end is the same as would be 
produced by cooling the crystal, while tension produced charges 
of the same signs as those due to heating the crystal. 

A suitable rectangular block is cut from the crystal, and a 
sheet of tinfoil laid over each end. The whole is then placed 
between ebonite blocks, to which the stress is applied. The 
quadrants of an electrometer being then connected to the tinfoils, 
the production of charge can be readily investigated. 

It was found that the amount of charge produced at each end 
of a block of tourmaline is proportional to the total force applied 
to the block and not to the pressure, and that the amounts of 
positive and negative charge are equal. 

The charges produced in this way were used at a later date for 
the measurement of ionisation current (Chap. XIV) by a com¬ 
pensation method. 

The converse effect has been used by Wood and Loomis ^ to 
produce high frequency oscillations in quartz. Tinfoil sheets 
cover the opposite faces of a slab of quartz, and the application 
of an alternating p.d. of 50,000 volts at frequency 300,000 to the 
foils produces oscillations in the quartz that can be communicated 
to a liquid. 

If the natural frequency of mechanical vibration of the quartz 
crystal coincides with that of the applied E.M.F., this quartz 
oscillator is a useful control of the frequency of oscillation in a 
valve circuit ^ (Chap. XVI). Also, an oscillator of this kind 
serves as a very useful standard of frequency for oscillatory 
electric circuits.® 

* Hankel, Pogg. Ann., Bd. 49, 60, 53 and 56. 

* J. and P. Curie, Comptes Hendus, 92, p. 186. 1881. 

• R. W. Wood and A. L. Loomis, Phil. Mag., 4, p. 417. 1927. 

^ G. N. N. Cobboid, Journ. Inst. El. Eng., 66, p. 855. 1928. 

• D. W. Dye, Phys. Soc. Proc., 88, p. 399. 1926. 
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ELECTROMAGNETICS 

We will now return to the consideration of Ampere's theorem 
given on p. 48, that an electric current is equivalent to a magnetic 
shell whose boundary coincides with the current. By a series of 
experiments, Ampere showed that the magnetic effect at distant 
points produced by a current, might in all cases be explained by 
the employment of a magnet or system of magnets, whose polar 
faces are bounded by the current. Thus a solenoidal current is 
equivalent to a bar magnet whose ends coincide with the faces 
of the solenoid, and a wire bent into a circle, when carrying 
current, is equivalent to a circular magnetic sheet or shell, whose 
polarity is N on one side and S on the other, the side whose 
polarity is N depending on the direction of the current. An 
inspection of Fig. 37 will make it clear which is the N side of the 
sheet. The following rule will be of assistance. 

Imagine the conductor to be placed in the palm of the right hand 
and the fingers closed upon it, the thumb being outstretched ; then if 
the thumb indicates the direction of the current, the fingers indicate 
the direction of the magnetic field. 

It then follows that if we look upon the N side of a magnetic 
shell, the current flows in an anti-clockwise direction as seen by 
the observer. 

If the coil has a number of turns, as in the case of a solenoid, 
the turns being approximately circles, each turn has its equiva¬ 
lent shell, and within the solenoid the N polar face of one shell 
coincides with the S polar face of the next, and the 
external effect of these inner shells is zero, but the 
N at one end of the solenoid, and the S at the other, 
produce a field similar to that of a circular bar 
magnet. 

Strength of Magnetic Shell. —The magnetic moment 
per unit area of shell is called the strength of the 
shell. Thus if a be the strength of the shell, and 
a its area, total magnetic moment of shell ==a(T. 

Further, we will define the electromagnetic C.G.S. unit 
of current as one which produces the same magnetic field at external 
points as a magnetic shell of unit strength whose boundary coincides 
with the current. 

It is not necessary to define either the thickness of the shell or 
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the amount of pole per unit area of face, as the magnetic moment 
of unit area of the shell is equal to the product of these two 
quantities ; the shell is usually considered to be indefinitely thin. 

When the current circuit is of very small dimensions, the 
equivalent shell becomes a small magnet and the magnetic poten¬ 
tial and field at any point due to it may be calculated as on p. 15. 

Thus and H = —; but whatever the dimension 

dr 

of the circuit, the method may be extended to give the same 

quantities. For the circuit ABCD 
(Fig. 211) may be divided up into a 
number of meshes by a network of 
conductors. If now in each mesh a 
current of strength equal to that in 
ABCD be considered to flow in the 
same direction, the side of each mesh 
not situated at the boundary will have 
equal and opposite currents flowing 
in it, and the total currents in the 
meshes are therefore zero, except at 
the boundary, where the resultant of 
the currents in the elements is the current in ABCD. Since 
each mesh may be replaced by the equivalent element of a 
magnetic shell of strength equal to the current, the whole shell 
thus formed is equivalent to the current ABCD. 

The magnetic potential at P (Fig. 212) due to a small element 



a of the shell is where ao is the magnetic moment of the 

yZ 

element. Now if dco be the solid angle subtended by a at P, 
rMix) is the right section of the cone of angle dw, at distance r 

r^dco 

from the vertex P, and -=cos $. 


a 


dw 


a cos 0 


Hence the potential at P due to this element may be written— 

dV =^adw. 

And the potential at P due to the whole shell is, JrfV =Jc7c^a>, 
but a being constant— 

Potential at P=crJ^fa>=al3, 

where Q is the solid angle subtended by the whole shell at P. 

It follows that the potential at any point due to a shell depends 
only upon the strength of the shell and the solid angle subtended 
by it at the point, and this is independent of any variation in the 
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shape of the shell, provided that its boundary is fixed. Thus for 
an infinite plane shell, the potential at neighbouring points is 
2t7 . o, and for a hemispherical shell the potential at the centre 



Fig. 212. Fig, 213. 


is also In . a, since in each case the solid angle subtended at P 
(Fig. 213) by the shell is In, 

Circular Current. —If a current of strength i absolute units flow 
in a circle, we can replace it by a circular magnetic shell of 
strength a=^ 

Let AB (Fig. 214) be a side view of the circle ; then to find the 
magnetic potential at a point O on the axis, all that is necessary^ 
is to find the solid angle subtended 
by the circle at O. To do this 
draw a sphere with centre O, such 
that the circle lies upon the sphere. 

area of slice ACB , 

ihen -—--where 

£2 is the solid angle required. Now 
it may be shown geometrically 
that the area of a slice of a sphere 
lying between two parallel planes is 
equal to the area of the circum¬ 
scribing cylinder between the Fig 214. 

planes, and whose axis is perpen¬ 
dicular to these planes. The area of the slice ACB is therefore 
2nrh, where h==^r—x, x being the distance of O from the plane 
of the circle. 

, ^_ 2nrh _ 2nh _ 2n{r — x) 

y2 r r 


r‘ "" T- 



» __ 
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But, magnetic potential V=oQ=iQ ; 

Noting that we have— 

V=277t/l---A^ 




By symmetry we see that the magnetic field due to the circular 
current is directed along the axis, and its value is therefore 

—— (see p. 13). 
dx 

dx dx 

=277-t{—J . X . 2x{x^-\-a^)~^-\-(x^-\‘a^)'-^} 

27 r aH 

277% 

For a point at the centre of the circle, x==0, and then H==:—, 

a 

which is in accordance with the result derived from the law on 
p. 49. 

Solenoidal Current. —Wlien the current is flowing in a cylin¬ 
drical sheet, its direction being everywhere perpendicular to the 

axis, it is said to be solenoidal, 
^ I and the strength of magnetic 


(ii) 

Fig. 215. 


. ^ P the above relation. This con- 

_U__ dition is very nearly fulfilled by 

(i) a current flowing in a wire 

closely wound upon a cylinder, 
when the thickness of the wire 
is small compared with the 
^ radius of the cylinder. 

..."p** If i be the current per unit 

215 length of the solenoid, tdx is 

that in a thin section of length 

dx (Fig 215 (i)). The strength of field at P due to this is 

where x is the distance of the plane of the circle from P. But, 
from the enlarged diagram (Fig. 215 (ii)) we see that rd6=dx . sin 0, 

• • 

sin 0 

A ^ X X* 27TaH . rd0 

And field due to section=7-^-—ro—;—7 

{x^+a^y sm B 
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Remembering that ~=sin 6, and we write the 

expression in the form— 

2TTta^r . dO ^Tria^ . dO 
sin 0 sin 0 

=27rf .sin 6 . dd. 

. - . . . ^ . . .. 


And for the whole solenoid 


C^t 

, H=2m si 

Jdi 


sin 0 . dO 


27rf cos 0 


where 0i and 02 are the values of 0 at the ends of the solenoid. 

If the solenoid consists of wire of n turns per centimetre length, 
the current in each turn being i, 

H=27rw^[cos dl ^27Tnt[cos cos 02 ]' 


When the length of the solenoid is infinite, 0i=O, and 02=n, 
and therefore— 

H =47rMf. 


Work done In carrying a Magnetic Pole round a Current.— 


Remembering that the difference in magnetic 
potential between two points is the work done in 
carrying a unit N pole from one point to the other, 
and that it is independent of the path along which 
the pole is carried, we may prove one of the most 
important laws connecting electric and magnetic 
quantities. 

Consider two points and P 2 very close to, but 
on opposite sides of, the magnetic shell AB (Fig. 
216) of which the N polar face is towards P^. The 
magnetic potential at P| due to the shell is 
H-aX (solid angle APjB), the solid angle APjB being 



Fig. 216. 


shown by the dotted arc in the figure. Similarly the magnetic 


potential at P 2 is —a X (solid angle APgB) 


/. Difference of potential between Pj and P 2 

={a(solid angle APjB)}—{--cr(sohd angle AP 2 B)} 
=a(sohd angle APiB+solid angle AP 2 B). 


As the points P^ and P 2 approach each other, the sum of the 
solid angles APjB and AP 2 B becomes more and more nearly 
equal to the solid angle subtended by the whole of space sur* 
rounding a point, that is to 47r, and since the magnetic shell may 
be considered to be indefinitely thin, the points Pj and P 2 may 
approach each other until their distance apart is infinitesimal. 
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and still they are on opposite sides of the shell. Hence the 
difference of magnetic potential between two points and P 2 
on opposite sides of, and very close to, a magnetic shell is 47 rcr, 
which is then the work done in carrying unit pole from P^ to Po 
by any path, provided that the path does not intersect the shell. 
On passing through the shell from P 2 to Pj, the direction of the 
force on the unit pole is reversed, and if the work were calculated 
it would be found to be equal and opposite to that for the external 
path from Pj to P 2 . It is not necessary to perform this calcula¬ 
tion, because the potential at a point such as Pj, due to any 
distribution of magnetisation, can only have one value, so that 
the total work for a closed path is zero ; otherwise useful work 
might be done by allowing a pole to circulate round a closed 
path, without any corresponding loss of energy in the system, 
and this is contrary to experience. 

If, however, the sheU be replaced by its equivalent current 
(cr—i) flowing round the boundary of the shell AB, the work for 
the external path from Pj to P 2 is 477 ( 7 , or ^tti, as in the case of 
the shell, but now the work required to complete the path in 
going from P 2 to P^ may be made as small as we please by taking 
Pj and P 2 sufficiently close together, there being in this case no 
magnetic material to traverse. A closed path such as we have 
described is necessarily linked once with the current, and thus 
the work done in carrying a unit pole round a closed path linked 
once with a current i is Airi, Thus the magnetic potential at any 
point in the neighbourhood of a current may be considered to 
have a number of potentials whose values differ by multiples of 
477 L The potential due to a current is therefore multi-valued. 
There is, in this, no contradiction to the principle of the con¬ 
servation of energy, for the current is not a statical phenomenon ; 
it has to be maintained by the continuous expenditure of energy 
in the battery. When the magnetic pole is carried round the 
circuit its field cuts the circuit during the process and produces 
current which, if in the opposite direction to the principal 
current, wiU cause a temporary lessening of the rate of expendi¬ 
ture of energy in the battery; if in the other direction, an 
increase in its rate. In either case we can trace the source, or 
the mode of disposal, of the energy corresponding to the work 
done in carrying the pole round the path linked with the current, 
to the change in the amount of chemical action occurring in the 
battery. After the completion of the path, the circuit is not in 
the same condition as at the start. 

Line Integral of Magnetic Field.—The work done in caiT 3 dng a 
unit pole along any path from one point to another is called the 
line integral of the field between the points. If the strength of 
field at any point of the path be H, and 0 its inclination to the 
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path, the component of the force on the pole, acting along the 
path, is H cos 6, and the work done in carrying it along an 
infinitesimal length of the path dr is 

H cos d dr. Thus the work done in _ _ \ 

carrying the unit pole from A to B is - 


H cos 0 dr. This is the line in- 


Fig. 217. 


tegral of the field along the path from A to B. 

If the field has everywhere the direction of the path, the line 


integral becomes J Yldr, 


We may now give our electromagnetic law the mathematical 
form— 

J* H cos 0 . 

where the symbol j means that we take the line integral round 
a closed path. If the path is not linked with any current— 

J H cos 0 . dr=0. 

The line integral of a field round a path enclosing unit area is 
sometimes called the Curl of the field, so that our relation would 
then be written— 

Curl H==47r (current density). 

Magnetic Field due to Straight Current.— The strength of 
magnetic field in several simple cases may 
easily be calculated from the above law. • 

We have seen that the magnetic field due > ^ 

to an infinitely long straight wire carrying ^ 

current is everywhere at right angles to the 
wire. If, therefore, we require the strength ( ] 

of magnetic field at a point P (Fig. 218), at J 

a distance r from the wire, we may draw a —-- 

circle through P having its centre on the 

wire. On carrying a unit pole round this 

circle, the field H is everywhere in the same Fig. 218. 

direction as the path, and, by symmetry, it 

is constant. 

Therefore, line integral of field=27rr . H, and, from the above 
law, this is equal to 

27rrH==47ri, 

and, H==—. 
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If the thickness of the wire be taken into account, so that its 

form is that of a solid cylinder, the field outside it is at a 

distance r from the axis, but that inside it will be different. 
For let Ti be the distance from the axis of a point inside the 
wire, and let ii be the current density, that is the current flowing 
through unit area of cross-section of the wire. This is uniform 
over the whole section when the current is steady, and therefore 
the total current within the cylinder of radius ri is nriHi. The 
field at distance due to this current is 


2{TTriHi ) 


=27Triii 


2r^i 


where i is the whole current tttHi. 

This is the actual strength of field, since the current in the 
cylindrical shell lying outside the point does not produce any 

field within it, the circular 
path inside not enclosing any 
of this current. 

Thus the field due to a cur¬ 
rent in a cylinder is greatest 
at the surface of the cylinder, 

2ti 

its value being there and 

r 

it falls off as we pass either 
outwards or inwards, being 
zero at the axis. The distri¬ 
bution of the magnetic lines 
of force is shown in Fig. 219, 
the values of H being marked 
upon the circles when that at 
the surface of the conductor 
is taken to be 2-0 C.G.S. 
units. 

Magnetic Field due to Solenoid. —For a solenoid in the form of 
a ring, frequently called an endless solenoid, the line integral of 
the field round the axis of the solenoid (Fig. 220) is 27rrH. If, 
then, there are n turns of wire per centimetre length of solenoid, 
there are in all 2rrrn turns, and the circular path of radius r is 
linked 27rrn times with the current. If, then, i be the current 
in each turn, the effective current linked with the path is Inrni, 
and it follows from the law given on p. 230, that 
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It will be noticed that r will vary slightly according to whether 
the path is near the inner or the outer surface of the solenoid, 
and therefore the field is not quite 
uniform ; but when the thickness of 
the solenoid is small compared with 
its radius, this departure from uni¬ 
formity of field is negligible, and if 
Y be infinite, the solenoid is a 
siraight one, and the field inside it 
is uniform, its value being ^Trni, 

This is in agreement with the result 
obta^ed on p. 229. 

...^^i^gnetie Permeability.—There is 
a close mathematical analogy be¬ 
tween magnetic fields and statical electric fields, due to the 
similarity in the laws of force between magnetic poles and that 
between electric charges. In the magnetic, as in the electrical 
case, the force depends upon the medium in which the poles are 
situated. It is convenient to determine the unit of magnetic 
pole from the force between poles situated in vacuo, and this is 
practically the same as for air; but there are many media for 
which the force between the poles differs greatly from that 
between the same poles situated in air or in vacuo. We must, 
therefore, rewrite our force equation in the form— 



miWo 

Force=—Sr-^, 

where ft is a quantity depending upon the medium in which the 
poles are situated. It is called the magnetic permeability of the 
medium, for a reason to be given later. 

On p. 3 we saw that the strength of field due to a pole of 

m 

strength m at a distance r is - ; but we now see that when the 

rz 

medium filling the space has permeability ft, field strength 


Again, the magnetic potential due to any distribution of poles 
V 

is changed from V to - when the medium is changed from air to 

one of permeability fi ; in fact, the magnetic equations are 
modified by the quantity /x in exactly the same way as we saw 
in Chapter IV the equations for a statical electric field to be 
modified by the dielectric constant k ; but this difference should 
be noted, that whereas k is constant for any given medium, ft is 
by no means constant; its complex variations will be studied 
8 * 1 * 
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in Chapter IX. Still fx has a definite value under any given 
circumstances, defined by the equation Falthough this 

fir^ 

value may vary at different times and under different conditions. 

Magnetic Induction. —The quantity cos 0 . ds is defined as 

the magnetic flux over the surface ds, where 6 is the angle between 
H and the normal to ds ; and Gauss s Law in the magnetic case 
may be proved exactly as on p. 123 for the electrical case. Thus 
the total magnetic flux over a closed surface is equal to 47r times 
the amount of pole within it; and 

J/xH cos 6 . ds=A^ Em. 

It follows as on p. 126, that the strength of magnetic field due 
to a plane polar sheet is 277^0, where oq is the amount of pole per 
unit area of the sheet. 

We give a special name to the quantity /xH : it is, the Magnetic 
y Induction (B) and is analogous to in the elec- 
trical case (p. 118), thus— 

4,=kE. 

i / and the magnetic field may be mapped out by 
/ / means of tubes of induction, whose characteristic 

property is that BS is constant for any tube. 
Thus in Fig. 221, if Hi, H 2 and /xi, /Ltg are the 
/ values of H and fi at the sections of the tube of 

Fig. 221. induction having areas Si and S 2 , the flux over 
the sides of the tube is zero, their direction being 
everywhere that of the field, we have from Gauss’s law when 
there is no pole within the tube— 

/*lHlSi=/i2H2S2 

or, ifis constant, BiSi=B 2 S 2 . 

Boundary Conditions. —Following the analogy we see. as on 
p. 138, that the boundary conditions that must be satisfied at the 
surface of separation of two media of different magnetic perme¬ 
abilities are— 

(i) The tangential components of the field are the same in 
both media; 

i.e. H,=H 2 

and (ii) The normal components of the magnetic induction are 
the same in the two media ; 
i.c, Bi=B 2 , or, /xjHi=/i 2 H 2 . 

Thus for a line of induction which crosses the boundary we 
have (Fig. 222) — 
from (i) 
and from (ii) 


Hj sin d,=H 2 sin d,, 
/iiH| cos d|—/itaHa cos dj- 
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Dividing one equation by the other, we have— 

tan 

tan ^2 H'i 

The problem of a sphere of permeability situated in a 
medium of permeability /xi, the original field H being uniform, 
is exactly analogous to that for the 
dielectric sphere in an electrical field E 
(pp. 139 to 142), and the argument may 
be repeated, replacing E by H, and 
^2 by fi] and /X 2 . The resultant field H 2 
inside the sphere is thus 

3/xi 




-H (p. 141). 



M2+2/X1 

Fig. 143 may illustrate the case in which Fig. 222. 

^ ^ 2 Lse of the magnetic 

metaJs, iron, nickel and cobalt, situated in air; these substances 
are said to be ferromagnetic. In Fig. 144, /xi>/x 2 > ^ condition 
which is fulfilled for some substances in air, in which case the 
substance is said to be diamagnetic. Bismuth, for which 
^=0.99997, is one of the most strongly diamagnetic substances 
known. 

Magnetic Shielding. —The tendency of the magnetic tubes of 
induction to concentrate upon places of high permeability 
explains the use of hollow iron spheres and cylinders to reduce 
the magnetic field in the spaces within them. It is sometimes 
desirable to protect a suspended-needle galvanometer from 
magnetic disturbances, and although this can never be com¬ 
pletely effected, the disturbing field may be very much reduced 
by surrounding the instrument by massive iron shields. The 
calculation of the change in field produced is beyond the scope 
of our present work, but the results for a sphere and a cylinder 
are of use. They have been given by du Bois.* 

The field inside a hollow sphere is— 

H 


where H is the external field, the permeability, and r and R 
the internal and external radii. For a cylinder with axis at 
right angles to the field it is— 

H 




* H. da Bois, Electrician, 40, p. 317. 1898. 
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The nickel-iron alloy known as muinetal has a permeability which 
varies from 10,000 to 100,000. This high permeability renders 
it useful for magnetic shielding. 

Force on Magnetic Body in Magnetic Field.—We saw on p. 137 
that a body whose dielectric constant is greater than that of the 
surrounding medium, situated in an electric field that is not 
uniform, tends to move towards the stronger parts of the field, 
and the same consideration would lead us to a like conclusion in 
the case of a paramagnetic or ferromagnetic body. Since the 
force on small bodies has been used for measiiiing their magnetic 
properties, we will calculate the force on such bodies. 

Let the body consist of two poles of strength m, the magnetic 
potential where the poles are situated being V, and V,. 

Then potential energy of body—w(V.—V,), 


being the work done in bringing the body from infinity to the 
point, and if the distance between the poles be ds — 


potential energy. 


Vn-V. 

ds 



when ds becomes sufficiently small, and M is the magnetic moment 

dV 

of the body. Further, H, and where v is the 

ds 

volume of the body and I the intensity of magnetisation (see 
p. 270). 

potential energy 


Now the work done during a small displacement of the body 
is the difference in the potential energy before and after the dis¬ 
placement, and it is also equal to the product of the force F in 
the direction of the displacement and ds the amount of displace¬ 
ment. 




or, 


F=vl 


ds * 


For all feebly magnetised bodies, including those which are 
paramagnetic or diamagnetic the magnetic susceptibility k is 

^ ^ * XT T TT . TT V dH^ 

constant. Now I=/cH, /. F—vk —— 

ds 2 dx 

In the case of a sphere of susceptibility k, placed in a field of 
strength H, we shall see on p. 272 that— 
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I- 




VIC KdR 
l-f-^TTIC dS 


V K dm 

2 I+Itt/c d$ 


Hence when the field is uniform is constant, and there is 
no force on the body, and further, the direction of the greatest 
value of F is that in which varies most rapidly ; again when 
K is negative, or is less than that of the surrounding medium, the 
direction of F is reversed. Since paramagnetic bodies tend to 
move from the weaker to the stronger parts of the field, diamag¬ 
netic bodies tend to move towards the weaker parts of the field. 

Equivalence of Current and Magnetic Shell in any Medium.— 
The work done in carrying a unit magnetic pole round a closed 
path linked with a current is independent of the presence of any 
distribution of magnets there may be, since the work done in 
traversing the closed path, and due to any magnets in the neigh¬ 
bourhood, we have seen to be zero (p. 230). It follows that if 
there are magnets or magnetic material in the neighbourhood of 
the current, they will not change the amount of work done in 
carrying a unit magnetic pole round the closed path, which is 
therefore always ^i. 

If then, the whole of space is filled with a medium of perme¬ 
ability /Lt, differing from unity, the magnetic field is everywhere 
the same as when the permeability was unity, and the work done 
by our unit pole in its circuital path is still If the space be 

partly filled with magnetic material the work is still 47rf, but 
owing to the presence of free poles at the boundary of the 
magnetic material, the field will be increased at some points and 
diminished at others, a fact which will be seen in dealing with 
the demagnetising effect in the interior of a mass of iron in a 
magnetic field (p. 272). 

We must modify our conception of the equivalent magnetic 
shell for a given current circuit to bring it into accordance with 
these ideas. For we see that on filling space with a material of 
permeability /x, the field everywhere due to the current is un¬ 
changed, but that due to the magnetic shell is reduced to - of 

its previous value (p. 233). Hence if the shell is still to be 
equivalent to the current we must increase its strength fi times, 
and we may then say that in a medium whose permeability is 
everywhere [jl, the current is equivalent to a magnetic shell of strength 
a, where a^fii. 
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Force on Current in Magnetic Field.—The equivalence of a 
current and a magnetic shell leads us to the conclusion that a 
conductor in which an electric current is flowing will experience 

a force when situated in a mag¬ 
netic field ; in fact, it was by a 
series of experiments in which 
the forces on circuits carrying 
current were produced by mag¬ 
nets, that Ampere established 
the equivalence of a current 
and a magnetic shell. The 
direction and magnitude of the 
force may be found as follows. 

Consider the circuit ABC, in 
which current i is flowing, to be 
displaced always parallel to 
itself through distance dx, so 
that its new position is A'B'C' 
(Fig. 223). Owing to the presence of a N pole of strength m, 
situated at N, work is done when the displacement occurs, and 
the potential energy of the system consisting of the pole and 
the current is changed by an amount equal to the work done in 
displacing the circuit from the first to the second position. 

Let Frfs be the force on element ds of the conductor, acting in 
the direction of the displacement, F being the force per unit 
length at this part of the circuit. Then . dx is the work done 
on the element ds during the displacement. And for the whole 
circuit 

work done during displacement —iTFrfs . dx. 

The area swept out by the element ds is that of the figure 
efgh=zds . dx , sin ^ ; and the solid angle subtended by this at 
the point N is— 

(area efgh) sin 6 _ds , dx , sin <f>, sin 0 

where 6 is the angle between the line joining N to efgh, and the 
plane of efgh ; therefore the solid angle subtended at N by the 
whole curved surface ABCC'B'A' is— 

. dx , sin <f) sin 0 

Now if the solid angles subtended by the circuits ABC and 
A'B'C' at N be respectively Q and 

fl'z=solid angle subtended by ABCC'B'A' 

, dx .sin tf) sin 0 

y2 
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But change of potential at N produced by the displacement of 
the circuit (p. 226) 

r2 

The change in potential measures the difference in the amounts 
of work required to bring unit pole from infinity to N, when the 
circuit is at ABC and A'B'C' respectively, and is therefore the 
change in potential energy of the system for the given displace- 
ment when the pole has unit strength. But since the pole has 
strength m, this change in potential energy is— 

. . dx . sin d) sin 6 

== ir-—r-^ 

. rrrr j j • sin d> sin 0 

A 2JFds , dx^ntill- --T.- 

And for this equation to be satisfied— 

sin <!> sin 6 


The greatest value of this for a given value of 6 occurs when 
^=90°, that is, the force is greatest in a direction at right angles 

to that of the current, in which case F=—and for an 

element ds — 


Force — 


mt 


ds sin 0 
~Z2 ' 


and further, for a given displacement in any direction, the work 
done, and therefore the force on the element, is greatest when 
the solid angle subtended by the circuit is changed most for that 
displacement, and this is greatest when it is at right angles to r, 
which is the direction of the magnetic field due to N. The 
resultant force on the element is therefore always at right angles 
to the magnetic field, and we have seen that it is at right angles 
to the element ds, and hence it is at right angles to the plane 
containing the element of the current and the direction of the 
magnetic field. 

We see from Fig. 223 that in this case 0 is the angle between 
the current and the field, and therefore the force per unit length 

of conductor is —But the strength of magnetic 

fH I fyi\ 

field H due to the pole, and /it—is the induction B due 
to it. 

Force per unit length of conductor=B* sin 6, and is at 
right angles to B and to i. The force is H t sin 0 when 
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It will be seen in Fig. 224 that the directions of the quantities 
i, H and F are related to each other as in Fig. 223, which may 
be remembered by Fleming's Left Hand Rule. If the thumb, 
fore and middle fingers of the left hand are extended so that 
they are mutually at right angles, and the middle finger point 
in the direction of the current (I), the Fore finger in the direction 
of the magnetic Field, then the thuMb points in the direction of 
Motion when the circuit moves owing to the action of the field. 

Another useful way of expressing this fact is that if we look 
along the magnetic field then an anti-clockwise rotation brings the 
direction of the current into coincidence with that of the motion, 
that is the cause " into the direction of the effect.'' This latter 



F (Motion) 



rule has the advantage of being the same as that for the induced 
E.M.F. (p. 252). 

The same conclusion regarding the direction of the force experi¬ 
enced by a current situated in a magnetic field may be reached 
by considering the magnetic lines of force of the resultant field. 
Those of the original magnetic field are parallel straight lines and 
those due to the hnear current are circles. The magnetic lines 
for the current and field combined are shown in Fig. 225, when 
the current flows downwards through the plane of the paper. 
The lateral pressure between the tubes of force above the wire 
where they are crowded together is greater than below it, and 
the result wiU be that the wire experiences a force which is 
directed downwards in the diagram ; it will be seen that this is 
the direction previously found for it. The dotted line is the 
boundary separating those lines which pass on one side of the 
current from those on the other side. 

Suspended Coil. —We can now explain the use of a suspended 
coil for galvanometric purposes; for a rectangular coil carrying 
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current experiences a couple when suspended in a magnetic field. 
The rectangular coil abed (Fig. 226 (i)) may be considered to be 
the suspended coil of a galvanometer. Then the force per unit 
length of ab and dc is Ht, and the total force the direction 

of the forces being shown in the plan (P'ig. 

226 (ii)). These give rise to a couple 
iii{ab){ed) tending to twist the coU into the 
position in which its normal has the same 
direction as the field. 

Couple=H^(a6)(c^f)=Ht(ai)(a^f) sin 6 
=HtA sin 6, 

where K—abxad, the area of the coil. The 
sides ad and be do not contribute anything 
to the couple, since the forces on them are 
vertical, that on ad being vertically upwards 
and that on be vertically downwards. 

The couple HiA sin 6 might have been 
derived directly by replacing the circuit by 
its equivalent magnet shell, whose magnetic Fig. 226. 

moment is *A, and is in the direction of the 
normal to the coil. The couple on this is Ht A sin 6. 

If the uniform field H be due to a permanent magnet, and the 
coil be suspended by a metallic wire which exerts a controlling 
couple e6', where d' is the angle between the plane of the deflected 
coil and the field, equilibrium is attained when— 

cO'=HtA cos 6', 

._ c 6 ' 

* HA ’ cos 6" 

The instrument is very much simplified by employing a radial 
field, in which case the vertical sides of the coil seen at a and d 
in Fig. 227, experience forces Hi7 always at right angles to the 
plane of the coil, where I is the length of the vertical side. The 
deflecting couple is \iil{ad)—\iiK. 

The coil therefore comes to rest when— 

c^=HtA. 




and the current is directly proportional to the deflection. 

The radial field has the advantage that the couple due to the 
current does not dejjend on the position of the coil, whereas in 
uniform field it varies as the sine of the angle between the field 
and the normal to the coil. 
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Effect of Current on Current. —From Ampere’s law of the 
equivalence of a current circuit to a magnetic shell, we should 
expect that forces would exist between two circuits carrying 
current. Such effects may easily be produced, and their magni¬ 
tudes may be calculated from the forces between the equivalent 
shells. Thus, for two circular currents mutually at right angles 
(Fig. 228) where AB is a large circle and CD a small one, we 



2jfi 

have seen (p. 228) that the field at the centre of AB is 

where a is the radius and ii the current; the magnetic moment 
of the small coil is a /2 where a is its area and t 2 the current in 

it. Hence CD will experience a couple tending to twist 

its plane into that of AB when the two are at right angles, 

or sin 6 when the planes of the two coils are inclined to 

a 


each other at an angle d. 

Again, the long straight current fi (Fig. 229) produces a 
2i 

magnetic field —at a distance r from it, and a second straight 


current i 2 parallel to the first will experience a force Htj or 


2/1^2 

r 


per unit length, and it will be seen that when the currents are in 
the same direction the force urges towards t’l ; when the 
currents are in opposite directions the force drives 1*2 away from 
fj. In one case the force per unit length of I'l is equal and 
opposite to that in the other case, and we see that currents in 
the same direction attract each other ; those in opposite directions 
repel each other. 

There is a useful method of drawing the magnetic lines of force 
due to two parallel straight currents. If A and B (Fig. 230 (i)) 
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are the sections of the wires carrying the currents, and ag and 
ch are parts of circles with centre at A, they may be con¬ 
sidered as neighbouring lines of force due to the current A. 
Similarly ca and hg are two lines of force due to B. Imagine the 
figure achg to be so small that it may be looked upon as a parallelo¬ 
gram, shown in enlarged view at (ii). Draw the radii k.cc and 
Bg/. Then cjg and ceg are right angles and cfeg is therefore a 

cyclic quadrilateral and ace^agf. 


ac =—— and ag =— 

cos ace cos agf 


‘ ‘ Is 


If now Ac=r, ce~dr, fp=d/, then —~ Now ac 

ag dr 

and ag are in the direction of the fields due to B and A respec¬ 
tively, and if, in addition, the lines of force are so drawn that 


dr __field due to B 
dr' field due to k! 


then they are in length proportional to the 


field strengths and agbc is the parallelogram of forces for the 
fields. If the currents A and B are in the same direction, the 




diagonal eg gives the resultant field, but if the currents are in 
opposite directions the diagonal ab must be used. 

For the lines to be spaced properly the number per unit area 
must be proportional to the field strength. If two planes 1 cm. 
apart and perpendicular to the field, that is parallel to the plane 
of the diagram, are considered, the number of lines crossing one 
radial square cei; hmetre is inversely proportional to the distance 

const 

dr between the lines in the diagram, that is field strength = * . 

But the field strength varies inversely as r (p. 231), that is field 
strength From these it follows that is constant. 
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which affords an approximate method of drawing the lines. 
For if two straight lines EF and EG (Fig. 231) are drawn and 


0 



E/ taken as the radius of one line of force, and Im drawn perpen- 

dicular to EF, — =tan GEF. With I as centre draw arc 
E/ 

and take In as dr. Repeat the process finding the points p, v, 
etc. and if these are successive values of dr, then El, En, Ep, Ev, etc. 

dr 

are successive values of r, and — =const. In this way the circles 
in Fig. 232 have been drawn, and in the upper half of the figure 



Fig. 232 . 


the lines of force have been drawn for the currents A and B in 
the same direction and in the lower half, those for currents in 
opposite directions. It will be seen that when the currents are 
in the same direction, the two wires are surrounded by hues or 
tubes of force, which, by their contraction, would urge the wires 
together. When the currents are in opposite directions there 
are no tubes of force surrounding both wires, and since they are 
more crowded in the space between the wires than in that 
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outside, the lateral pressures of the tubes will urge the wires 
apart. 

In the same way Fig. 225 may be drawn. The lines for the 
current are drawn, as above, and a set of equally spaced straight 
lines to represent the uniform field. The diagonals of the little 
parallelograms are then drawn. 

Coaxial Coils.—(i) For two circular coaxial coils of very nearly 
the same radius, situated a small distance apart, the force on 

2^ t 

each unit of length of either coil is - (Fig. 233) in the direction 

ab 





Fig. 233 . 


ah. The component of this, normal to the axis, taken all round 
the coils, will, by symmetry, vanish, but the component parallel 
to the axis is— 

2xit'2 ac 2 i'it’o * X f ’ll ii 

and for the whole circle, since total length is r, being very 
nearly equal to ^ 2 — 


(''2 




47rzj/ 2^1 . X 


This is zero when x=0, i.e. when the coils are in the same 
plane, and its maximum occurs when 
putting A* in place of (>" 2 —^i)*- 


A2+x2 


IS a maxunum. 




_(A2+x2)-2x2_ A2-X2 


(A2+X2)2 (A2+;t2)2- 

Putting this equal to zero we have On obtaining 

^ 2 (^ 2 ^^) substituting A2 for x^ the result is negative, 

and therefore A^=x^ or (rj~ri}^==x^ corresponds to a maximum. 
The force between the coils is therefore a maximum when 
*=r,—fi, and its value is then— 
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When the coil ri is so small that the variation of the field over 
its surface, due to the coil ^ 2 » is negligible, let H be the field due 
to ^2 (Fig- 234). Then if the magnetic shell due to ri have thick¬ 
ness dx, and pole strength m per unit of area— 

force on under face=H . m . rrri^, 

field at upper face=H4“^ . dx, 

dx 


and, force on upper face=^H4-^ . dx^m . titi*. 


The resultant force on the small coil is the difference of the forces 

on the upper and lower faces, that is— 

rfH 


dx 


.dx,m. TrTi^. 


But m .dx is the magnetic moment of 
unit area of the shell; that is, the 
«0 strength a of the shell. 


Fig. 234. 


But a=^i, the current in fj. 

/. force ==77^1%*! . 

Now on p. 228 we showed that— 

H = 


force =77^12 

dn 


dn 

dx' 


dx' 


iTTY^i^ 


_ 677^2^^ 2^ 

dx 


.. orce——. 


This is evidently zero when x=Q, and by differentiating it 
again we may show that it is a maximum when 

Kelvin’s Ampere Balance.—Although the forces between cur¬ 
rent circuits cannot in general be calculated by simple means, it 
follows from the equivalence of the circuits with magnetic shells, 
that the forces between them are always proportional to the 
product of the current strengths. 

In the case of Kelvin's ampere balance, the forces between 
parallel circular coils are balanced against a gravitational force. 
The value of the current cannot be determined in absolute 
measure from the force and the dimensions of the coils, so that it 
is necessary to calibrate the instrument by means of a silver 
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voltameter. The four coils, A, B, C, D (Fig. 235), are fixed, and 
the two, E and F, are attached to the movable arm which also 
carries a horizontal scale on 
which the weight W slides. The 
coils are all connected in series 
in such a way that when the 
current flows, the forces between 
A and E, D and E, urge E 
downwards ; similarly F is urged 
upwards. The movable arm is 
suspended by the conducting Fio. 235. 

wires which bring the current to 

E and F, and the centre of gravity of the arm can be adjusted 
by means of a metal flag until, when there is no current, the arm 
is horizontal when the sliding weight W is on the zero mark. 
The couple due to the current can then be balanced by sliding 
W to the right along the arm, the couple being proportional to 
the displacement of the weight. Since the force between any 
pair of coils is proportional to the current in each, the down¬ 



ward force on E and the upward force on F are each proportional 
to the square of the current in the instrument, and the couple is 
therefore proportional to 

Thus if d is the displacement of W required to restore equili¬ 
brium on passing the current— 

or, i=:^kVd. 

The constant k is determined when the instrument is cali- 
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brated, and a fixed scale is also attached which is marked directly 
in amperes. 

There are several weights supplied with the instrument to 
alter the range, and for each weight a corresponding counterpoise 
also supplied must be placed in the tray at the end of the beam. 

The general appearance of the instrument is shown in Fig. 236. 

Kelvin Watt-Balance.—The watt-balance is similar in design 
to the ampere balance, but the movable coils E and F (Fig. 237) 
have high resistance and are not connected in series with the 
fixed coils. If the power absorbed in say a lamp L is required, 
the current in the lamp is caused to flow through the fixed coils 
A, B, C and D in series. The movable coils E and F are con¬ 
nected through a high resistance Rj (to make the resistance up 
to, in some cases, 1000 ohms) to the points MN between which 
the power is being absorbed. Then if the current in the lamp is 
I amperes, this is also the current in the fixed coils, and if the 
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difference of potential between M and N is E volts, the current 

E 

in the movable coils is ~, R being their resistance together with 

R 

Rj. The force between each pair of coils B-E, E-C, etc., being 

IE 

proportional to the current in each, is proportional to —, and 

the couple acting on the beam, due to these forces being balanced 
as before by the displacement d of the weight, we have— 


or, since R is constant. 



But IE is the power in watts absorbed in the lamp, and this 
is consequently proportional to the displacement of the movable 
weight required to maintain equilibrium. The constant k is 
determined by finding the displacement d for a known power, as 
measured by a standard ammeter and voltmeter, and the scale 
is usually graduated directly in watts. The adjustments are 
earned out as in the case of the current bailee, and several 
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weights are supplied to enable the range of the instrument to be 
varied. 

Siemens* Electro-Dynamometer. —Two coils, ABCD and abed, 
are situated at right angles to each other, and when the instru¬ 
ment is used as an ammeter the coils are connected in series. 
With the connections as shown in Fig. 238, there is an attraction 
between AB and ab and also between CD 
and cd, the currents being in the same direc¬ 
tion ; but between AB and cd, and likewise 
between ab and CD, there are repulsions, 
and it wiU be noticed that ail these forces 
tend to rotate the coil ABCD in the direction 
marked by the arrows, and further, that each 
of these forces is proportional to ABCD 
is suspended by a fibre and the light spiral 
spring S, which is attached to a pointer at 
the torsion head, and exerts a controlling 
couple, proportional to the twist in the spring. 

A pointer P is attached to the movable coil 
and serves as an indicator. This is in its 
equilibrium position for zero current. On 
passing the current, the coil is deflected, but 
is brought back to its zero position by 
rotating the torsion head, the amount of twist necessary to be 
put into the spring to effect this being measured by means of the 
circular scale. 

Then, couple x twist {= 9) 

cci^ 

/. cc6, or, i=^kV6- 

The constant k may be found by observing 9 for a known 
current, and the instrument may afterwards be used as an 
ammeter. 

This instrument is sometimes designed for use as a wattmeter ; 
the fixed coil having a great many turns of fine wire to ensure a 
high resistance. The low resistance coil is then placed in series 
with the circuit, the power absorbed in which it is required to 
measure, and the high resistance coil is placed in parallel across 
it. With this arrangement, current in series coil is I, and current 

E 

in shunt coil as in the case of the Kelvin wattmeter (p. 248). 

K 

/. couple oc ^ oc 

Ei=ke. 

Thus the power absorbed in the circuit is directly proportional 
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to the twist in the spring necessary to maintain the movable coil 
in equilibrium at its zero position. 

Electromagnetic Induction.—While attempting to find out 
whether a steady current produces another in neighbouring 
circuits, in a manner analogous to that in which electric charges 
are produced by the influence of other charges (p. 109), Faraday 
found that so long as the current is steady the result is negative, 
but on starting the current, a transient current in the opposite 
direction flows in the neighbouring circuit. The arrows in 
Fig. 239 indicate the directions of the transient currents in B 
when that in A is started and stopped. Exactly similar effects 
might be produced in B by advancing towards it from the side 
A, a bar magnet with its S pole facing B. The transient current 
in B is in the direction of that produced on starting the current 
in A. Similarly on withdrawing the magnet the effect is the 
same as that of stopping the current in A. 

Faraday explained these results by stating that when the total 




magnetic induction linked with a circuit changes, an electro¬ 
motive force acts round the circuit, the direction of the electro¬ 
motive force depending on the sign of the change of magnetic 
induction. 

The actual value of the electromotive force due to a change in 
the magnetic flux linked with any circuit, may be deduced from 
our knowledge of the force acting on a circuit carrying current 
in a magnetic field, by making use of the principle of the con¬ 
servation of energy. Consider a piece AiBj of a circuit in which 
current i is flowing (Fig. 240), and let H be the magnetic field, 
making an angle 0 with AiB^, and with the plane of the rails. 
Then the force per unit length of AiBj is sin 0 and is in the 
direction F at right angles to H and A^Bj. Let AjB^ slide upon 
parallel conducting rails in the direction of this force. If length 
of AiBi is /, work done for displacement Sx, is— 

FSx=Hi7 sin 6 . hx. 
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Now, if e be the electromotive force of the battery maintaining 
the current t, work done in time U is eihi, and this is partly used 
in overcoming the resistance r of the circuit, the remainder being 
employed in moving the conductor AjEj. Now, work done in 
overcoming resistance is and if there is no other action 

than these two in the circuit, we have by the principle of the 
conservation of energy— 

eiU—ihU-^mU sin 6 . hx, 

^ H/ sin d . hx 


r 


Thus the electromotive force e of the circuit is opposed by an 

, , ,. r H/ sin 0 . hx 

electromotive force ---. 

ol 


On referring again to Fig. 240, we see that Ihx is the area 
described by the conductor in moving a distance hx, and H sin 9 
is the component of H perpendicular to this. Hence the product 
(H sin 6){lBx) is the total normal magnetic flux over the area 
A 1 BJB 2 A 2 when the medium is air ; when the space has perme¬ 
ability ft, we must multiply by this amount, and in the above 
reasoning H must be replaced by B. 

In any case, calling N the total normal flux over the whole 
circuit, B/ sin d . Sx is the change in this amount (SN) on account 
of the motion of AjBi, and we therefore see that this motion 

8N 

produces an electromotive force -- in the circuit. In the limit 
when 8t is infinitesimal— 

dN 

E.M.F. due to change of flux = — 


The negative sign is taken because the electromotive force 
always opposes that producing the current, when the motion of 
the circuit is in the direction due to the electromagnetic actions 
themselves. If by some external agency the conductor were 
forced from AgBg to AiB^ the direction of the induced electro¬ 
motive force would be the same as e, but N is now diminishing, 

so that is again negative. 

(tt 

Rule /.—The direction of the induced electromotive force is 
related to that of the motion and the magnetic field, in a manner 
illustrated by the three vectors in Fig. 241, the positions of which 
may be remembered by means of Prof. Fleming's Right Hand 
Rule. Extend the thmnb, fore-finger and middle filler of the 
Right hand until they are mutually at right angles. Then if the 



252 


ELECTROMAGNETICS 


CHAP. 


Fore-finger points along the magnetic Field, the m/ddle finger 
along the current, I, the thuMb will then point in the direction 
of Motion. 

Or, as an alternative, look along the direction of the magnetic 
field, then an anti-clockwise rotation brings the direction of the 
motion into that of the induced E.M.F. or cur- 
Morion » rent; that is, it brings the direction of the 
“ cause ” into that of the effect.” This rule 
has the advantage that it is identical with that 
for finding the direction of the force on a current 
H(F/e!d) in a magnetic field (see p. 240). 

Rule 11. —Another simple and useful rule for 
remembering the direction of the current in the 
whole circuit may be obtained by an inspection 
\(Current) of Fig. 239. If the observer look along the 

Fig. 241. magnetic hnes of force towards the circuit, the 

induced current is anti-clockwise when the in¬ 
duction is increasing, and clockwise when it is diminishing. 

If the circuit in Fig. 240 were considered to be flexible so that 
each element were movable, each part would travel outwards, 
the limit of travel being reached when the conductor became 
circular, in which case it would embrace the maximum amount of 
flux, and hence the rule given by Maxwell, that a cArcuit always 
tends to move in that direction which tends to make the amount oj 
magnetic flux through it a maximum. This rule is sometimes of 
great convenience in determining the direction of a force acting 
on a circuit due to a magnetic field. 

It should be noted that if the direction of H in Fig. 240 be 
reversed, the direction of motion is reversed. The circuit, if 



Fig. 242. 


flexible, will then shrink and will 
eventually turn over and expand in 
the opposite direction, the motion 
all the time being in a direction 
towards the condition for the em¬ 
bracing of maximum magnetic flux 
by the circuit. This may easily be 
shown by taking a loop of thin, 
flexible, rubber-covered wire and 


tying a piece of thread round at a distance of about 10 cm. from 
+ he end of the loop. On hanging it between the poles of an 
electromagnet (Fig. 242) the loop will spread out to an approxi¬ 
mately circular form on passing a current of a few amperes 
round it. If the current be suddenly reversed, the loop collapses, 
and expands in the opposite direction, always reaching equi¬ 
librium when the current is clockwise, as seen from the N pole 
of the magnet. 
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Lenz*s Law. —Another generalisation on the laws of electro¬ 
magnetic induction is due to Lenz,^ which states that when a 
conductor moves with respect to a magnetic field, the carrents 
induced in the conductor are in such a direction that the reaction 
between them and the magnetic field opposes the motion. 

This law follows at once from the principle of the conser/ation 
of energy ; for if the forces due to the motion were in any other 
direction the motion would be increased, and it would oriy be 
necessary to start a conductor moving in a magnetic field and 
its velocity would continually increase, which is contrary to 
experience. 

We can easily see that Lenz's law follows from the electip- 
magnetic effects that we have already studied. For if the magnvt 
and the conducting loop (Fig. 243) 
approach each other, the induced cur¬ 
rent in the loop as seen from the 
magnet is anti-clockwise (Rule II, p. 

252), since the induction is increasing. 

Hence the equivalent magnetic shell has 
its N polar side towards the magnet, Fig. 243. 

and there is consequently a repulsion 

between them. Their relative motion is thus opposed. If the 
direction of motion is reversed, the effects are all reversed and an 
attraction results, which is again in accordance with Lenz's law. 

A well-known experiment in which a copper disc is caused to 
rotate underneath a suspended magnet, the magnet then being 
dragged round in the direction of rotation of the disc, is easily 
explained by the electromagnetic effects. For the motion of the 
conductor in the magnet’s field produces currents which tend to 
prevent the relative motion of the magnet and the disc, and the 
magnet therefore follows the disc. This is known as Arago's 
disc experiment. 

If the disc were delicately suspended and the magnet caused 
to rotate, a similar explanation would show that the disc would 
follow the magnet. This is the principle upon which the poly¬ 
phase induction motor is founded, a rotating magnetic field 
produced by alternating currents, causing a closed conductor 
mounted upon an axle to rotate in the direction of rotation of 
the field (Chap. XI). 

Use is made of Lenz's principle in constructing galvanometers 
of a dead-beat type, in which the suspended needle or coil will 
quickly come to rest after being disturbed. With an undamped 
system, the oscillations that occur after every movement render 
it exceedingly tedious to measure deflections, or to find the zero 
position in making Wheatstone’s bridge tests. The oscillations 
^ Lens, Ann. de Phys., 31, p. 483. 1834. 
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are therefore damped out by surrounding the needle by a copper 
enclosure, the reaction between the induced currents in the 
enclosure and the needle itself tending to destroy the motion of 
the needle. 

In the case of the suspended coil instrument a copper ring is 
placed inside the coil, the induced currents in which, as the coil 
oscilates, quickly bring it to rest. The presence of the ring does 
not in any way disturb the position of equilibrium when making 
reaiings of deflections, unless there are magnetic impurities in 
it, as the currents only exist when the ring is moving. 

When unprovided with a damping ring, the suspended coil 
jiay be quickly brought to rest in its zero position by short- 
jrcuiting the galvanometer terminals, the induced currents 
taking place in the coil itself. 

Circulation of Charge due to Induced Electromotive Force. —In 

a closed circuit, the electromotive force produced by the variation 
of the magnetic flux linked with the circuit we have seen to be 

—The current due to this being i, we have t = — 

dt ^ r dt' 

where r is the resistance of the circuit. In the interval of time 
dt^ the amount of charge crossing any section of the circuit is 
idi ==^dq, since 



(seep. 120). 


/. dq^ -. - dt, 

Y dt 

rfN 


r 


Therefore the whole charge q passing any section as the magnetic 
flux linked with the circuit changes from zero to N, is— 

N 

^ Jo r r' 

If the flux N is removed from the circuit, the total charge 
N 

passing any section is The sign indicates the direction in 

which the charge passes round the circuit. Its magnitude is in 
N 

each case ~. 

r 

Ballistic Galvanometer—Suspended Magnet Type. —In order to 
measure the quantity of charge q which passes each point in a 
closed circuit, a galvanometer is inserted in the circuit. But the 
instrument must be of a particular type, as it has to integrate 
the quantity idt, in order to give the charge g. If the suspended 
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needle or coil be free to execute simple harmonic oscillations, 
then an impulse given to it when at rest in its equilibrium posi¬ 
tion will set it oscillating, and the amplitude of the oscillation 
may be taken as a measure of the impulse. 

The following simple theory determines the 
relation between the quantity of charge pass¬ 
ing through the coil of the galvanometer and 
the resulting amplitude of oscillation. The 
method of treatment varies according to the 
type of instrument. We will take the sus¬ 
pended magnet form first. Let the current 
in the coil (Fig. 244) at any instant be i, then 
tlie magnetic field at the centre of the coil is 
Gz, where G is the field at the centre for unit 
current. The strength of pole of the sus¬ 
pended magnet being m, the force on it is Gim. This, acting 
for infinitesimal time dt, gives it an impulse Gimdt, and from 
start to finish of the current the total impulse is— 

Gimdt =^Gm idt. 

Jo Jo 


Gim 




X 


Gint 




Fig. 244. 


But J idt—q, the total charge sent round the coil ; 


impulse =Gm^. 

If half the length of the magnet be /, moment of impulse about 
the centre is Gmql, and for both poles, 2Gmql, 

But 2;;z/=M, the magnetic moment of the niagnet; 

moment of impulse=MG 5 '. 

Consequently this is the angular momentum of the magnet, 
which, if I be its moment of inertia and 
a> its angular velocity, is lo;; 

GM^=Ia).(i) 

If we could observe oi, then knowing 
the constants, G, M and I, we could calcu¬ 
late q. We cannot, however, observe o) 
directly, but it may be determined in¬ 
directly as follows. 

The impulse being over before the 
needle has rotated appreciably from its 
position of equilibrium, the needle pos¬ 
sesses kinetic energy \lco^ while still in the 
zero position. The needle will rotate until 
the controlling field brings it to rest, that is, until the work done 
in opposition to the controlling force is equal to the original 
kinetic energy. In the enlarged view of the needle in Fig. 245, 
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wH is the controlling force on each pole, and if 6 is the angle of 
deviation when the needle has just lost all its kinetic energy and 
is on the point of turning back, the work that has been done by 
the force wH on the pole is— 

wHxAB=mH/{l—cos 6), 
and for both poles, work=2;«H/(l—cos 6) 

=MH(l-cos 6), 

MH{l-cos .(ii) 

Eliminating to from (i) and (ii), 

3_G2M2?2_2MH(1-cos ff) 

^ - 12 — I - ' 

^ MH’ G2 ■ 2 

I 4H2 . 

MH * G2 • 2‘ 


Now the time of oscillation T of the suspended needle, vibrating 
in a magnetic field, has been shown on p. 24 to be given by— 

nr . 

Vmh’ "MH 4^2 


T=27T 


Hence, 


2 H2T2 . 

HT . ,, 
q=~- sm \d. 

ttCj 


Ballistic Galvanometer—Suspended Coil Type.—In the case of 
the suspended coil galvanometer, the force on each vertical side 
of the coil for current i flowing in it is /H/, where H is the 
magnetic field due to the permanent magnet (see Fig. 226) and I 
the length of the vertical side of the coil. The impulse as before 

isj and the moment of momentum about the axis 

of suspension is for the two sides, where b is the length of 
a horizontal side of the coil. For n turns, each of area lb, the 
total effective area A=^nlb, and the momentum equation is— 

HA5'=Ia>.(i) 

As in the previous case, the kinetic energy is but now the 
coil is brought to rest by performing work in twisting the 
suspension. 

If c be the restoring couple for unit twist in the suspension 
fibre, cd is the couple for twist 0, and the work done for an 
additional small twist dd is cddd, 

whole work done in twisting suspension*■1 c0d0=^c0^ 
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where 0 is the deviation of the coil when its kinetic energy is 
just expended in twisting the suspension. 

.(ii) 

w2=?-6>2. 


From equation (i), , 

. H2A292_c^^ 

• * p ~r ' 


^2 


c2 I 

= — _. i(92. 

H2A2 c 


Now the time of one torsional oscillation of a body of moment 
of inertia I when c is the restoring couple for unit angle of 
torsion is— 


T=27T 


C2J2 


and, 


47r2H2A2 

cT 


e\ 


277HA 


e. 


It will thus be seen that the relation between q and 0 is not 
the same for the two types of galvanometer, the charge passing 
through the instrument being proportional to the sine of the 
angle of throw 6 in the suspended magnet type, and to the angle 
0 itself in the suspended coil galvanometer. It should be noted 
that H in the first case is the controlling field ; in the second it 
is the field to which the deflection is due, and hence it appears in 
the numerator in the first case and the denominator in the second. 
These two magnetic fields shoifld not be confused with each other. 

Damping. —It never happens that the vibration of the sus¬ 
pended system is simple harmonic; the vibrations always die 
away, the amplitude getting less and less. This decrease is due 
to a number of causes, the most important of which are the 
resistance of the air to the motion of the system, and the electro¬ 
magnetic damping described on p. 254. On observing successive 
values of 0 to left and right as the needle swings, it will be found 
that the ratio of one value to the next is a constant. Taking 
then 01 , 02 , 0s etc. as the succeeding values of 0, we have— 

62 ^3 ^4 ’ ’ ’ ■ 

This constant ratio d is called the decrement, and log* d the 

9 
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logarithmic decrement A ; therefore log, <f=aA and i—e*. When 
the oscillation is simple harmonic it may be represented by the 
projection of a rotating vector OA (Fig. 246) upon any fixed 

straight line, say OB. In this case 
succeeding amplitudes are OB, OB', 
OB etc.; but if the amplitudes get 
less in a constant ratio, we must 
imagine the rotating vector OA to 
shrink at a constant rate, and it 
will be seen from the diagram that 
the shrinkage from 6 ^ to 62 takes 
place in half a vibration. If there 
were no damping, the amplitude 
would all the time have been d—OA; 
and since the impulse was given to 
the system when in its middle posi¬ 
tion, that is the position corresponding to OA, the shrinkage of 
the vector that has actually occurred, before the first throw ffi 
is observed, has taken place during a quarter of a vibration. 

Now. for half a vibration, shrinkage is— 

62 03 



Fig. 246. 


0 

and for a whole vibration and so on, the shrinkage being 

“3 

proportional to the power of e ; and hence for a quarter vibration 
A 0 ^ 

it is €*. Therefore — ==€2, 




A A* A3 \ 


Since d must always be nearly equal to unity for a ballistic 
galvanometer, A is always very small, and A^ and the higher 
powers of A may be neglected. 



Thus we can correct for the damping of the needle, although 
we cannot avoid it, and the equation for the two types of ballistic 
galvanometer will then be— 
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If great accuracy is not required, the undamped throw may be 
obtained from the damped throw by multiplying it by y/T, where 
d is the decrement, obtained by observing two consecutive 
elongations. 



and, B=9iVd, 


The advantage in the longer method lies in the fact that a 
great number of swings may be taken to determine A, for if 0i and 
^11 are observed, 10 half-vibrations occur between the observa¬ 
tions— 


lOA 

e, ' 


/. A=Tl<jlog, ^ . 

t'll 


If a galvanometer is very heavily damped, the maximum oi 
the swing occurs at much less than a quarter period from the 
start. Such a galvanometer must not be used for ballistic 
work. 

Calibration of Ballistic Galvanometer. —In using the ballistic 
galvanometer to compare charges, or magnetic fluxes, the ratio 
only of the two respective throws is 
required, and the constants occurring ^ 
in the equations need not be found. If 
however the charge or the flux is re- 
quired in absolute measure, we must 
by some means determine these con¬ 
stants. The most convenient method 
is to pass a steady current through the 
galvanometer by means of a standard 
cell, a high resistance being included 
in the circuit. If a sufficiently high resistance is not available, a 
known fraction of the electromotive force of the cell may be ob¬ 
tained by means of a resistance box used as a shunt S (Fig. 247), 
If then the effective electromotive force applied to the galvano¬ 
meter circuit be e, and r the resistance of the circuit, current t =1 

r 

Then in the case of the suspended magnet galvanometer there 

Gi 

will be a steady deflection di, where ™=tan 0 i, that is, 



Ge 

rH 


=tan ^ 1 , 


, G r tan 0i 

••H 


e 
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and the equation for q on p. 256 becomes— 




eT sin 


TTT * tan 01 
eT 0 

which may be written when 0 and di are small. 

2,7rT Ui 

For the suspended coil galvanometer, the steady deflection 0i 

eAii 

is given by iAH=cfli(p. 241), that is-==^^ 1 , and substituting 

’4 for - 
e c 

We see that when the calibration is performed in this way we 
are led to identical equations for the quantity of charge passing 
through the galvanometer with both types of instrument. T is 
determined by observing the time for a number of complete 
oscillations. 

Capacities. —If the condenser C be1 
of electromotive force the charge 
eyC=q, and if this be sent through tJ 
we have from the last equation- 


in the equation for q on p. 257, we have q=^^ • 

2/nf 01 



d by means of the cell 
e condenser will be 
galvanometer. 


<fiC=9= 


-tL 

Zttt 




, or, C= 


277^ 


If the electromotive force Ci used for charging the condenser be 
the same as e, that used in cahbrating the galvanometer, the 

T 0 

expression for the capacity becomes C=^r— . ~. It should be 

noted that if the resistance is given in ohms, C will be in farads 
(see Chap. XII). 

The charge and discharge key K (Fig. 248) is a useful one; 
on depressing it the condenser is charged, and on releasing it, 
first one end of the battery is insulated, 
and then the galvanometer circuit is closed 
so that the condenser is discharged through 


LJ 


u 

1 


1. 

j 

1 

I- 

1^/ 


When a comparison of two capacities 
merely is wanted, it is not necessary to 
cahbrate the galvanometer; we obtain a 
throw 01 by discharging the first condenser 
Cl through the galvanometer, having pre¬ 
viously charged it by means of a cell of electromotive force Ci 
(Fig. 248), and then repeat the process for the second condenser 
C 2 , obtaining the throw 0 ^. 


Fig. 248. 
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Then and, 


C,' 




HT 


since the other quantities in the multiplier (^==-—, or 


cl 


\ ZttAH; 

are constant, and therefore k is constant. 

If one of the capacities be a standard, and the cell have known 
electromotive force, the instrument may be calibrated by finding 
the constant k from the relation q=eC—kd, but it should be 
noticed that the constant determined in this way may only be 
used when the galvanometer is on open circuit. When the 
circuit is closed, the resistance is not the same, and in general the 
time of oscillation T will be altered. 

Resistance by Method of Damping. —In the case of a ballistic 
galvanometer, the resistance to the motion of the moving part 
when the circuit is open,^ due to air friction, viscosity in the 
fibre, and to the induc^Kl^rents in any neighbouring masses of 


suspendei 
motion o: 
magnetic 



metal. This whole 
ment, and we nij 
at any inst 

therefore 


very small in a well-designed instru- 
T the effect to be a couple, whose value 
ional to the angular velocity, and may 

which opposes the motion of the 


dt* 

however, the circuit is closed, the 
tended needle causes the coil to be cut by a 
ux, and a current to be induced in it proportional to 
the angular velocity, and inversely as the resistance of the 
circuit, and the reaction between tliis and the permanent field 

gives rise to a retarding couple which we may write ^ 

K dt 

where wi is a constant involving the magnetic flux due to the 
magnet and the area of the coil. 

The equation of motion of the suspended part may then be 
written— 




where I is the moment of inertia of the moving part, and c the 
controlling couple per unit deflection when this is smalL 


Thus, 


or. 


d^d 

dt^ 


+ 1 ( 1 +^) 




when, 




.26, and, 
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The solution of which is (see p. 337)— 

d=A€~^ cos 'v/— bH. 

Thus the elongation when ^=0, is A ; and 6 i when t= 
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Vk^—b^’ 


is —Ae ''**-»*, and so on. Successive elongations being in oppo¬ 
site directions, the opposite signs of alternate elongations will 
be omitted, and we have— 


io. 


1 


^1. 


-b 




1 


Vif-I. 




-b 




bn 


-b 


Vk*-b* 


Thus, 


• ^ == == ^ = 

Oi e, 

log, ^;===A==—r^^==rr===logarithmic decrement. 
\/k^ — 


Now, for the galvanometer to be ballistic, b must be small in 
comparison with k, so that we have— 


'=^=4(i+^)yr 


where pi=~, and a is a new constant. 


m 

Let the logarithmic decrement Aq be determined with the 
galvanometer on open circuit; then R=oo , 

and, Xo=api, 

Again, let it be determined with the galvanometer short-circuited, 
R, being the resistance of the galvanometer itself. 

Then, 

and again, with a total resistance R in circuit— 

Subtracting from A, we get— 

Subtracting Ao from A* we get— 


Ak—A«« 


R* 
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Now, dividing the last equation but one by the last— 

—Ag_R—R^ 

a7=^ r7”’ 

R—Rg is the resistance added for the third determination, and 
hence it can be found in terms of R^ or vice versd. 

This method must be modified in the case of a moving coil 
galvanometer, for on short-circuiting the coil, the motion becomes 
dead beat; but two high resistances may be compared ; for if 
Rj and R 2 are the total resistances, including that of the galvano¬ 
meter, and Xi and A 2 the corresponding logarithmic decrements— 

Xq—uPi, 

From which as before— 

^8 1 

A,-Ao R, ’ 

or 

'Rl Aa-V 

Measurement of Magnetic Flux. —If a closed coil is rotated 
in a magnetic field, current flows in it 
owing to the electromotive force produced 
by the change in the magnetic flux 
linked with the coil. Let the coil have 
effective area A and the magnetic field in 
which it is situated be uniform and of 
strength H. Then, if the plane of the coil 
make angle 6 with the direction of the field 
(Fig. 249)— 

magnetic flux linked with coil=HA sin 0=N. 

Hence, as the coil rotates— 

_ <fN_ d(HA sin (?) 

" dt dt ’ 

and at each instant the current i is ^ 

r 

. HA disin e) 

• • * r • dt * 



Fig. 249. 
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If, then, at time f=0 ; and —^ at the end of an interval of 


time 


, ’i(sm *), 

“i- 

j * 


HAT 


sin 0 \ 


2HA 


If, then, the coil is in series with the ballistic galvanometer, 
cahbrated in the usual way— 


or. 




where k is the constant determined by the ordinary method 
(p. 259). 

When H is the horizontal component of the earth's magnetic 
field, the coil is known as the Earth Inductor, Fig. 250, and the 

method may be used for deter¬ 
mining H. On the other hand, if 
H is accurately known, the method 
is a convenient one for calibrating 
the ballistic galvanometer. 

Care must be taken that before 
and after rotation, the coil shall 
be at right angles to the meridian, 
as otherwise the charge passing 

2HA 

round the coil is less than -. 

r 

The correct position is that in 
which a maximum throw is ob¬ 
tained for a sudden rotation of the 
250. coil through 180°. 

The vertical component of the earth's field may be found by 
laying the apparatus on its side so that the coil is horizontd 

rk 

before and after rotation. Then and the dip may be 

ZtA, 

found by taking the ratio of the throws produced in the two 
positions— 

tan (dip)=g=^. 
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It should be noticed that in measuring a magnetic flux, the 

N 

total amount of charge caused to circulate in the circuit is 

t 

where r is the resistance of the circuit, and consequently to get 
the greatest effect on the galvanometer, r should be as small as 
possible. With the suspended coil galvanometer, r must not be 
indefinitely reduced, for this would have the effect of rendering 
the galvanometer dead beat, whereas the relation between charge 
and throw depends on it being ballistic. Hence for the measure- 
ment of small values of the flux it is desirable to use a suspended 
magnet galvanometer, which, even when short-circuited, is 
usually sufficiently ballistic for the purpose. For large values of 
the flux, a suspended coil galvanometer may be used, a high 
resistance being put into the circuit without unduly diminishing 
the sensitiveness ; in fact, for measurements of magnetic perme¬ 
ability (p. 276) it is generally necessary to reduce the sensitive¬ 
ness in this way, the additional advantage of rendering the 
galvanometer ballistic being attained. 

In the measurement of capacity no such difficulty arises, for 
the amount of charge caused to pass through the galvanometer 
is independent of the resistance of the circuit. Hence the greater 
the number of turns in the coil of the galvanometer the better, 
and the sensitiveness of a high-resistance galvanometer is there¬ 
fore greater than that of one of low resistance. 

Standards of Magnetic Flux.—Standard magnetic fluxes are 
very useful for the cahbration of ballistic galvanometers. One 
form of such standard consists of a long solenoid, on the middle 
part of which is wound a secondary coil of a great many turns. 

If the solenoid has nj turns per centimetre length, the magnetic 
field in the interior when a current i absolute units flows in it is 
Armii (p. 229). If then A be the 
mean area of section of the solenoid, 
the total magnetic flux across any 
section far removed from the end is 
ATtniiK, If the secondary coil has 
^2 turns the effective amount of 
magnetic flux linked with it is 
47rWiiAn2. This flux enters it on 
establishing the current in the solenoid, and leaves it on stop¬ 
ping the current, and if the ballistic galvanometer be connected 
to the secondary terminal S 1 S 2 (Fig. 251), the charge caused 
to circulate through the galvanometer on starting or stopping 

the current is — absolute imits, where r is the resistance 
r 

of the circuit. Since aU these quantities are easily measurable, 
the method is a convenient one for calibrating the galvanometer. 

9* 


I niiimiiiiiumiiiiL u 


Fig. 251. 
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Another convenient source of flux is the Hibbert magnetic 


standard (Fig. 252). A block of hard steel has a cylindrical slot 
cut in it. The steel is magnetised so that 
the magnetic flux cuts radially across the 
slot. A circular coil C wound on a hollow 
brass cylinder can be dropped into the slot, 
and in doing so cuts the magnetic flux due 
to the cylindrical magnet. The number of 
magnetic lines must in the first instance be 
determined by comparison with some such 
standard as that last described, and it is 
found that owing to the form of the per¬ 
manent magnet the flux remains very con 
stant and forms a useful and easily employed standard. 

Grassot Fluxmeter. —The passage of the electric charge through 
the ballistic galvanometer must have ceased before the moving 
system has moved appreciably, or the impulse will not be applied 
to the system in its position of equilibrium, and our equations 
no longer apply. For measuring magnetic fluxes, the Grassot 
fluxmeter has the great advantage over the ballistic galvano¬ 
meter, that the change in flux need not take place instantaneously, 
or at any particular rate, the moving coil being at rest before 
and after the change, the difference in position being proportional 
to the change in flux linked with the circuit. This result is 
attained by reducing to a very small amount all sources of 
damping other than that due to the electromagnetic effect 



R 



Fig. 253. 


between the permanent field and the coil 
as it rotates, until this becomes the pre¬ 
dominating control. The coil BB (Fig. 
253) is suspended by a single silk fibre 
attached to the spiral spring R to prevent 
damage from shocks. The current enters 
and leaves the coil by two fine silver spirals, 
S and S'. The mechanical control is thus 
very small, and the damping due to the air 
resistance to motion is usually insignificant, 
so that the only effective damping is that 
due to the induced current in the coil as it 
rotates, in fact the period of oscillation of 
the coil on open circuit is of the order of a 
minute. 


The terminals L and L' are connected to 


an exploring coil, the variation in flux through which it is re¬ 
quired to determine. If the effective area of the exploring coil 
be known, the magnetic induction can be calculated from the 
flux {N»BA). With the exploring coil connected, the total 





GRASSOT FLUXMETER 


resistance is of the order of 20 ohms, and the coil will remain 
practically at rest in any position. 

When the flux through the exploring coil changes, there will 
be an electromotive force acting in the circuit, and consequently 

a current in it, whose value is where r is the resistance of 

r 

the circuit and e the resultant electromotive force. The coil 
therefore experiences a couple ^AH. A being the effective area of 
the galvanometer coil and H the field due to the permanent 
magnet. 

at 

where I is the moment of inertia of the moving coil and a> its 
angular velocity, so that is its angular acceleration. 


Then, 


^AH_ 


Now e is the difference between the electromotive force due to 

rate of change of flux in the exploring coil ^ind that in the 

galvanometer coil due to its rotation with angular velocity oi in 

the field of the permanent magnet. The latter is AHco, or AH™, 

dt 

where 0 is the angle the coil makes with its mean position. 


Thus, 


and from (i). 


r \dt di) dt 


Integrating, we have— 


r Jo\ dt dt) jodt 

Now the last integral is j^cuj , and since the coU is at rest 
before and after the change in flux, both these limiting values of 


o) are zero. 




AH 0 =0. 
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where N is the total change in magnetic flux linked with the 
exploring coil, and d is the corresponding change in position of 
the suspended coil. This relation is independent of the time 
during which the change in flux takes place. Thus to measure a 
flux, all that is necessary is to put the exploring coil into the 
space in which the flux is required, in performing which action 
the coil cuts the flux to be measured, and the displacement of 
the galvanometer coil measures at once this flux. The coil is 
provided with a pointer moving over a scale so calibrated that 
with an exploring coil of definite resistance the flux for one 
division of the scale is known. A mirror is also attached to the 
moving system, so that by means of the deflection of a spot of 
light, very small magnetic fluxes may be measured, but in this 
case the scale must be calibrated by using a known flux to 
determine the constant k in the expression N =k9. 
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MAGNETIC PROPERTIES OF MATERIALS 

Theories of Magnetisation. —Passing over the early theories of 
magnetisation, which accounted for the phenomena by the exist¬ 
ence of two magnetic fluids (Coulomb), and others by means of 
vortices (Decartes), we come to the first approach to a molecular 
theory, due to Poisson, who supposed that the magnetic materials 
contained small spheres which are conductors of the magnetic 
fluids, and in a magnetic field behave in an analogous manner to 
that of conducting spheres in an electric field. The next advance 
was due to Weber, who assumed that the molecules of a magnetic 
substance are themselves permanent magnets, and that in the 
act of magnetisation they are turned into the direction of the 
magnetising field. In order to account for the fact that a field, 
however weak, will not set all the molecular magnets parallel to 
the field, and therefore produce saturation, a mechanical restraint 
opposing their rotation was postulated. Sir J. A. Ewing added 
to the molecular theory by showing that the magnetic interaction 
between the molecules themselves is sufficient to account for the 
known behaviour of magnetic materials. It is now firmly 
established that magnetic poles have no existence, apart from 
electric currents or the motion of electric charges. Whatever 
the motion of electricity to which the magnetic properties of 
material are due, there is httle doubt that it occurs within the 
atom. This motion is that of the electrons, but the form of 
motion does not concern us here, except that each motion is 
permanent, or nearly so (see Chap. XVI), and gives a magnetic 
moment to each atom. Nevertheless, the idea of magnetic pole 
has played a very useful role in the history of magnetism, and 
is still a very useful device in studying magnetic phenomena. 

Intensity of Magnetisation and Magnetic Susceptibiiity.—^We 
define the intensity of magnetisation (I) of a magnetised material 
as the ratio of the magnetic moment to the volume of any piece of it, 
the piece being sufficiently small for us to consider its magnetisa¬ 
tion uniform. 

XJius I ^ niagnetic moment 

volume 
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If a rectangular piece of the material (Fig. 254) has length I 
parallel to the direction of magnetisation and cross-section a, 
then if a is the amount of pole per unit area of each end, we have, 
when the magnetisation is uniform,—total pole at each end is 
a<7, and the magnetic moment is laa. But the volume is /a, 



Thus the intensity of magnetisation may also be defined as the 
amount of pole per unit area taken at right angles to the direction 
of magnetisation. 

If the volume taken be situated in the interior of a magnetised 
body, a is not free pole, in the sense that it produces an outside 
effect, for it is situated indefinitely close to an equal and opposite 
amount of pole upon the adjacent layer. It is only where the 
magnetic poles form the outside layer of the material that their 
effects are not balanced by that of opposite poles, and the 



Fig. 254. Fig. 255. 


ordinary polar phenomena are produced, as at A and B (Fig. 255). 

The ratio of the intensity of magnetisation (I) at any point within 
a body to the magnetic field (H) to which it is due is called the 

magnetic susceptibility (k) of the material. Thus 

Magnetic Induction. —It will be seen that in dealing with 
magnetism the quantity I, or intensity of magnetisation, is 
analogous to the polarisation P in electrostatics (p. 115). Follow¬ 
ing the reasoning given on p. 116, it follows that in the inter¬ 
spaces between the atoms of a magnetic substance there is a 
magnetic intensity H4-47rI corresponding to E-f47rP in the 
electrostatic case (p. 116). As the quantity E-f47rP was called 
the electrical induction, tf), so H-f-47rI will be called the magnetic 
induction, B, 

that is, B=H+47rI 

=H-f47r^H 

=H(l+4tnc). 

By a substitution of k for c and I for P in the argument on 
p. 117, it may be shown that the force between two magnetic 
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poles nil ni2 situated in a magnetic medium of susceptibility k 
is ^ the factor (1 +47r/c) involving 47r due to the effect of 

[\-\-A7TK)r^ 

the magnetisation of the medium. As before, it is convenient to 
substitute a symbol for l+47r#c, and the one chosen is /i. It is 
called the magnetic permeability of the medium. 

Thus, /x=ld-47r/c. 

and, force between poles 

fjLr^ 

It follows, from above, that B=/xH. 

The permeability /x is not, like the dielectric constant k, a 
constant for any one material. In the case of iron, nickel and 
cobalt the value of /x is much greater than for other substances 
and for any one specimen its value varies between wide limits. 

Demagnetisation,—It must be understood that H in the above 
expression is the actual field producing magnetisation within the 
material, and that if there are free poles upon the specimen they 
will always produce a field which is in opposition to, and must 
be subtracted from, the original field, within the material, in 
order to obtain the resultant magnetising effect. Thus, for a 
magnet NS (Fig. 256) each pole produces its own radial field, the 
resultant being the ordinary field due 
to a pair of poles. At the middle of 
the magnet this field is opposed to 
the magnetising field H, and there¬ 
fore exerts a demagnetising effect 
upon the bar. It is for the purpose 
of removing the free poles that pro¬ 
duce this demagnetising effect, that 
permanent magnets are usually pro- Fig. 256. 

vided with soft-iron keepers, the 

keeper producing poles equal and opposite to those of the mag¬ 
net, and being very nearly coincident in position with them, 
these poles produce a field equal and opposite to the demagnetising 
field. 

Whatever the form of the magnet, the demagnetising field is 
proportional to the strength of the pole to which it is due, and 
this in turn is proportional to the intensity of magnetisation, so 
that the demagnetising field is equal to NI, where N is a constant 
depending on the geometrical form of the magnetised body. 

If then H' is the magnetising field when the body is absent, 
and H that actually existing in the interior of the body— 

H=H'-NI. 

N may be calculated in a number of simple cases when the 
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interior field is uniform, but this is not in general the case. On 
p. 235 we saw that the resultant field inside a sphere of perme¬ 
ability fi 2 situated in a material of permeability fii is —— 

times the external field. If now we consider a sphere of iron of 

3 

permeability /i situated in air, the resultant interior field is 


times the original field, that is— 

H= 


2+/i 


2+m 


H'. 


Remembering that, 
and that, 
we then have, 


/bt = l+47r#f, 

I=kH, 

H=H'-^7rI, 


from which we see that for a sphere, N=fjr. Thus, with the 
value /i=1000— 

B=fgg§H'=3H' approximately. 

If there were no demagnetisation effect, B would 
have been 1000 H'; and hence the important 
part played by the free polar surfaces in this case. 

The effect is greatest for a magnetic sheet per¬ 
pendicular to the field. In this case the surface 
condition (ii), p. 234, tells us that B=H' (Fig. 
257). 

Fig. 257. Further, B=ftH, A H=—. 

But, /Li = l-|-47rK, /. H{l+47r/c)==H', 

H=H'~47rI. 

A N=47r. 


and since 




For a permeability of 1000, the actual field inside the sheet is 
only of that outside. 

In the case of a very long wire parallel to the field, the demagne¬ 
tisation effect throughout the greater part of the length of the 
wire is negligible, owing to the distance away of the poles at the 
ends. When the wire is not very long, Ewing i treated it as an 
ellipsoid with the axis parallel to the field of much greater length 
than the axes perpendicular to the field. 

For an ellipsoid having semi-axes, a, b and c, when c is the long 
axis, parallel to the field, and c, it is shown in 

^ J. A. Ewing, ** Magnetic Induction in Iron and other Metals." 
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" Maxwell’s Treatise on Electricity and Magnetism,” voL ii, 
that— 

and using this equation, the values of N corresponding to 
different values of or ratio of length to diameter of the wire, 
are calculated— 


length 

diameter* 

N. 

50 

001817 

100 

000540 

200 

000157 

300 

0*00075 

400 

000045 

500 

000030 


Thus for a wire of length equal to 500 times its diameter^— 
H=H'-0-00030I. 

or, ~=1+0-00030 k. 


K does not often exceed 200, and for this value— 


H' 

H 


=106. 


Thus, the field is reduced about 6 per cent, by the free poles 
The magnitude of the effect shows that in measuring the suscepti¬ 
bility of an iron wire, it is usually necessary to correct the magne¬ 
tising field for the demagnetising effect of the free poles upon the 
specimen. 

Practical Methods.—(i) Magnetometer, For material in the 
form of a wire, the magnetometer, as developed by Ewing, ^ is 
usually employed in studying the magnetic properties. The 
specimen is placed vertically inside a magnetising solenoid, with 
its upper pole on a level with the needle of the magnetometer of 
the type shown in Fig. 7. If then a be the area of cross-section 
of the wire, the strength of pole at each end is la, when intensity 
of magnetisation is I, and the strength of field at the magneto¬ 
meter needle M due to the pole A is (Fig. 258). That due to 


the pole B is 


la 

52+72' 


the horizontal component of which is 


^ J. A. Ewing, Magnetic Induction in Iron and other Metals.** 
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is la 


la.d 

1 


, and the resulting horizontal field due to the specimen 


1 


When this is at right angles to the con- 


trolling field /, then the deflection 0, is given by— 


la 


1 d ] 

d2 


If the specimen is very long the term 


=/tan 6, 
d 


- is small, but in 


(^ 2 +/ 2)3 

any case it may be calculated. The effective length I is about 
three-quarters of the length of the wire. If the controlling field 
/ be known, I can then be found in terms of the deflection 9. 



The magnetising field H' is known in terms of the current i in 
the magnetising solenoid ; n being the number of turns per 
centimetre length of coil, H'=47rnz, where i is in absolute 
units. 

There are several disturbances to be allowed for. In the first 
place the solenoid produces a magnetic field at the magneto¬ 
meter. This effect is eliminated by placing the vertical circular 
coil C, whose axis passes through A and M, in series with the 
solenoid and adjusting its distance from M, with the specimen 
removed, until on passing the current the magnetometer needle 
is undisturbed. This balance, if perfect for one current, holds 
for all currents, and the disturbing effect of the solenoid on the 
needle is then eliminated. The coil C serves another useful 
purpose, for if we disconnect the solenoid and observe the 
deflection Bi produced by a current ii in C, we can obtain the 
value of the controlling field /. Calling the distance of M from 
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^■TrH/7 f 

C, X, the field at M due to the current in C is - ■■ ■ - h (see p. 228), 
where n is the number of turns in C. 


, 2‘nnaHi 


=/tan 6i, 


from which / can be found. 

The second disturbance is due to the fact that the specimen is 
always magnetised by the vertical component of the earth's 
magnetic field. To eliminate this effect a second solenoid (not 
shown in the diagram) is wound upon the first and the current 
in it adjusted until, on demagnetising the specimen, the magneto ¬ 
meter needle remains in its true zero position when there is no 
magnetising current. This earth neutralising current is main¬ 
tained constant during the experiment. 

Having made all the adjustments, a series of values of 6 and i 
is observed, beginning with the slider of the rheostat in the posi¬ 
tion Ri, so that the value of the magnetising current is small. 
The current is then increased step by step to a maximum by 
moving the contact from Rj to R, 0 and i being observed at each 
step. The current is then diminished in a similar manner to 
zero, then reversed by means of the key K, increased to a negative 
maximum, diminished to zero, and finally reversed and increased 
to its original positive maximum. The series of readings of 6 
and i are then converted by constant factors, determined as 
above described, into the corresponding values of I and H', 
which may then be plotted in the form of a curve. In the case 
of the ordinary reflecting magnetometer, the deflection is usually 
sufficiently smaU to use 0 instead of tan 0, without appreciable 
error. 

Then— 

j_ iTTfiaHi r 1 d ^ 

[a^+x^Y0i • ’a* ' 

H'=47rm. 


If the currents are measured in amperes, each of these expres¬ 
sions must be divided by 10. 

The dotted curve H' for a specimen of steel piano wire is shown 
in Fig. 259. To obtain the curve connecting I and H from this, 
the demagnetisation effect is to be allowed for. To do this the 
line is drawn through the origin, making angle pOq such that 
the tan />Oj=N. But H=H'—NI. Then, 

pq=^Op tan {qOp)^Op . N==NI. 

Thus, H, and drawing ef^pq, horizontally from the 
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point e of the H' curve, we get the corresponding point / on the 
H curve. The whole curve is then corrected in the same way. 



Fig. 259. 


This is equivalent to shearing 
' the H' curve through an angle 
tan~i N to obtain the true H 
curve, and obviates the necessity 
of calculating the demagnetisa¬ 
tion effect H'—H or NI for every 
reading. 

(ii) Ballistic Method .—In this 
method the total magnetic flux 
in the material is measured by 
means of the ballistic galvano¬ 
meter. The material in the form 
of a ring, usually of circular 
cross-section, is wound uniformly 
with an endless solenoid which 
produces an approximately uni¬ 
form magnetising field 


^p. 232), where the current I in it is measured by the ammeter A. 

A secondary coil of «2 turns (Fig. 260) is also wound upon the 
ring, and is cut by the magnetic flux Ba, on establishing the 
magnetising field, B being the magnetic induction in the material, 
and a the area of cross-section of the ring. In series with the 



Fig. 260. 


secondary coil is a ballistic galvanometer G. The charge caused 
to circulate in the galvanometer is then —where R is the 

XV 

resistance of the secondary circuit, and if 0 be the galvanometer 
Bafi 

throw. k is determined by means of the standard 

xC 
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flux produced by the straight solenoid M 3 and its secondary 
(p. 265), and if dy be the throw produced by establishing current 
Ii in this standardising solenoid— 

4MM3I1AM4 
—Tno— 


The two secondaries «2 and being permanently in series with 
the galvanometer, R is the same in both cases, and therefore, 
eliminating k from the last two equations, we have— 

47rW3M4AIi 
lOaMj^i ' 


From this and the equation— 


H= 


10 ' 


t he ballis tic throws d, a^d the ammeter readings I, may be 
convertedjnto the coiresponHing values'bTB and .. 

Prom an inspection of Fig. 26111” will be seen that on estab¬ 
lishing a field Oh, and then removing it, the reverse throw on 
removal will be less than the direct throw on producing it, since 
a large fraction of the magnetisation remains ; in fact, the throw 
obtained on establishing or re¬ 
moving the field depends so much 
on the previous condition of the 
specimen that it does not afford 
any useful information regarding 
its condition. 

A better method of procedure 
is to obtain the throw for a 
reversal of the field, which of 
course gives 2B instead of B, for 
any value of H. Thus in Fig. 261, 
if the value of the magnetising 
field is Ok, and this be reversed 
to Oh’=—Oh, B changes from 
Ob to Ob', that is, the balUstic throw is proportional to bb'=20b. 
Instead of heilving the value obtained for B to get that corre¬ 
sponding to the magnetising field Oh, it is usual to use a reversal 
of the current Ij when obtaining the standardising throw 61 , and 
since the throw for a reversal is made in both cases, the numerator 

and denominator in the quantity - are both halved, 

which of course leaves it unaltered, and the fact of reversal may 
be ignored. 

The method of procedure then is to apply the greatest magne- 
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tising current that is going to be used, and adjust the resistance 
R 2 until the ballistic throw on reversing the current by means of 
the key K (Fig. 260) makes full use of the galvanometer scale. 
This resistance must then remain constant throughout the 
observations. A few reversals of the current bring the iron into 
a steady cyclic condition, and then the throw 6 for the reversal 
of the current I from positive to negative and again from negative 
to positive is observed, and the mean value of the two taken. 
The current is then reduced by means of the rheostat R|, the 
repeated reversals performed and the process repeated. This is 
continued down to the smallest currents that give a reasonable 
throw. The 0's are then converted into B’s, and the I's into 
H's, and the results plotted in the form of a curve. In Fig. 261 
the curve OMP is obtained in this way for a ring of soft iron, and 
the permeability /i is calculated for each value of H by dividing 
Bby H. 

In this method there are no free polar surfaces, the tubes of 
magnetic induction being complete circuits within the iron ; 
there is therefore no demagnetising effect, which is one of the 
advantages of this over the magnetometric method. Another 
advantage is that the galvanometer, if of the suspended coil type, 
is much less sensitive to outside magnetic disturbances than the 
magnetometer needle. Thus the employment of the magneto¬ 
metric method requires the best laboratory conditions for success, 
but the ballistic method can be carried out almost anywhere. 
On the other hand, the ballistic method requires the welding, 
turning to circular form, and separate winding of each specimen 
examined, whereas in the magnetometric method any piece of 
the wire to be tested can be immediately placed in the magne¬ 
tising solenoid for experiment. The ballistic method does not, 
as a rule, give us the cycle of magnetisation, but only the curve 
passing through the tips of the cycles for various magnetising 
fields. 

Cycle by Ballistic Method. —If a cyclic curve of magnetisation 
be required, it may be found by a method devised by Prof. 
Ernest Wilson. ^ The key K, Fig. 260, is modified by replacing 
one of the cross conductors ab by a rheostat R 3 (Fig. 262). In 
making the reversals to establish the steady cycle of magnetisa¬ 
tion, the short-circuiting tapping key T can be closed. To make 
the first measurement, T is kept closed and the rocker which 
connects e to d and f to b thrown over to a and c, which simply 
reverses the current. The reversal of H from the value OE to 
OF (Fig. 263) causes a throw proportional to the change of 
induction AB, and this is plotted downwards from A, the point 
C on the curve being obtained. The process is now repeated 
* J. Hopkinson, £. Wilson, and P. Lydall, Proc. Roy. Soc., A 58 (1893), p. 352. 
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with T open, so that the magnetising field OE is reversed to the 
value OG, the corresponding throw being proportional to AL* 
This gives us the point M on the curve. T is then closed, the 
reversals made to re-establish the cycle, R 3 increased, T opened, 
and another throw obtained, giving the point P on the curve. 
The point S is found by merely breaking the circuit to reduce the 
field to zero, the throw proportional to AR being obtained. 
Points such as T are obtained by diminishing the field OE or 
suddenly increasing, by a small amount, the resistance of Ri 



Fig. 262. Fig. 263. 


(Fig. 260). The other half of the cycle may then be drawn from 
symmetry. 

The values of I may be obtained from those of B by means of 
the relation B=H+ 47 rI, Thus the I—H curve may be derived 
from the B—H curve, and vice versd. 

of Magnetisation—Hysteresis.—^The behaviour of mag¬ 
netic materials when subjected to cychc changes of magnetic 
field, were first systematically studied by 
Sir J. A. Ewing, and for a detailed study 
of such cyclic changes, the student is 
referred to Ewing's work on “ Magnetic 
Induction in Iron and other Metals." A 
typical cycle is seen in Fig. 264, the be¬ 
haviour of the material being represented 
by the curve OABCDEFG. It will be 
observed that the descending branch of 
the curve always lies above the ascend¬ 
ing branch. Hence the zero value of I 
occurs at a later point of the cycle than 
the zero value of H. To this lag of the Fig. 264. 

magnetisation behind the magnetising 
field Ewing gave the name of Hysteresis, 

The value OC of the intensity of magnetisation when the 
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magnetising field is reduced from great values down to zero is 
called the Residual Magnetism, The value OD of the reversed 
field required to reduce the intensity of magnetisation to zero, is 
called the Coercive Force, A knowledge of the intensity of 
magnetisation near saturation, together with the values of 
the residual magnetism and the coercive force, enable one to 
draw approximately the magnetic cycle, and hence, failing the 
complete diagram of the cycle, these three qupntities give 
a very good knowledge of the magnetic properties of the 
material. 

The condition of the material at a point in the cycle represented 
by D, is very different from that of the neutral or unmagnetised 
condition represented by O ; for a further negative field T>e 
produces a large increase in the intensity of magnetisation repre¬ 
sented by ef: while an equal negative field Og, applied to the 
unmagnetised substance, would only produce the small intensity 
gk. Or again, if, when the point L on the cycle is reached, the 
magnetising field, instead of being continued in the negative 
manner is brought back to its positive maximum, the dotted 
curve LB is foUowed, or if the return is made on reaching the 
point D, the path is the dotted curve DMB, in either case a 
closed loop being formed. Thus if the field is merely removed 
after the point D has been reached, there will be remaining 
magnetisation of intensity OM, and the specimen is certainly not 
demagnetised. The only satisfactory way to demagnetise a 
specimen is to take it repeatedly through cycles of continually 
decreasing range, ending with extremely small cycles ; for the 
effect of one or two reversals of the field is to wipe out the effect 
of previous cycles, provided that there is not a great difference 
in range between the cycles. A specimen of iron may be 
demagnetised by heating it to red heat, and allowing it to cool in 
a region of no magnetic field ; but this method is unsatisfactory, 
as the heating and cooling change the physical properties of the 
material. 

Iron and Steel. —In Fig. 265 the curves are taken from Ewing's 
results. A is for annealed soft-iron wire, and B for the same wire 
after being hardened by stretching. C is for annealed pianoforte 
steel wire, and D for the same wire, glass-hard. We can see that 
the harder the material, the less is the residual magnetism, and 
the greater the coercive force. In Fig. 266 we have the curve E 
for annealed nickel wire and F when hardened by stretching. 
G is that for cobalt (containing 2 per cent, of iron). The curve 
for nickel resembles that for soft iron, but the saturation value 
of B is only about one-third of that for iron. The cobalt curve 
resembles that for steel, but the ascending and descending 
branches lie closer together. The saturation value of B for 
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cobalt is very little short of that for iron and steel. The coercive 
force for nickel is about 7*5 and for cobalt 12. 

The effect of mechanical disturbance such as tapping is to 
make the ascending and descending branches for soft iron very 
nearly coincide; the residual magnetism and coercive force are 




practically zero. The effect upon steel is in the same direction, 
but is not so marked. 

Work due to Hysteresis.—The act of taking a body through a 
cycle of magnetisation involves the expenditure of energy; for 
the energy required to magnetise a specimen is not recoverable 
on removing the magnetic field, since the magnetisation does not 
fall to noting; a negative field has to be apphed before the 
intensity of magnetisation is brought to zero. 

We show from first principles that the work necessary to 
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produce a change dl in the intensity of magnetisation is H^il, dl 
being so small that the magnetising field H may be considered 
to be constant throughout the change. 

Let m be the magnetic moment of one of the elementary 
magnets of the material, and 6 the angle its axis makes with the 
direction of magnetisation. 

m cos d and m sin 6 are the components of its moment parallel 
and normal to the direction of magnetisation. Then for the 
whole of the elementary magnets throughout unit volume, 
Sm cos tf=I, the total magnetic moment per unit volume, and 
further Em sin 0=0, otherwise there would be a component of 
the magnetic moment at right angles to the direction of magnetisa¬ 
tion, which is contrary to the very meaning of the term. 

From the former equation we have— 

dEm cos B=:dl 
i.e. —Em sin B . dB^dl. 

Now the couple acting on the molecule m in the field H is 



mH sin 6 (Fig. 267) ; and for a small rotation —dB the work 
done is —mH sin 6 . dO. 

For all the elements in unit volume— 

work done= — Em}i sin B . dB, 

= —H-Tm sin B . dB, 

since H is constant. But this means an increase dl in the 
intensity of magnetisation, and 

— Em sin B . dB^dl, 
work done=H^fL 

Thus in the I—H diagram. Fig. 268, the work done for the 
small change dl in the intensity of magnetisation is Hil, that is, 
the area of the strip ef, and that in passing round the curve from 
a to d is the area of ail such strips, that is the area abecd/a. 
Similarly the work done for the path dka is represented by the 
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area dkabci ; and the balance of work done on the specimen of 

unit volume, for the whole cycle is area afdka ; thus I is 

Jo 

the work done for any cyclical path, where J is the integral 

round the whole path. We can therefore see that the work for 
a cycle of magnetisation of steel is much greater than that for 
soft iron since the hysteresis curve encloses a much larger area. 
This work appears in the form of heat in the specimen and 
represents an irrecoverable loss of energy. Not only is energy 
lost, but the heating effect is cumulative, and in a mass of iron 
subjected to an alternating magnetic field, as in the armature 
core of a dynamo, or the core of a transformer, the consequent 
rise of temperature may be considerable. For this reason the 
iron used for these purposes has as low a hysteresis effect as 
possible. 

The area may be obtained from any of the I—H cycles, 

Jo 

paying due regard to the scale upon which the curve is drawn. 
If the curve be one for B and H, the area must be divided by 47 t 
to obtain the work done per cubic centimetre per cycle. 

For, B=H-F47rI, 

/. HtfB=HrfH+47rHrfI, 

and, f a;B= f HrfH+477 f HdL 

Jo Jo Jo 

The term J is necessarily zero, for if we plot H against 

H, we get a straight line, and the area enclosed for any cycle 
will of course be zero. 

The value of varies from about 10,000 ergs for annealed 

soft iron to 117000 ergs for hardened pianoforte steel wire. 

Taking the density of iron as 7-7 and its specific heat 0-11, the 
thermal capacity of 1 c.c. is 7*7 X 0-11, and the rise in temperature 


per cycle of magnetisation is 


degrees ; the 


^ ^ * 7-7x0-ll x4-2xl07 

mechanical equivalent of one calorie being 4-2 X10'^ ergs. For a 

value of 50,000 for J Hdl, and a frequency of 100 cycles per 

second, we have a rise of temperature per second of— 
50000x100 


7-7x011x4'2xl0» 


=014% 
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or 84° per minute, provided that the heat produced did not leak 
away. 

Hysteresis Tester. ^—The importance of this hysteresis loss of 
energy in a magnetic material led Sir J. A. Ewing to devise a 
piece of apparatus by means of which the hysteresis loss in a 
specimen of the material may be found, without making the 
laborious test for finding the magnetic cycle. The specimen is 
rapidly rotated between the poles of a permanent magnet, which 



is supported upon knife-edges to enable it to turn about a 
horizontal axis (Fig. 269). 

As the specimen rotates, it is magnetised by the field of the 
permanent magnet, the lag in polarity causing it, by the attra.c- 
tion between the respective poles, to drag the magnet after it. 
The deflection of the magnet is measured by the pointer and 
scale, and is proportional to the hysteresis effect in the specimen, 
being independent of the speed of rotation. This may be shown 
in the following manner :— 

Let H be the field due to the permanent magnet at any point, 
and 0 the angle between H and the direction of magnetisation of 
> J. A. Ewiog. Inat. El«c. Eng., vol. 24. p. 398. 1895. 
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the specimen at the point. As the specimen makes one complete 
rotation, its magnetisation at the point considered goes through 

a cycle, and the work done due to hysteresis is J Hdl per unit 


volume. 

Thus, at the point considered, H in this expression must be 
replaced by H cos 0, and further, I=icH cos 9, where k is the 
susceptibility. 

dl =—icH sin 0 . dO. 


Therefore the work done for one cycle is— 


f H cos 0 {—»fH sin 9)d0 =— j /fH® sin 0 . cos 0 . d0. 
Jo Jo 


Again, to find the couple exerted on the specimen,—I is the 
magnetic moment of unit volume", and the couple on it is there¬ 
fore IH sin 0, tending to rotate the specimen into the direction of 
H, and— 

I=«:H cos 9, 

couple=/cH2 sin 0 . cos 0 . 


The mean value of this for a complete rotation is- 


J. 


sin 0 . cos 0 . d9 


J/' 


w. 


/cH2 sin 6 . cos 0 . d0. 


Comparing this with the expression for the work done due to 
hysteresis, we see that the variable parts are identical, and there¬ 
fore the mean couple acting between the specimen and the 
permanent magnet is proportional to the hysteresis effect, and is 
independent of the speed of rotation. It is balanced by the 
gravitational couple, which is measured by the deflection of the 
permanent magnet from its mean position. 

The instrument is calibrated by means of two specimens, one 
of low and the other of high hysteresis value, and the samples to 
be tested are made of the same size and shape as the standards, 
the length being the important quantity to have correct. 

Steinmetz Law. —^An empirical formula for the work done in a 
cycle of magnetisation has been given by Steinmetz, ^ which is 
very useful for many practical purposes ; it states that the work 
per cycle is proportional to the magnetic induction raised to a 
constant power which ranges between T66 and 1*70. 

Thus- 

^ C. P. steinmetz. Electrician, 26, p. 261 (1891); 28, p. 425 (1892). 
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where ly is a coefficient depending upon the material, and B tha 
maximum value of the induction during the cycle. 

For very soft iron t; =0*0020. 

hardened steel =0*025. 

„ annealed cast-steel =0*0080. 

„ nickel 7^=0*012 to 0-038. 

cobalt 7^=0*012. 

The law only roughly represents the truth, and can only be 
used for approximate purposes. 

Iron and Steel Alloys. —Many substances, such as silicon, 
chromium, tungsten and manganese, in small quantities, pro¬ 
foundly modify the magnetic properties of steel. Thus chromium, 
tungsten or manganese, in small quantities (up to 4 per cent.), 
greatly increase the coercive force, in some cases up to 40 or 
even 50, while 12 per cent, of manganese (Hadfield's manganese- 
steel) renders it almost non-magnetic at low fields, the perme¬ 
ability being about T4 for all fields. Also mumetal (Ni 76, Fe 17, 
Cr 1*5 and Cu 5 per cent.) has extremely high permeability and 
on this account has many uses, as has radiometal (Ni 48, Fe 48, 
Cu 3, Mn 0*5). Mumetal has a very high permeability (10,000 
to 100,000) and low hysteresis (60 ergs per cycle per c.c. for 
B=5000) and the corresponding values for radiometal are 2000 
to 15,000 and 350. 

Magnetic Alloys of Non-magnetic Substances. —It was found 
by Heusler ^ that it was possible to produce a magnetic alloy of 
non-magnetic substances. Thus several alloys of manganese, 
aluminium and copper, and of manganese, aluminium and zinc, 
exhibit marked magnetic properties. An alloy of 26*5 per cent. 
Mn, 14*6 A1 and 58*9 Cu, has a permeability of 225 for a magne¬ 
tising field of strength 20. ^ The magnetic behaviour of these 
alloys depends very much upon their previous condition with 
regard to temperature. 

Force between Magnets in Contact. —When two magnetic polar 
faces are in contact, as in the case of a soft iron core divided 
transversely, there is a force pulling the two polar faces together. 
Let a be the amount of pole per unit area of face, N on one side 
and S on the other. Then each produces a field of strength 27ra, 
and the other polar face being situated in this, expeiiences a 
force 27ra^=F per unit area. The two faces are not in contact 
at more than a few points, and the strength of field H in the air 
interspace is 47ra=H (p. 126). 



» Ft. Heusler,'' Verb. D. Phys. Ges.,” 1903. 
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But the magnetic field being normal to the faces, the value of 
H in the gap is equal to the value of B in the iron (p. 234). 



Weak Magnetic Fields. —The experiments described above are 
not sufficiently delicate to determine the form of the curve of 
magnetisation very near the oiigin. The late Lord Rayleigh^ 
examined this point, and found that for very weak fields k and jx 
are constant, and hence the I—H and B—H cm ves are practically 
straight lines near the oi igin, and are inclined to the axis of H. 
The method he adopted was to place the speci¬ 
men inside a magnetising coil B (Fig. 270], 
with its end very close to the magnetometer 
needle. For moderate field strength the 
effect on the magnetometer needle is balanced 
by a coil A, in series with B. On varying 
the current, the balance is still perfect if the 
permeability is everywhere constant, but if 
that of the specimen varies, the effect of A 
and B on the needle will not change at the 
same rate, and the balance is destroyed. 

Swedish iron wire the balancing was made with a field of strength 
0’04, and it was found to remain perfect as the field was reduced 
to 0’00004 Hence, for these fields the permeability is constant. 
Up to values of H equal to 1*2, the following formulae gave, fairly 
well, the values of jx and /c. 

/<=6-4+5-lH. 

/X-81+64H. 

Time Lag. —Sir J. A. Ewing found that in the case of soft iron, 
the specimen did not take its final value of the magnetisation 
instantaneously, and in employing the magnetometer, an interval 
had to be allowed to elapse before reading the deflection, to 
allow the magnetisation to creep up to its full value. This 
renders the readings taken by the ballistic method somewhat 
uncertain, but if the ballistic galvanometer were replaced by the 
Grassot Fluxmeter (p. 266) this difficulty would be removed. 
With hard iron and steel. Lord Rayleigh found that there was 
no time lag for weak fields. Using a method similar to Lord 
Rayleigh's, Ewing 2 found that annealed wrought iron took 
in some cases as long as 60 seconds to creep up to its final 
magnetisation for fields not exceeding 0*1, but the greater part 
of the magnetisation was acquired within 5 seconds. A cycle of 

1 Lord Rayleigh. Phil. Mag., 23. p. 225. 1887. 

• J. A. Ewing, Proc. Roy. Soc., 46, p. 269. 1889. 
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magnetisation may therefore be produced in a variety of ways. 
Thus for the weak field Oh (Fig. 271) suddenly applied, the 
resulting intensity of magnetisation is ha, but after a time this 
creeps up to hb. If the field had been applied very slowly, the 
path Ob would have been followed. On then suddenly reversing 
the field bd' is the curve followed, and with time the point 6' is 
slowly reached. Another reversal, followed by a pause, gives 
the path Vdb. Thus for a cycle consisting of rapid reversals, the 
magnetisation curve is aoa'oa, and there is no hysteresis loss ; 
for very slow change of field the curve is boVob, again with no 
hysteresis ; but for any other change there is always a loop and 
consequently hysteresis loss, reaching a maximum for the path 
bd'Vdb, 

Very Strong Fields. —In order to determine whether the inten¬ 
sity of magnetisation really approaches a limiting saturation 
value, as indicated by the molecular theory, Prof. Ewing and 



Fig. 271. 



Fig. 272. 


Mr. Low ^ employed what they called the Isthmus method. The 
specimen forms a neck or isthmus between the tips of the conical 
poles of an electromagnet. They showed that for greatest 
uniformity of field at the neck, the semi-angle of the cone should 
be 39'' 14' while for greatest value of the field it should be 54“ 44'. 
Both forms were used. The magnetic induction in the specimen 
forming the neck was measured by winding a coil on it and 
rotating it through 180“, the throw of a ballistic galvanometer 
in series with the coil being observed. In order to make the 
rotation possible, the tips of the pole pieces are bored through 
transversely by a circular hole abed (Fig. 272), and an iron bobbin 
with the neck as shown placed to fill the hole. The strength of 
magnetising field is determined by winding a second coil outside 
the first, so that it encloses an air space of known section. The 
difference in the ballistic throws for the two coils is proportional 
to the magnetic flux through the air space between the coils, and 
therefore to the magnetising field. 

* J. A. Ewing and W. Low, Phil, Trans., A., 180 (i), p. 221. 1889. 
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The results for a specimen of Vicker's tool steel are given 
below— 


H 

B 

I 


6210 

25480 

1530 

410 

9970 

29650 

1570 

2-97 

12120 

31620 

1550 

2-60 

14660 

34550 

1580 

2-36 

15530 

35820 

1610 

2-31 


It will be seen that the intensity of magnetisation has become 
very nearly constant, and fi seems to be approaching the value 
unity, which it should have for infinite fields if I ceases to increase ; 
for we see from the expression— 

B==:H +477l, 


that if H becomes very great compared with 477 I, the latter is 
negligible, and B~H, or /x==l. 

Much stronger fields have been obtained by Kapitza ^ by 
short circuiting an alternating current generator through the 
coil which produces the magnetising field. The current lasts for 
about second but produces a magnetising field of about 
300,000 gauss. The current is measured by means of an oscillo¬ 
graph and the magnetic field by means of a search coil which is 
short circuited until the current has flowed for about half its 
time when the short circuit is broken. It was seen on p. 236 
that the force on a small body in a field which is not uniform is 

^ Now K is the volume susceptibility, whereas the mass 
susceptibility is the magnetic moment of unit mass for 


unit magnetising field. Then x~ 


VK-- 


density' 

=x(densityx volume) =massXx- So that force=wxH' 


/c—^X density, and 


ds 


m dK^ 
'' 2 ^ ds ■ 


portionaJ to 
magnetic 


It will be seen that if x is constant the force is pro- 


ds 


Kapitza found this to be true for para- 
Whereas for ferro- 


and diamagnetic substances. 

magnetics the force is proportional to which indicates that 

the magnetisation is constant. It appears then that ferro¬ 
magnetic saturation has been attained in these strong fields. 

^ P. Kapitza, Proc. Roy. Soc., 181, 1931. Also see " Magnetism and Matter/’ 
by Edmund C. Stoner. 

10 
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Variation of Temperature. —All magnetic materials vary in 
susceptibility when the temperature changes. Hopkinson * 
found that in general, the susceptibility increases with rising 
temperature when the specimen is subjected to a weak magne¬ 
tising field, but for strong fields the reverse is the case. At a 
dull red heat, iron loses its magnetic properties entirely, the 
temperature at which this occurs varying from 690° C. to 870° C. 
for different materials. The change does not take place suddenly, 
but in a few degrees rise in temperature the iron changes from 
a highly magnetic to a non-magnetic substance. This critical 
temperature is also the temperature at which recalescence or the 
sudden reglowing of a mass of cooling iron occurs, and it was 
shown by Tait that the thermo-electric power of the magnetic 
metals undergoes rapid changes at the critical temperature. 
Evidently some important molecular rearrangement occurs at 
this temperature, and that this arrangement is intimately asso- 


B G 



ciated with the acquirement of magnetic properties on cooling, 
is shown by the fact that non-magnetisable manganese steel 
(12 per cent. Mn, 1 per cent. C) does not exhibit the phenomenon 
of recalescence. From Fig. 273, taken from Hopkinson's results, 
it is seen that in the case of soft wrought-iron, for fields below 
0-5 the susceptibility increases with temperature, while for strong 
fields the susceptibility falls with rising temperature, as will be 
seen on comparing the changes of B with temperature along the 
vertical lines F and G. At a temperature of 788° the material 
has become non-magnetic. 

If the permeability be plotted against the temperature for 
three fields 0-3, 4 and 45, the diagram. Fig. 274, is obtained. It 
will be seen that for low magnetising fields the permeability 
increases rapidly as the critical temperature is reached, but for 
high fields in which the value of B is of course much nearer 
saturation value throughout, the permeability is not so much 

> J. Hopkinson, PhU. Trans,. A., 180 (i), p. 443. 1889. 
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affected by temperature, and in all cases the permeability 
becomes zero at 785° C. 

For nickel, Hopkinson ^ found the critical temperature to be 
SIO*" C. and the general course of the phenomenon similar to that 
in iron. 

Ewing has shown 2 that there is no temperature hysteresis 
unless the range of variation of temperature includes the critical 
temperature. That is, on heating and cooling the metal in a 
magnetic field the intensity of magnetisation at any temperature 
is the same when the temperature is falling as when it is rising. 

It has been found by Curie ^ that besides the great change that 
takes place at the critical temperature, there are others at still 
higher temperatures, the most important of which consists in a 



sudden rise in magnetisation at 1280® C. On plotting the 
magnetisation-temperature curve to a very large scale, it is seen 
that between 750° and 800® C. the intensity of magnetisation 
drops to one-hundredth of its value, and then continues to 
decrease, with a slight inflection at 860® C. At 1280® C. X 
suddenly rises from about 0*025 to 0*040, and from then again 
decreases. 

Mechanical Stress. —The effects of mechanical stress upon the 
magnetic properties of materials are exceedingly complicated, 
but the following are the most striking. 

It was found by Villari ^ that for weak fields, longitudinal 
tension increases the magnetisation, but for strong fields the 
reverse is the case. Thus the curves for annealed soft iron wire 
subjected to a pull are as shown in Fig. 275, after Ewing.® Also 

* J. Hopkinson, Proc. Roy. Soc., 44, p. 317. 1888 

a J. A. Ewing, Phil. Trans., 176, p. 523. 1885. 

a P. Curie, Comptes Rendus, 118, 726, 859, 1134. 

♦ E. Villari, Poeg. Ann., p. 322. 1868. 

5 J. A. Ewing, loc. cit. 
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the effect of varying the load in a cyclic manner, when the field 
is constant, is similar in character at all fields, but varies in 
amount with the field. With a magnetising field of 0*34 the 



effect of increasing and then decreasing the load is seen in the 
lower dotted curve (Fig. 276), and on again increasing and 
decreasing the load, the curve becomes cyclic, as shown by the 


r 



per S^ TTI TTL 
Fig. 276. 

full line. With a magnetising field of 2-49 the effects are similar 
and are much more marked. Fewer reversals are necessary to 
reach the cyclic state at high magnetising fields than at low 
fields. There is no hysteresis for steel and hard iron, for which 
the chain curve is typicaL Nickel shows no ViUari reversal. 
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magnetisation being decreased by longitudinal tension and in¬ 
creased by compression at all field strengths.^ 

Lord Kelvin, who also investigated the effect of stress on mag¬ 
netisation, showed 2 that a stress applied transversely has an 
opposed effect to a similar longitudinal stress. As might be 
expected, torsion gives many interesting and complicated effects. 

Magneto-striction. —Changes in dimensions witli magnetisation 
are called magneto-strictive effects. Shelford BidwelP used an 
optical lever system mea- 
suring changes in length to I 
one part in 10'^, Fig. 277 
representing some of his jS 
results. If magnetisation 
occurs while the specimen 
is under stress, the curve se 
changes and in the case of "g 
iron deforms continuously 
as indicated by the dotted ^ 
curves. Fig. 277. 

The magneto-striction in 

paramagnetics and diamagnetics is so small with ordinary fields 
that it is immeasurable. With fields up to 300,000 gauss, 
Kapitza ^ has measured it for a number of such substances and 
finds that the relative change in length is proportional to the 
square of the applied field strength. 

Magneto-strictive oscillators. —A specimen of, say, nickel can 
be forced into resonant vibration by an alternating magnetic 
field adjusted in frequency to match a natural frequency of 
mechanical vibration of the specimen. If such a specimen is 
immersed in a liquid, powerful ultrasonic waves may be generated. 
Conversely, mechanical vibrations induced by receipt of ultrasonic 
waves change the magnetisation of such a specimen synchronously 
and may be made to record by using the induced alternating 
E.M.F. in a secondary coil wound on the specimen. The interval 
between the generation and the receipt of pulses of ultrasonic 
waves reflected from the ocean floor is used in depth sounders.® 

Molecular Theory. —Many of the characteristic features of 
magnetic substances can be explained by a ‘‘ molecular theory '' 
of some form, the first promising theory of this kind being that 
proposed by W. Weber (1852). The magnetic properties ex¬ 
hibited by a body are attributed to an ordered arrangement of 
minute permanent magnets, the '' molecules '' of magnetism; if 

1 J. A. Ewing, Phil. Trans., A., 179 (i), pp. 325 and 333. 1888. 

• Sir W. Thomson, Proc. Roy. Soc., 27, p. 439. 1878. 

• Shelford Bidwell, Proc. Roy. Soc., pp. 109, 257 (1886) ; Phil. Trans., p. 469 
(1890); 179 (i), p. 205 (1888). 

‘ P. Kapitza, Proc. Roy. Soc., 185, 1932. 

• A. B. Wood, F. D. Smith and J. A. McGeachy, Journ. Inst. Elec. Eng., 76, 

p. 550. 1935. 
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these magnets are in a purely random arrangement, the specimen 
is not magnetised. 

It is supposed that in a substance which is uniformly mag> 
netised to saturation, the molecular magnets are all aligned. At 
a sufficiently large distance from a bar so magnetised, there will 
be no magnetic effect due to the elementary magnets within the 
bulk of the substance because of the cancelling effects of the equal 
numbers of N and S poles. Thus polarity is only evident at the 
ends of the specimen. The absence of translatory force on a 
magnet in a uniform held (demonstrated by a magnet on a cork 
floating in water) is referred back to the assumed equality of poles 
in each elementary magnet or dipole. The appearance of fresh 
poles on the new faces if the material is broken transversely is 
also readily explained. 

If the rotation of the “ molecules ” into alignment with a super¬ 
posed field is opposed by some form of frictional constraint, some 
of the features of the typical hysteresis curve (p. 279) appear, but 
something akin to elastic constraint is required to account for 

g , 

-> 

S ^ * N 

(iv) 

the reversible magnetisation which, as Lord Rayleigh showed 
(p. 287), occurs in very weak fields. 

Sir J. A. Ewing showed that mechanical constraints need not 
be invoked since the phenomena of hysteresis could be explained 
by magnetic interactions between the particles, provided these 
forces were sufficiently strong. This theory will be found fully 
expounded in Ewing’s book, Magnetic Induction in Iron and 
other Metals.” The essential features may be understood with 
the help of Fig. 278, which represents the successive stages in the 
magnetisation of a group of four ” molecules,” giving rise to the 
initial magnetisation curve shown in Fig. 279. If a vast number 
of such groups, of varying stability, are present in a specimen, the 
overall effect of contributions from all groups will be to produce 
a smooth curve such as those in Figs. 261 and 273. The theory 
is impressively supported by watching the behaviour of an array 
of pocket-compasses (30 or more) subjected to a field (from a 
large coil carrying current or due to a group of bar magnets) 
which is increased, decreased and reversed. 

The size and nature of the “ molecule ” and the true nature of 
the forces acting between the elements involved remained in 
doubt. Valuable evidence that magnetisation involved dis- 


'S NS 

%/ 


S N 

(i) 


S 'N 

(ii) 

Fig. 278. 


S' 

(ril) 
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continuous steps was provided by the Barkhausen effect.^ To 
demonstrate this phenomenon, a specimen S (Fig. 280), such as a 
rod of iron, is taken through a cycle of magnetisation by means 
of a coil M. A secondary coil C, of many turns, in series with a 
compensating coil K so that inductive effects from M cancel, is 
connected to a valve amplifier A (see Chapter XVI), the output 
of which is fed to a telephone or loudspeaker T. While the steep 
part of the magnetisation curve is being traversed, a random 
series of impulses is induced in C, giving rise to clicks in the tele¬ 
phone which may merge into a murmuring or “ rusliing sound. 
These impulses may be examined and recorded by using an 
Einthoven galvanometer (p. 75) connected in place of T. 

Careful study of the Barkhausen effect has been made by many 
workers and it has been shown ^ that the inductive kicks are due 
to sudden changes in magnetisation of certain regions or 



“ domains '' in the specimen, each containing on the average some 
10^® atoms. Since, as we shall see later (Chapter XVI), inter¬ 
atomic distances in solids are of the order 10”® cm., a compact 
group of this number will have linear dimensions of about 
10^ X 10”8=10“3 cm., so that these domains are microscopic in size. 

Direct experimental evidence of the existence of a domain 
structure was obtained by F. Bitter, ^ who examined under the 
microscope polished surfaces of crystals of iron, cobalt and nickel 
which had been coated with a suspension of very fine magnetic 
particles. This technique is used to detect cracks in ferromagnetic 
material which has been magnetised, since the particles are at¬ 
tracted (p. 237) to the intense local fields which arise at dis¬ 
continuities. The Bitter Figures appear on unmagnetised as well 
as on magnetised material and although their interpretation is not 
always easy, they clearly demonstrate the existence of spon¬ 
taneously magnetised domains. These domains are not neces¬ 
sarily interrupted by the boundaries between the close-packed 
crystals of which ordinary polycrystalline metals are composed. 

Modem theory of the atom, discussed in Chapter XVI, suggests 

* H. Barkhausen, Zeit. fur iechn. Physik, 5, p. 518. 1924. 

■ R. M. Bozorth and Joy Dillinger, Phys, Rev., 86, p. 733. 1930. 

• F. Bitter, Phys. Rev., 88, p. 1903 (1931) and 41, p. 507 (1932). 
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that ferromagnetism is ultimately due to spinning electrons, or 
elementary electric charges. These act as magnetic dipoles and 
their alignment in magnetisation should involve the substance 
acquiring a spin so that angular momentum may be conserved. 

Such a gyromagnetic effect can be observed ^ by optical record¬ 
ing of the small angular rotation shown by a rod of iron or other 
suitable material, suspended by a fine fibre so as to hang along 
the axis of a vertical solenoid. The ratio of the angular momen¬ 
tum acquired by the rod to its magnetic moment, the so-called 
gyromagnetic ratio, is the ratio for the individual magnetic ele¬ 
ments, supposed all alike. For ferromagnetic substances this 
ratio is found equal to that expected for the spinning electron. 

Resonance methods are also used,^ the magnetic field being re¬ 
versed in synchronism with the vibrations of the suspended speci¬ 
men. It has even proved possible to work with paramagnetics. 

The Magnetic Circuit. —We have seen that magnetic flux is 
distributed circuitally, for at the surface of separation of two 
media the normal magnetic induction is continuous as it crosses 
the surface (p. 234), and in a uniform medium the tubes of 
induction are continuous. Consider a tube of induction whose 
cross-section at any point is s, the value of the induction at the 
section being B. The total magnetic flux over this cross-section 
is Bs, if B is uniform ; and if B is not uniform then JBt/s is the 
flux. This quantity is constant for every section (p. 234) and is 
therefore characteristic of the tube. 

Let us now find the hne integral of the magnetic field for a 
circuital path round the tube of induction. It may be expressed 

in the form j lA.dl, if H is everywhere parallel to the element of 

Jo 

the path dl, which will be true if the tube is sufficiently narrow ; 

but in any case J H cos edl will be the line integral, where e is 

the angle between the directions of H and dl. This line integral 
is the work done on carrying a unit pole once round the path, 
and by analogy with the corresponding electrical case, it is some¬ 
times called the Magneto-Motive Force (M.M.F.) round the 
complete circuit formed by the tube of induction. 

We have seen that the line integral of the magnetic field round 
any closed path is equal to 477 times the total current linked with 
the path. 



47rnl 
10 ' 


where I is the current in amperes flowing in a wire linked with 
1 J. Q. Stewart. Phys. Rev., 11, p. 100 (1918) ; A. P. Chattock and L. F. Bates. 
Phil. Trans. Roy. Soc., A, 223, p. 257 (1923). 

• A. Einstein and W. de Haas, Ver. der d, Phys. Ges., 17, p. 152 (1915) ; G. 
Beck. Ann. der Phys., 60, p. 109 (1919). 

• W. Sucksmith, Proc. Roy. Soc., A, 128, p. 276 (1930) ; 188, p. 179 (1931) ; 
186, p. 276 (1932). 
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the magnet circuit, and n the number of times the two circuits 
are linked together. The product nl is frequently called the 
number of ampere-turns linked with the circuit, and hence we 
may now write for any magnetic circuit— 

+77 

M.M.F.= X (ampere-tums). 


Again, for the circuital tube of induction— 

magnetic flux N=Bs=/LtHs 




H 

_N 




fJLS 

and, 

M.M.F. = 

f Udl^ 1 

^ ^dl 

— =N 


• 

/o J 

o/xs 

since N is 

constant for the 

circuit. 




A N = 


M.M.F. 


/. 


ofiS 


By analogy with the case of an electric current circuit for 
which— 


E.M.F. 
. s 




C Sidl 

where I — is the resistance, S being the resistivity at any point, 
Jo ^ 

C dt 

the quantity I — is called the magnetic resistance or reluctance of 
JoM^ 

the circuit. It must be remembered, however, that the resem¬ 
blance is only in the form of the expressions, as there is no such 
thing as a magnetic current. The quantity N, although called a 
magnetic flux is only a statical condition defined by the relation 

When the shape of the tube of induction is completely known, 

C dl 

and also the value of fx at each point, the quantity I — can be 

JoM^ 


found. In certain simple cases the circuit may consist of several 
parts, for each of which fi and s are constant, and when this is 
so, the magnetic resistance of the whole circuit is the sum of the 
magnetic resistances of these separate parts. In many other 
cases, where the boundary of the circuit considered is not every¬ 
where parallel to the direction of the flux, useful approximate 
values for the magnetic resistance may be obtained by following 
a similar method, but in this case the magnetic circuit is not 
perfect, and uncertainty in calculation is introduced by the 
uncertainty of the dimensions of the nearest perfect circuit. 

lO’*' 
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The following examples will illustrate the method :— 

(i) Ring wound with Endless Solenoid ,—In this case the 
magnetic circuit consists of one homogeneous iron ring ; B, H 
and being approximately constant for all points. The magnetic 

resistance of the ring is f — 

Hence if there are n turns per centimetre length of ring, total 
turns=27rr«. With current I amperes in each turn— 

ampere turns=27rml, 
and ; 

47T(27rr«I) 

.XT 10 ^irnlfts 

fis 

But. 

. TT B 47rnl 

and, 

/i lU 

e a result which we obtained previously on 
p. 232. 

(ii) Ring with Small Air-Gap ,—If the 
^ air-gap has thickness d (Fig. 281), the 
magnetic circuit consists of two parts, 
[Inr—d) cm. of iron, having magnetic re¬ 
sistance and cm. of air, having 


sistance 


Fig. 281. 


magnetic resistance since 
s 


i\ whole magnetic resistance= 


277r— 

ixs s 
27rr + (/x — \)d 

fMS 

4m{27Trnl) 


Xh™. 

By comparison wdth the value of N for the ring without gap, 
it will be seen that the magnetic effect of the gap is to increase 
apparently the length of iron in the ring by an amount 
which is approximately lOOOrf, when ft=1000. Hence the 
enormous drop in magnetisation due to quite a small gap. 

As before, B=- =» — ^{2nrnl)iJ .— 

* s 10(2i7r+(#i-l)d}' 


As before. 
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and the actual value of H within the iron, where the permeability 
is /X, is— 

tt _B_ 47r(27rrwl) 

~“/x“~10{27rr+(/x-iy^‘ 


Calling the corresponding value of the magnetising field when 
there is no gap, H'— 

_ ^(2rrrnl) 

10(27rr) ' 

and we have— 

H'_ 27Tr-\-{iJL — l)d _1 I (a*’ — ^ 

H 27rr “ 

But -=0, the angular thickness of the gap ; 


Now, 


/*=l+47rK fx — l—’hrK, 

/cH=I. 

H'=H+2Iff 

_H+3^qI 


where 6° is given in degrees instead of radians, for— 


.. 360 
'’“2^ 


e. 


Theequationis therefore H=H'—y—I, and it will be seen by 

comparison with the equation on p. 271, 
that the gap produces a demagnetising 
effect, the coefficient of demagnetisation 

4770 ° 

being -ttzk- When the gap has a thick- 
360 

ness of half a degree— 

H=H'-00174L 

And it will be seen from the table on 

p. 273, that the demagnetising effect of 

the gap is nearly the same as that for an 

ellipsoid whose length is fifty times its 282. 

diameter. 

(iii) Core of Electro-magnet .—In a complicated case such as 
the core of an electro-magnet (Fig. 282), an approximate value 



Fig. 282. 
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of the magnetic resistance may be obtained from the dimensions 
of the circuit. Thus— 

for the air gap, magnetic resistance——, 
for the pole pieces „ „ 

fllSi 

21 

for the cores „ „ ==— 


and for the yoke 


The total magnetic resistance is then— 

/ ^ 21, ^ 21, ^ k ^ 

Si fliSi fl2S2 

and if there are nl ampere turns— 


‘-Mr I I 1 

\Si /ilSi usSs itsHl 


The value of B in the air-gap is N/si, and since the permeability 
is here unity, this is also the strength of field in the gap. The 
above calculation is only an approximation, since the circuit is 
very imperfect from the magnetic point of view, but it becomes 
more reliable as the air-gap is reduced, since the magnetic 
induction in that case wiU be more confined to the iron, less 
straying into the surrounding space. 

Bar and Yoke Tests.—The objections to the magnetometer and 
the ring methods of measurement of permeability, consist in the 

necessity for drawing the 
material into the form of 
a wire in the former case 
and welding it into a ring 
in the latter. Both pro¬ 
cesses produce physical 
change in the material, and 
Fig. 283. hence the desirability ol 

employing some method in 
which these processes are unnecessary. Hopkinson ^ used a 
straight bar of the material and completed the magnetic circuit 
by means of a heavy soft-iron yoke, so that there are no free 
poles (Fig. 283). The magnetising coil is wound on the rod, the 
number of ampere-tums being known. In the earlier experi¬ 
ments, the experimental rod was constructed in two parts so 
that ^e secondary coil S, which is in series with the ballistic 



> J. Hopkinson, PhU. Tram,. 176, p. 455. 1885. 
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galvanometer, might be jerked out of the field on separating the 
parts of the rod. The joint, where the ends of the rod are in 
contact, introduces an unknown magnetic resistance, so in later 
experiments the rod was made in one piece and the ballistic 
throw for a reversal of the magnetising current observed. 

Then, if li, $i and /xi are the length, area and permeability of 
the rod, and/ 2 » ^2 and /i 2 the values for the yoke— 


and, 


magnetic resistance of circuit =—~ 
10 H 2 S 2 / 


h 


lljsi 


where nl is the number of ampere-turns in the magnetising coil. 

Then if H is the magnetising field, and B the induction in the 
rod— 


N=Bs=^jHsi; 



If the rod alone formed a complete magnetic circuit so that 
there were no free poles, as in the case of the ring, we should have 
had— 


H= 


A^nl 

10 / 1 ' 


and we see that the yoke is equivalent to an additional length 
of rod. This is made as small as possible by making s, 

^2*2 

and fi 2 large, the yoke being of high permeability soft iron, and 
as massive as possible. 

Double Bar and Yoke. —The method has been modified by Sir 
J. A. Ewing 1 by using a double bar and yoke in such a way that 
the error due to the yoke is eliminated. 

The above equation for H may be written— 

jj_+7r«I 

KWi ^2M2^1 

But /iiH=B, the induction in the rod ; 

h=^-b(^i)1 

10^1 \^2H'2/h 

Two rods RR are employed, which are united at their ends by 
two massive soft-iron yokes YY (Fig. 284). Then, for any given 

value of B, the quantity b/^^\ is constant for the given yokes, 

V2H'2/ 

' Ewing, ’* Magnetic Induction in Iron and other Metals.” 
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and writing e in place of it, we have, taking I as the length of 
the rod— 

„ +n’Ml e 

Now is the magnetising field H' due to the coil when there 



Pig. 284. 

is no correction to be applied on account of the magnetic resistance 
of the yokes. 


With half the length of rod, the equation would have been— 

The measurement of the induction B is therefore made twice 

over, the length of rod in the second case being half the length 

in the first, with the same number 

8 M h' M turns per centimetre of the 

magnetising coil in the two cases. 

Q_This is attained by having the 

7^ magnetising coils wound on two 

/ / pairs of bobbins, one twice the 

/ /Y length of the other, the first 

J/Y having 100 turns on 12*56, i.e. 

^ 4Tr cm., and the other 50 turns 

® ^ on 6*28, ix, lit cm., so that in 

Fig. 285. ^ j 

each case ^=10x1. 

WjL 

A curve of B and H for each arrangement is obtained by the 
ballistic method in the ordinary way, and the curves for H' and 
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H" plotted as in Fig. 285. Then for each value of B, such as 
OD^ we have seen that— 

Hence if FG be made equal to EF, i.e. to H"—H', the point 
G is situated on the true or corrected B—H curve. 

The two bars must be of the same material, and the B—H 
curve being found, one of the bars may be compared with a bar 
of any other material, having the same dimensions, by the rapid 
method to be next described. The experiment with the double 
bar and yoke is carried out in a similar manner to that with the 
ring (p. 276), a set of observations being made with each pair of 
magnetising coils. The secondaries of these and of the stan¬ 
dardising coil are permanently in series, so that the resistance of 
the secondary circuit is not changed during the experiment. 

Permeability Bridge. ^—The rod A, standardised by the double 
bar and yoke method, and B the rod to be tested, are placed 
between massive yokes CD 
as in the double bar and 
yoke test, the direction of 
magnetisation produced by 
the magnetising coils being 
shown by arrows in the 
plan in Fig. 286. The dis¬ 
tance between the yokes is 
12*56 cm., and the number 
of turns upon A, 100, so 
that the magnetising field 
in A is 10 X I. The number 
of turns upon B can be 
varied by means of a 
switch or plugs, until the 
induction is the same in the 
two rods, the ratio of the 
number of magnetising turns 
upon A and B when this 
balance is obtained being the ratio of the two magnetising fields 
required to produce that particular value of B in the two rods. 
If M (Fig. 287) is a point on the B—H curve found by the last 
experiment (p. 302) for the rod A, and the ratio LN : LM be 
that of the magnetising fields in B and A for this value of the 
induction, the point N on the B—H curve for the specimen is 
found. The whole curve ONHi may be found from the standard 
curve OMH in the sanie manner by taking the ratio of the 
magnetising turns for various values of the induction B. 

> J. A. Ewing, The Electrician, 87, p. 41. 1896. 
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The test for equality of the values of B in the two rods is made 
by observing that the suspended magnet G (Fig. 286) remains 
g ^ stationary when the magnetising 

current, which passes through the 

^.two magnetising coils in series, is 

reversed. This shows that there is 
/ no magnetic flux passing from C to 

ll D through the soft-iron horns E 

JJ and F. Hence the flux entering 

___H the yoke C from the specimen B is 

Pjg. 287. equal to that leaving C by the 

specimen A, and the same for the 
yoke D, and the magnetic induction in A is therefore equal to 
that in B. 

Magnetic Analysis. —Steel is a mixture of iron and carbon of 


varying complexity, dependent upon temperature. One con¬ 
stituent is iron carbide (Fe 3 C), which has a magnetic critical 
temperature of 213° C. It has been shown by S. W. J. Smith ^ 
that on measuring the magnetisation of steel during heating or 
cooling, a small change in magnetisation occurs at 213° C. The 
amount of the change can be used to measure the proportion of 
carbide in the steel. By using an appropriate strength of field 
the change can be made very abrupt. On examining the critical 
transition at 700°-800° C., Smith and Guild ^ found a combina¬ 


tion of iron and carbon (eutectoid) to have a critical temperature 
different from the rest of the iron, and at such a sharply marked 
temperature (730° C.) that this might be used as a calibration 
temperature in thermometry. The change on cooling, when the 
eutectoid became magnetic, was not so sharply marked as that 
on heating, and occurred at a temperature below 730° C. Smith 
has pointed out the value of this magnetic analysis in determining 
the composition of steels. It is very delicate, and, unlike chemical 
analysis, it does not destroy the specimen. 


^ S. W. J. Smith, Froc. Phys. Soc., xxv. p. 77. 1912. 

• Smith and Guild, Phil. Trans., eexv. (A), p. 177. 1915. 
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The laws which govern the flow of steady currents in conductors 
are inadequate to determine the value of the current when 
changing. From Ohm’s law we can define the resistance of a 
conductor to steady current, and then calculate the electromotive 
force required to produce any current in the conductor. When, 
however, the current varies, the magnetic flux linked with the 
circuit varies, and we have seen that this variation in the magnetic 
flux linked with the circuit means another electromotive force 
acting in it. Again, there may be accumulation of electric charge 
at some part in the circuit, and this also implies a changing 
electromotive force in the circuit. For simplicity, we shall in 
the first place neglect this last effect, which is only of importan^ce 
within certain limiting values of the capacity in the circuit, and 
confine our attention to the effect of the changing magnetic flux. 
The effect of capacity will afterwards be treated, and finally the 
circuit wiU be dealt with, in which the effects are all taken into 
account. 

Inductance.—When the magnetic flux linked with a circuit is 
changing, an electromotive force acts round the circuit, whose 
value is the rate of change of the flux (p. 251). Thus— 



Again, for current * in the circuit there is always a magnetic flux 
linked with the circuit; let this flux be li. T hen— 


and. 


d{li) _ . di 

~dt 'dt . 


(i) 

(ii) 


provided that I is constant, which is true so long as there is no 
material of variable permeability in the neighbourhood of the 
circuit. 

When the current i is increasing, we may, by the laws on pages 
251 and 252, show that the induced electromotive force « is in 
the opposite direction to the current; consequently work is being 
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performed at the rate ei ergs per second, the energy appearing 
somewhere in the circuit (p. 55). That is— 

rate of working 

= —/i. ^ ergs per second 


and for the total work done in opposing this E.M.F. while the 
current is being established— 


Jo Jo 


(iii) 


f'o being the final steady value of the current. 

The quantity I which appears in these three equations is called 
the Coefficient of Self-Induction or the Self-Inductance of the 
circuit; it may be defined from (i) as the flux linked with the 
circuit when unit current flows in it ; from (ii) as the E.M.F, round 
the circuit due to unit rate of change of current in it ; and from (iii) 
as twice the work done in establishing the magnetic flux associated 
with unit current in the circuit. 

The three values of I are constant, and are, moreover, identical 
so long as the medium comprising the magnetic circuit linked 

with the current has 
constant magnetic per¬ 
meability, but when fx is 
variable the three values 
are neither identical nor 
constant, and the in¬ 
ductance of the circuit 
may be defined from 
either of the equations, 
the question of the most 
convenient definition for any particular problem being decided 
by experience. Thus, if OEA (Fig. 288) be the curve connect¬ 
ing N the total magnetic flux and the current i in the circuit 
considered, it is of the same form as the B—H curve, the scale 
only being changed ; for N=Bs, when B is constant across any 
section of the magnetic circuit, or N=JBrfs in any case; and 
the magnetising field is ever 3 rwhere proportional to the current. 
Then from equation (i)— 



N^^ 

i OB* 


Again, 


di ' dt’ 


and ^ is equal to where AD is the tangent to the curve at 
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the point A ; hence— 


But from equation (ii)— 


"DB ■ dt' 




1 = 


AB 

DB' 


The work done in establishing the current is— 

j'eidt =- 

= area OEANO. 

But from equation (iii)— 

work=—. OB*, 

. OB2=area OEANO. 

2 area OEANO 


/=- 


OB*' 


It will easily be seen that if OEA becomes a straight line, in 
which case the permeability is constant, all these quantities are 
equal and are moreover constant.* 

In practice the meaning of the term self-inductance must vary 
with the conditions in which it is employed ; with iron in the 
circuit it varies from value to value of the current, but without 
iron the term has a definite meaning, and for a given conducting 
circuit it is constant so long as the current does not change so 
rapidly that the distribution of current in the conductor itself 
differs from that for a steady current. 

Growth of Current. —Wliile the current in a circuit is growing, 

di 

the electromotive force —I— is acting, and therefore the resultant 

dt 

electromotive force overcoming the resistance of the circuit is 
di 

e—lj-, where e is the applied electromotive force due to outside 
dt 

sources. Hence our equation from which to obtain the current, 
changes from e=n for steady current, to e—fj=ri for varying 
current, 



• W. E. Sumpser, Phil. Mat- (Set. 5), 26, p. 4S3. 1882. 
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This is the general equation of electromotive forces for a circuit 
having inductance and resistance only. In order to integrate it 
let it be written in the form— 


or, assuming I to be constant- 






Integrating both sides, we have— 


k is the constant of integration, to be determined from the con¬ 
ditions of the problem ; for the differential equation represents 
the manner in which the quantities vary with rCvSpect to each 
other, and its integral is the total change in a given time, but 
will not give us the value of the current reached at the end of 
this time, unless we know the value at the beginning of the time 
during which the change has taken place. Let the current at 
the moment of applying the external E.M.F. be zero, i.e. let i=0 
when^=0. Then— 

- log,. -=k, 
r I 

and substituting this value for k we have— 

I , le—ri\ / , e 


I , (e—riX I . e 


1 e—n 
log, _—= 
e 


Writing this in its exponential form we have— 


«=- 1 - 
r 


- is the final steady value of the current, and writing Iq for this 
we have— 
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an equation which shows us how the current grows. The mode 
of growth is shown in Fig. 289, in which the values of i and t 
are plotted. Strictly speaking the current never reaches its 
steady value but continually approaches it. 

Thus for i to equal — 

fi 

/ = 00 . 


The rate of growth of the current may easily be found ; it is 
di r. ^ 

This gets less as i approaches its final value to, but for any 
value of i it is proportional to j. The rate at which a current 

L 

approaches its final value therefore depends upon the ratio j and 



not upon the separate values of r and 1. Unless the circuit has 
a great many turns, or the circuit includes iron, I is usually very 
sm all compared with r, so that the current approximates to its 
final value in a very small fraction of a second. 

The ratio - is called the Time Constant, A, of the circuit, and 
r 

the equation for the current may be written— 

I 

After time A, *=»o 

1*718 
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Thus the time constant is the time in which a current reaches 
1*718 

or roughly two-thirds of its final value. The four curves 
2-718 ^ 


in Fig. 289 are drawn for values of the time constant equal to 
4x10-3, 2x10-3, 10-3, and 0*5x10-3, and the time taken for 
each current to reach the line A, where OA=0*632/o, is the time 
constant. 

The variation in rate of growth of the current cannot be 
observed with an ordinary galvanometer, but by using one having 
a very high frequency for its moving part, as for example the 
vibration galvanometer (p. 387) the difference in rates of growth 
of current in an electromagnet and in an equal resistance having 
small inductance may easily be demonstrated. 

Decay of Current. —If, when the steady value to of the current 
has been reached, the electromotive force is suddenly reduced 
to zero, the variation of the current may be found, for e in our 
E.M.F. equation is then zero. 



= 0 . 


Transforming the equation as before, we get— 



and integrating, ^ . log^ f = — 

When ^=0, t=io. 

i log, to 


and substituting this value for k, we have— 


or. 


log,U-p, 


. -Jl 
f=to€ i 

i=tQ€ A. 


Thus the greater the value of A, the more slowly will the 
current die away. Fig. 290 illustrates the decay of the current 
for A=4 X10-3, 2 x 10-3, 10-3, and 0*5 x 10-3. 

It will be noticed that the growing and decaying currents are 

_ I 

complementary, for if the currents to(l—c A) and t'oc A be added 
together, the sum is io* Hence the curves in Fig. 290 are those 
of Fig. 289 inverted. 

The variation in rate of decay of the current in different 
circuits may be demonstrated by means of the vibration galvano- 
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meter in a manner similar to that described for the growing 
current (p. 310), but in this case the circuit must be closed as the 
battery is cut out; it must not merely be broken, as this would 
introduce an infinite resistance. The result of this increase in 
resistance is that the time constant of the circuit is reduced and 
the current drops at an enormous rate. The electromotive force 
due to inductance, being proportional to the rate of change of 
current, is then enormous, and is sufficient to cause a spark or 
even an arc at the break in the circuit. 

Inductance in electrical problems plays a similar part to mass 
or inertia in mechanical problems; its effect is to retard the 



growth of the current or the motion, and similarly neither the 
current nor the motion can be stopped instantaneously. The 
energy due to the magnetic field linked with the current is \li^ 
ergs ; that due to the inertia of a moving mass is \mv^ ergs. 

Inductance of Solenoid.—In certain simple cases, the self¬ 
inductance of a circuit may be calculated from the definition 
d% 

provided of course that the permeability is constant. 
at 

In the case of a solenoid having an air core, if 6 is its length, 
n the total number of turns, and a its area of cross-section— 

Field inside solenoid(p. 232) 

_ 47T«a» 

magnetic flux=——. 

0 

If the solenoid is straight b must be great. 

When » varies, any change in the flux cuts the circuit n times. 

, d /47rnat\ 

d* 

r~ • s* 
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By comparison with the above equation for I we see that— 

, 47rn^a 


Coaxial Cylinders. —When the circuit consists of two coaxial 
cylinders of radii a and b, one being the return circuit for the 
other, the magnetic field is confined to the 
space between them. For, a circular path 
taken externally round them both encloses 
equal and opposite currents (Fig. 291) and, 
therefore, the line integral of the magnetic 
field round the path is zero. Again, within 
the inner cylindrical current, the magnetic 
field is zero, for a closed path in this region 
does not enclose any current. It follows 
that the resultant magnetic field is confined 
to the space between the cylinders and is 
that due to the current i in the inner 
cylinder. At external points, the magnetic 
fields due to the two cylinders are equal and opposite. This 
proves incidentally that the field due to a cylindrical current 
is the same at external points, as though the current flowed 
along the axis, for the inner cylinder may be reduced to as small 
dimensions as we please. 

2i 

The value of H at the point P is therefore and the flux 
through the area ABCD, where AD has unit length, is— 



Jar 


dr =11 



Now when i varies— 


But, 


N=2nog, 

A 


e= 


dt 


o 1 h di 



'=2 log.; 

a 


per imit length of the coaxial cylinders. 

Practical Unit (the Henry).—In the foregoing equations, all the 
quantities have been given in absolute C.G.S. units, but in 
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henries 


(p. 312) 


practical work it is desirable to employ a unit in conformity with 
the system—volt, ampere, ohm etc. The unit chosen is called 
the Henry, and is the inductance of a circuit in which a rate of 
change of current of one ampere per second produces an electro¬ 
motive force of one volt. The relation of the henry to the abso¬ 
lute unit of inductance may be found in a manner analogous to 
that employed in the case of the ohm (p. 58). The volt is equal 
to 10® absolute units of electromotive force and the ampere to 
ICHJ unit of current, whereas the second is the unit of time on 
both systems, and thus, since— 

Ai T E volts , 

t=.lr~ ; L==-t 7 -hennes, 

at ai 

-- amperes per sec. 
dt 

1 u 1 volt 

or, 1 henry = -- 

1 ampere per sec. 

__ 10® absolute units of E.M.F, 

10~i absolute unif of current per sec. 

= 10® absolute units of inductance. 

Thus the inductance of a solenoid— 

(P- 312) 

to vary the resultant Fig. 292. 

magnetic flux due to 

the two. The scale on the instrument is calibrated in milli¬ 
henries. 

Charge and Discharge of Condenser.— On applying an electro- 


Fig. 292. 
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motive force e, due to some external source, to a circuit consisting 
of a capacity in series with a resistance, a current will flow for a 
time, but electric charge is all the time accumulating upon the 
plates of the condenser, and for charge q, the difference of poten¬ 
tial between the plates is |, where c is the capacity of the con¬ 
denser. This is directed one particular way 
round the circuit (Fig. 293), and is equivalent 
to an electromotive force. A current in one 
direction will increase this, giving energy to 
the condenser, and for a current in the other 
direction, the energy of the charge on the 
condenser will be used in driving the current. 
Hence the condenser produces an electromotive 
force in the circuit, and the equation of electromotive forces 
becomes— 

ri+i=c. 

c 



Now the current in every part of the circuit being the same, it 
is equal to the rate at which charge accumulates in the condenser. 

• =^, or, q=iidt, 

f. A+l=e. 

at c 


This equation may be solved in a similar manner to that on p. 308, 



If j=0, when ^=0— 

cr logf^=k, 

T 


log. 



t 


e cr 


t 

q^ec[\—€^^ 
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ec is the final steady charge in the condenser ; calling this jo we 
have— 

9=?o(l —e "). 

The time constant A in this case is cr, 

^ * 

If now the external electromotive force be reduced to zero, the 
E.M.F. equation becomes— 

at c 


whence, 


If ^=^ 0 , when /=0"- 


<1 


dt 

cr 


log, cr^-~+k. 


or, 


*=iog^ qo 
log* 

qo cr 
-1 


The curves for q and t for charge and discharge are drawn in 
Fig. 294. 



The equations for the current may be obtained from those for 


the charge, remembering that i 




dt 


Thus, for the charge— 


. ^ / I qo 
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and for the discharge— 

d . -i, 9o -- 

Since e=—, 


»o being the value of the current at the beginning of both charge 
and discharge. It may be noticed that in both cases the current 
starts with its greatest value and falls off exponentially ; the 
discharging current is negative, that is, it is in the reverse 
direction to the charging current (Fig. 295). 



Measurement of High Resistance by Leakage. —From the equa¬ 
tion for the discharge, we see that q falls to about one-third of 

a -t 1 

its value in time A=cr ; for, —=e >=-, when /=A. If the time 

qo « 

t is to be measured with reasonable accuracy, it must be over a 
minute, say 100 seconds. Therefore cr must be at least 100. 
Now the condensers of convenient size, found in every laboratory, 
have a capacity of the order of a micro-farad, that is 10“® farad, 
or 10~*® absolute units, where the practical unit of capacity, the 
Farad, is the condenser which one coulomb will charge to a 
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potential difference of one volt. Hence for cr to have the value 
100, when c is 10~i®, r must have a value of lO^*^ absolute units 
or 10® ohms. Hence a capacity of 1 micro-farad discharging 
through a resistance of 10® ohms or 100 megohms (1 megohm=10® 
ohms) will lose about two-thirds of its charge in 100 seconds. 

This gives rise to a convenient practical method of measuring 
resistances of the order of 20 megohms and upwards ; for the 
condenser is charged and then allowed to discharge through the 
resistance for a known time t. From the relation— 


log€ -==-. 

?o cr 

t 


or. 




c log, ^ 


c being known and -- being observed, r can be calculated. When 

the rate of leakage is small, may be measured by means of the 

quadrant electrometer, the deflection being read at known 
intervals. 

^2 e q' 

Or the condenser may be charged and instantly discharged 
through the ballistic galvanometer. The throw Bi is then pro¬ 
portional to ^ 0 - If is again charged and allowed to leak for t 
seconds through the resistance and then discharged through the 
galvanometer. The throw 02 is then proportional to the charge 
q remaining after t seconds, so that— 

i 

, 01 
« log. ,-1 

It is advisable to obtain a number of readings of t and 0 by 


repeating the above process and plotting a curve of t and log. 


e: 


A straight line l 5 dng evenly amongst these points may be drawn 

t 

and from it a mean value of -2“ obtained, from which r may 


log. 


0s 


be calculated. It should be remembered that the dielectric of 
the condenser may not be a perfect insulator. There will then 
be a leak, even when there is no external conductor. Hence a 
measurement should be made when the terminals of the con- 
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denser are unconnected and the resistance rj of the condenser 
leak be found. Then with the high resistance across the terminals 
the combined resistance should be found. Since the high 
resistance and the condenser are in parallel 

from which r can be calculated. 

Mutual Inductance. —We have already seen that a variation of 
the current in a circuit is accompanied by an electromotive force 
in any neighbouring circuit (p. 250). Thus if the current in the 
circuit A (Fig. 239) varies, there will be an electromotive force 

dt 

in the circuit B, equal to —m-j, due to this variation of the 

dt 

current in A. m is called the coefficient of mutual induction or 
the mutual inductance of the two circuits. The defining of mutual 
inductance is subject to all the difficulties encountered in the 
case of self-inductance when the magnetic permeability is vari' 
able (p. 306). It may be defined as above, or as the magnetic 
flux linked with the secondary circuit B, due to unit current in 
the primary A. Thus— 

di 

^ dt dt ^dt* 
when m is constant. 

m may also be defined as the mutual potential energy of the 
two circuits when unit current is flowing in each, and this again 
leads to the same value of m when the permeability is constant. 

Let 1*2 be the current in the secondary circuit, and let it be 
situated in a magnetic field whose value at the point P, Fig. 296 
(i), is H, 0 being the angle between the field and the circuit at P. 
Then the force per unit length of the circuit is sin 0 (see 
p. 239), and for the small length I of the circuit, is i^fil sin 0, 
and is at right angles to I and H. Let the element I be displaced 
in the direction of the force by an amount bx, then work done 
sin 0,Lbx. 

But H sin 0 is the component of H normal to the area /. 8x 
swept out by the element (Fig. 296 (ii)), and therefore H sin 
is the amount of magnetic flux rfN added to or withdrawn from 
the total amount linked with the circuit. Hence— 

work done=^’ 2 ^N, 

and Ji 2 iiN is the total work done when the magnetic flux N, 
linked with the circuit, changes by the amount J^/N, being 
constant. 

It is immaterial whether the circuit changes in size, or whether 
the change in N is due to the alteration in the distribution of the 
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flux, for the work done at each element of the circuit is propor¬ 
tional to the value of H at the point, and to the relative motion 
of the circuit and the flux ; in fact the problem is similar to that 
of finding the work done in the case of the change of volume of 
a gas, which is ipdv, where p is the pressure at the boundary 
and dv a small change in volume. The same limitations as 
regard reversibility apply 
in the two cases. If the 
permeability is not unity 
H must be replaced by B 
in the above. 

If now the flux N is due 
to another circuit carrying 
current iy, the flux due to 
it and linked with both 
circuits is ntyii, and there¬ 
fore ^ 111^2 is the work 
done in linking the flux 
mjti with, or withdrawing it from Similarly the current #2 
involves a flux ^ 2^2 linked with iy, and to withdraw this flux 
from i'l involves an amount of work These two amounts 

of work must be the same, for if the two circuits be separated to 
a great distance, the forces on the two at each instant during the 
act of separation must be equal and opposite. 

Wit 11*2=^2Vi 

and, mi=W2, 

so that there is only one value of the mutual inductance between 
the two circuits, and the flux linked with the second due to imit 
current in the first is equal to the flux linked with the first due 
to unit current in the second. 

Calculation of Mutual Inductance. —In any case in which the 
flux hnked with the secondary circuit due to current % in the 
primary circuit can be calculated, the mutual inductance may be 

d% 

deduced from the relation w—. Thus for the solenoid 

dt 

(Fig. 251) in which n turns of secondary are wound near the 
middle of a primary of Uy turns per unit length— 

Yi—Annyi, and, N=47rniAi. 

This is the flux linked with each turn of the secondary, 



Fig. 296. 


”2 • 


4irMi«2A . 


di 

dt’ 


m=4im|n,A. 


firom which. 
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If the flux due to the current in the primary is not all linked 
with the secondary, as, for example, when the secondary turns 
are not all wound near the middle of the solenoid, the mutual 
inductance will be less than the above amount. 

In the case of two identical circuits wound so that they prac¬ 
tically coincide with each other everywhere, the mutual induct¬ 
ance would be equal to the self-inductance of either. 

From the identity in form of the quantities self, and mutual, 
inductance they are measured in the same units. Thus the henry 
is the practical unit of mutual inductance, and is the mutual 
inductance of a pair of circuits when a rate of change of one 
ampere per second in one, causes an electromotive force of one 
volt in the other. We shall write m'" for mutual inductance 
measured in absolute units, and “ M '' for that measured in 
henries. 

In comparing inductances experimentally, it is often convenient 
to have a variable standard of inductance, but in the case of self¬ 
inductance there is the difficulty that the low values cannot be 
obtained, since, however the positions of the two parts of the 
circuit (see Fig. 292) are varied, the self-inductance can never be 
reduced to zero. Mr. A. Campbell ^ has suggested instead, the 
employment of standards of mutual inductance, since this can 
be varied for two coils from zero, or even a negative value, up 
to a maximum, by altering the relative positions of the primary 
and secondary coils. 

Current in Secondary. —On starting the current in the primary 
circuit, we have seen that there is a current in the secondary, 
which ceases when that in the primary has become steady. 
Further, on stopping the primary current we again get a transient 
current in the secondary. To find the value of the current in the 
secondary at any moment, we must write the electromotive force 
equations for the two circuits and then obtain a solution. Let 
ii, li and rj, I 2 and ^2 be the currents, inductances and 
resistances of the two circuits, and m the mutual inductance; 
then for the primary— 

and for the secondary— 

j din I di\ I • rt 

To obtain the equations for the primary and secondary 
currents, these two simultaneous equations must be solved. The 
mathematics involved is beyond the scope of this work, but the 

* A. Campbell, Proc. Roy, Soc., Ser. A.. 79, 4?.8. 1907. 
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currents may be plotted by the step by step method with the 
help of these equations. 

Writing them in the form— 


li dii m di^ < 

fi dt Ti di Yi ’ 


=to fi, 


and 


I 2 di2^fndii 
r2 dt ^r2 di 


where I'o steady value of the current in the primary, 

we can then solve the simultaneous equations for -- and 

^ dt dt 


This gives us— 


^ dii ^(io“~h)Vi4-f2wrj 

dt I 1 I 2 — 

__ (*0— +Hh^i 
, dt iil2—fn^ 


or, 


di, = - W^.L±^ViZ.V<. 


If small intervals of time, dt, are taken, we can begin with any 
values of ii and ^2 we please, say ii=0 and i 2 ~ 0 , and find the 
values of dii and di 2 for the first interval. From these we know 
the values of ii and for the beginning of the second interval 
and can then calculate dii ^rid di^ for the second interval. This 
process may be repeated until ii has reached its steady value and 
t 2 has again become zero. The first two curves in Fig. 297 have 
been obtained in this way, taking Li = 10 henries, L 2 — I henry 
and M—0*8 henry, Ri = 10 ohms, Rg—l ohm, and E = 10 volts, 
in which case the equations are written— 


j ^ ^ (Io’--Ii)L2Ri+l2^ff^2 ^^ 

L1L2—M 2 

I di,=- 

I * L,Lj-M2 

and Io==l ampere. It will be seen that after six seconds the 
steady state has been very nearly reached. The dotted curve 
gives the growth of the primary current when there is no secondary 
circuit. The second curves have been drawn for the falling 


II 




322 


CHAP. 


VARYING CURRENTS 

primary current. They may be obtained by putting E=0 in 
the differential equations, whence— 

I ' L,Lj-M2 

- 

■p 

and taking the initial value of Ii to be Iq, i e. —, 

Charge Flowing in Secondary Circuit.—Ihe quantity of elec¬ 
tricity that has been caused to circulate in the secondary circuit 



Fig. 297. 


at^either the starting or the stopping of the primary current, is 
i^dt and is the area included between the tg curve and the 

•/ 0 

axis (Fig. 297). It may also be found from the equation— 
r, ■ dt ■ dt 

Integrating this with respect to time, from zero to infinity, we 
get— 

^iJo ^2^0 Jo 

Now at time 0, *2=0, and, tj =0, 

and at time <x>, » 2 = 0 , and, *i--=*o. 

Therefore the first term is zero at both limits, and— 
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Now 



i^dt is the quantity of electricity 


that has circulated in 


the secondary circuit, and therefore it is equal to When 

^2 

the current is stopped, the limits 0 and are reversed, and there- 


fore the quantity is — 

^2 

The Induction Coil. —A particular use of mutual inductance, of 
great practical importance, is made in the case of the induction 
coil, which is a piece of apparatus for producing small currents 
at very high electromotive force from comparatively large 
currents at low electromotive force. The primary coil PP (Fig. 
298), consisting of a number of turns of thick wire, is wound 


upon an iron core D 
built up of a number 
of strands of soft-iron 
wire, while the second¬ 
ary coil SS has a great 
number of turns of fine 
wire, and is wound upon 
the primary. On start¬ 
ing the current in the 
primary, the magnetic 
flux produced in the 
core cuts the secondary, 
producing a high elec¬ 
tromotive force, and 
when the primary cur¬ 



rent is stopped, the 


Fig. 298. 


flux again cuts the 

secondary but in the opposite direction, causing a reversed 
electromotive force. Many induction coils are provided with an 
automatic make and break, which consists of a spring having at 
its extremity a soft-iron armature A which is attracted towards 
the core when the primary current is made. This breaks the 
primary circuit at B, and on the core becoming demagnetised the 
spring recovers its original position and makes the circuit again 
by means of the contact B, and the process is then repeated. 
As considerable sparking occurs at B when the circuit is broken, 
the surfaces that come into contact are faced with platinum. 
This prevents undue sparking and wearing away. 

Although an electromotive force is produced in the secondary 
coil at both make and break of the primary circuit, the latter is 
by far the greater, since the primary current dies away much 
more rapidly than it grows. When the circuit is closed, its 
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resistance is small and its time constant great, but when the 

circuit is broken r is enormously increased and the time constant 
correspondingly reduced ; thus the rate of decay of the primary 
current is high. The magnetic flux in the core is therefore 
removed much more rapidly than it is produced, and the electro¬ 
motive force in the secondary is much higher at the break of the 
primary circuit than at the make. On this account the electro¬ 
motive force in the secondary circuit at the make is usually 
insufficient to produce a discharge through the gas surrounding 
the secondary terminals, and the secondary current is therefore 
unidirectional. 

The manner in which the secondary current rises and falls on 
each break of the primary circuit may be seen from Fig. 297. 

The efficiency of the coil is much increased if a condenser is 
placed in parallel with the contact breaker of the primary circuit, 
for the primary coil and the condenser comprise a circuit in 
which electrical oscillations occur, the condenser at the end of 
the first half oscillation being charged oppositely to its condition 
at the instant of break. The magnetic flux in the core due to 
the primary current is therefore reversed at each break, and the 
amount of charge caused to circulate in the secondary approaches 
double the value in this case, of that when no condenser is used, 
for without condenser the primary current merely drops to zero 
on account of the high resistance introduced at the break. The 
oscillations in the primary current will be rapidly damped, owing 
to the loss of energy due to heating produced by the currents in 
both primary and secondary, so that only the first discharge is 
of importance. 

The effect of the condenser upon the secondary current may 
be found, on neglecting the effect of the resistance of the secondary 
at the beginning of the discharge. This is, to a first approxima¬ 
tion, justified, for when the secondary current is varying rapidly, 
as at the beginning of the discharge, the predominant factor in 
determining its rate of growth is the large inductance of the 
secondary circuit. 

The E.M.F. equations for the two circuits are therefore— 

Multiplying the first by I 2 and the second by m and subtracting, 
we have— 
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the solution to which is— 

(see p. 308). 

I Y 

Writing a for — - -—we have— 

»1=*06"“' 

e'o is here the current in the primary at the moment ol ^)reaking 
the circuit. 

Integrating the E.M.F. equation for the secondary cii'Mit. 
have— 

/2^2+^h— 

where ^ is a constant. 

If f2=0 when i—0, then— 

k ==mtQ 


and, 


/I 


at 




As t increases to infinity this gets nearer and nearer to the 

Yii 

value -'4; but we must remember that this would only be true 

I 2 , 

if the resistance of the secondary circuit were zero, which is far 
from being the case. From the start, the effect of the resistance 
is to decrease the current, and a short time after the electro¬ 
motive force due to variation in the primary current has reached 
zero, the secondary current will also become zero. The value 

is the hmit which the secondary current cannot exceed, and 
n 

would only reach if the resistance were zero. 

When the resistance Yi has been replaced by a condenser of 
capacity c, the maximum value of the secondary current may be 
obtained approximately by a method given by the late Lord 
Rayleigh,^ which suggested the above. The electromotive force 
equation for the primary circuit being— 




du 


or. 


I 




di^ 


m 


dt^ 


+?=0. 

c 


and for the secondary, 


7 ^^2 I di \ 


or. 


* dt^ ^ dt^ 


‘ Hon. J. W. Strutt. Phil. Mag. {Sot. 4), 39, p. 428. 1870. 
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Multiply the first by and the second by m, and subtract, and 
we get— 


This is of the type 


d^x 

dt^ 


which was solved on page 23. 


It is of the simple harmonic or oscillatory type, and we therefore 
see that the motion of the charge in the primary circuit is oscilla- 
tory. Consequently the current is likewise oscillatory, and 
varies between the limits and 
The solution of the equation— 


I ^^2 I 


is, l 2 ii-\-mii=k, 

and if *i=»o. when tj=0— 

fVl 

and, ♦a=r(*o-*i). 

Since ii varies between the limits +to and —I'o# fhe greatest 
value of ^2 occurs when = —in which case— 


2wio 

H'- — J-. 

It will be seen that this is twice the greatest value of the 
secondary current when the condenser is absent, the drop in the 
primary current being produced merely by the break at the 
contact maker. Since the charge passes into the condenser 
instead of across the gap the sparlang at the break is much 
reduced. 

Practical Methods of Measuring Inductances. —The mutual in¬ 
ductance of two coils may be measured by making use of the fact 
that the quantity of electricity caused to circulate in one when 

MI 

current I is established in the other is coulombs (p. 323). 

K 

Thus, with the plug in A (Fig. 299) the ballistic throw in the 
galvanometer G when the current I is started or stopped in the 

MI cT 

primary circuit may be observed. Then — =Q=~~—0 (see 

K ZttAH 

p. 257). 

In order to determine the plug is removed from A, and 

AH 

two are placed in B and C, which are connected to a very small 
resistance. Rj, say ohm, in the primary circuit. The differ- 



SELF-INDUCTANCE 


ence of potential between the ends of this is now IRi and a 
current -^1 flows in the secondary circuit, giving a steady 
galvanometer deflection 0i. 

•rh.n. = 

Xa. C 

. Ml^IRi T 
‘ • R “R^i • 277 ’ 

M=K . 


The time of vibration T of the galvanometer needle may be 
found in the usual way. 



Fig. 299. Fig. 300. 


Self-Inductance (Kayleigh\s Method i).—As in the last method, 
an inductance is measured in terms of a resistance and a time, 
but here the Wheatstone’s bridge is employed. The inductance 
to be measured is placed in the arm AB of the bridge (Fig. 300) 
and a balance for steady current obtained in the ordinary way, 
the battery key being closed before the galvanometer key (not 
shown in the diagram). On closing the battery key with the 
galvanometer key already closed, a throw will be obtained, since 
the balance is disturbed while the current is growing, owing to 

the extra electromotive force L^- in the arm AB. Any electro- 

dt ^ 

motive force in one arm of the bridge causes a proportionate 
current in every part of the bridge. Let kE be the current in the 
galvanometer due to electromotive force E in the arm AB. 

Then the instantaneous current in the galvanometer due to 

electromotive force in AB is and therefore the total 

at dt 

» Lord Rayleigh, PhiU Trans., 178, p. 677. 1882. 
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quantity of electricity that flows through the galvanometer due 
to this cause, while the current Iq is being established in AB is— 

k . 'L^~ dt=-kL fVl 

at Jo 

=ifeLIo. 

where 0 is the throw, and A the logarithmic decrement. 

In order to determine the resistance in AB is changed 

c 

by amount Rj, which is so small that there is no appreciable 
change in the current Iq. The effect is to introduce the small 
electromotive force IqRi into the arm AB and to produce a 
steady current /feloRi in the galvanometer. The steady deflection 
di produced is given by— 

*• c Ri 

and substituting in the above equation, we get— 



The balance for steady current must be perfect. When the 
metre bridge is being used this condition is easily attained, but 
owing to the low resistance of the bridge wire, a Post-Office box, 
or a suitable combination of resistance boxes, is used by prefer¬ 
ence. In this case the smallest resistance in the box is usually 
sufficient to change the steady deflection from one side to the 
other, and hence a perfect balance cannot be obtained. To get 
over this difficulty, one of the connections between the boxes 
may be made with platinoid or manganin wire, and the final 
adjustment carried out by slipping the wire in the necessary 
direction through the terminal. The small resistance R] may be 
a standard 0*1, 0*01 or 0*001 ohm, included in the arm AB. 

Comparison of Self-Inductances. —^The value of a self-inductance 
in terms of a standard, may be found by placing them one in each 
adjacent arm of a Wheatstone's bridge, and adjusting the resist¬ 
ances until a balance is obtained for an intermittent, as well as 
for a steady current. If P, Q, R and S are the respective resist¬ 
ances of the arms of the bridge (Fig. 301), we have, when a 

P Q 

balance for steady current is obtained, 

K b 

On closing the galvanometer key and afterwards the battery 
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key, a galvanometer throw will be observed, unless we have the 

L P O 

additional relation --1 = -==^. 

L2 R S 

For the points A and C are at the same potential before the 
current starts and also when 
it has become steady, that 
is, the potential difference 
between D and A is equal 
to that between D and C. 

If now the current grows at 
the same rate in both 
branches DAB and DCB, 
the differences of potential 
between D and A, and D 
and C respectively, are equal 
at every instant, and there¬ 
fore A and C are always at 
the same potential, and there 
will be no current in the galvanometer. The currents grow at 
the same rate if the time constants of the two circuits are equal, 
that is— 



But, 


or 

P+Q R+S’ ’ L, R+S' 

P_Q_P+Q. 

R S R+S ’ 

* • L 2 R S’ 


Either AB or BC must include a variable resistance, in order 
p 

that the ratio may be varied. Hence it is necessary to produce 

a steady balance first ; then if the ballistic balance is found to 
P 

be imperfect, the ratio ^ must be altered and the process repeated. 

This is continued until the balance is perfect for both steady and 
variable currents. 

The above methods of measuring inductance are only applic¬ 
able to a coil which has a non-magnetic core. When there is 
an iron core a makeand ‘‘ breakmethod must not be 
used. 

In order to increase the sensitiveness to making or breaking 
the circuit, Ayrton and Perry designed a commutator which they 
called a Secohmmeter, which on rotation makes the battery, then 
the galvanometer circuits, then breaks the battery and afterwards 

II* 
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the galvanometer circuits, so that the " break " impulses send a 
charge through the galvanometer when the ballistic balance is 
imperfect, but the make ” impulses do not. On reversing the 
direction of rotation, the charge passes through the galvanometer 
at the “ make instead of at the “ break/' The rotation is made 
rapid by a series of gearing wheels, so that a considerable number 
of ‘‘ makes " or '' breaks " may be made per second and the 
galvanometer deflection therefore increased. 

Comparison of Capacities (de Sauty).—A method similar to the 
above may be applied to the comparison of capacities, but in this 

case the steady current is of 
course zero. On depressing 
the key (Fig. 302), a differ¬ 
ence of potential is estab¬ 
lished between B and D and 
currents flow in the circuits 
BAD and BED. A and E 
are at the same potentials 
at the beginning and after 
the completion of the charg¬ 
ing of the condensers, since 
the current in both cases is 
zero. If then the charges 
on the two condensers have grown at the same rate, A and E 
are all the time at the same potential and there is no throw of 
the galvanometer. The charges grow at the same rate when 
the time constants of the circuits BAD and BED are equal, 
that is when RiCi=R 2 C 2 (p. 315). 

Therefore, when the resistances are adjusted until there is no 
disturbance of the galvanometer on charging or discharging, 

C2 Ri 


A 



When the balance is not attained, the throw is one way on 
charging by depressing the key, and the other way on discharging 
by releasing the key. 

Circuit with Inductance, Capacity and Resistance (Charge).— 

We will now find how the current grows in a circuit to which a 
constant electromotive force e is applied, when the circuit has 
inductance and capacity as well as resistance. From the cases 
treated earlier (pp. 308 and 314) we see that the equation of 
instantaneous electromotive forces will contain four terms and 
will be, 
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where the letters have the meanings previously assigned to them. 

Further, *= 3 ^, and the equation becomes— 
at 

4 / 2 +" 1 +!==". 

It will therefore be necessary to solve this for q, afterwards 
obtaining the current by differentiating the value of q with 
respect to time. 

T 1 

For convenience we will write, -=2b, and so that— 

I Ic 




Let x=q— — , then 


dx _ dq , d^x _ d^q 

dt~dt’ di^~'dt^' 

and substituting these values in the equation, we get— 
which may be solved in the form— 


From this we have— 


so that, substituting these values in the equation, we get— 

or, a 2 -f- 26 a+A 2—0 

that is, a —— ^2 

and there are two solutions— 

x=A € , and, x=B e 

where A' and B' are any arbitrary constants. 

Now when two solutions such as— 

(-b + Vb*^)t ^ , T>/ (-b-Vb^^H A 

X- A € ==0, and, x—B e ==v 

have been found, it obviously follows that— 

Zaf—A € —B € » 


0 . 
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A' B' 

or writing A for ^ , and B for , 


=A€ +Be 


or, since x~q— -~, 
k~L 

+Be +^--. 

Remembering that we see that the last term is equal to 

Ic 

ec. Whatever the nature of the variation of charge may be, we 
know that after a sufficiently long time has elapsed the charge 
will become steady and equal to ec (p. 147). Writing this final 
steady value of the charge equal to q^, our equation becomes— 

^ i-b-^Vb*-k*)t , _ , .... 

g=A€ +Bc +9o • • • (ii) 

This equation expresses the mode in which the charge q varies, 
but it does not give us definitely its value at any given time 
unless the arbitrary constants A and B are known. These may 
be determined if we know two conditions as regards charge, or 
rate of variation of charge, that is, current. Now, in the case 
considered, tlie electromotive force is suddenly applied to the 
circuit, and therefore the charge on the condenser at the instant 
of application is zero, the expression of which condition is that 
^—0, when 

Equation (ii) tlien reduces to— 

0 =A4-B4-^0; or, A+B = — q^. 

Further, the current is zero at the instant of applying the 

electromotive force, that is, when /=0. 

at 

Now, from equation (ii)— 


=0, when /=0. 


--[~b + Vb^~k^)A 


i-b^Vb* 


-}-(-~b-Vb^^)B€ 
0==(~b + Vb^^^)A + {-b-VW^ 
^J(A+B) + V6^X2(A-B)=0, 




But A+B = 




Vb^-k^ 


■(>+vsfep)- 
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Putting these values of A and B in equation (ii) we get— 



1 + 


h 




(-6 +V&*-**)i 

€ 


2 \ 


(iii) 


When b^>k^, that is 

4/2 Ic 


this equation for q cannot be 


further simplified, and the charge gradually acquires its final 
value ^ 0 - The mode of approach to is shown by the dotted 
curve in Fig. 303, which is drawn for the case in which the 



inductance is 10 millihenries, the capacity microfarad, and the 
resistance 1260 ohms. 

Thus. :?--3-97 x10» 

4L2 

and. Jg = 10., 

SO that, 6=6-30x10^, and ^=3*16 —10^, and if the charging 
electromotive force is 10^ volts, the final steady charge Qo is 
1 coulomb. 

If, however, bcik there is an entirely different state of affairs, 
for is negative, and is an imaginary quantity. 

Let it be written, where 
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SO that the quantity under the root sign is again real. Equation 
(iii) thus becomes— 

^ - 

b € V*» - 6*1 — €" V**- 6**\ 1 


Vk^-b^ 


. € V i* - bH -j- € ~ V ** - 6*« 


Now the exponential form of cos is- - - 

and of sin is- y -P' 

substituting these values in our equation we have— 


9 — 9 o|l 62 ^os y/k^-bH-^-b sin y/k^-bH)^- 

Taking an angle 6, such that— 
tan ^ , sin 0 ==^, and cos 

V^2_62 ^ yfe 

r _ _ ) 

9 == 9 o| 1~~;^2 “ p ^ y/k^—bH+sin 6 sin 

. 

The full curve OABCD, etc. (Fig. 303), is obtained from this 
equation, for the case in which L=10 millihenries = 10-2 henries, 
C=Y^fl microfarad = 10-’^ farad, and R = 200 ohms, the charging 
electromotive force being 10*^ volts, so that Qo=EC = l coulomb. 

J 2 _/ and k^ = _^_= 10 » 

\ 2 xl 0 - 2 ; . ana, « io- 2 xlO-» 


In this case the discharge is oscillatory. The charge is alternately 
greater and less than Qo before settling down to this steady value, 
and with the given quantities it will be seen that after passing 
the value Qo four times, the amplitude of the oscillation is 
reduced to about 4 ^^ of its original value. 

The diminution in amplitude is due to the term or c 2 l, 
and with a less resistance than that chosen, this term would 
become of less importance and the damping of the oscillations 

- 

less rapid ; in the limiting case when R=0 the term e 2 L would 
equal unity, and the charge upon the condenser would vary in a 
simple liarmonic manner. 

It will be seen that the value of the charge for the point B upon 
the curve, that is, after one half-oscillation, is much greater than 
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its final steady value. This explains the fact that on connecting 
a condenser to an electrical supply, when the inductance in the 
circuit is large and the resistance small, the potential difference 
between the plates momentarily attains nearly twice the final 
steady value, and the insulation of the condenser may break 
down, although sufficiently strong to stand the final steady 
potential difference. The breaking down may be prevented by 
putting in circuit at the moment of connection, a resistance which 
may subsequently be removed, but which has the effect of 
damping out the violent oscillations that would otherwise occur. 

Current. —The current in the circuit at any instant may be 
derived from equation (iv) ; thus— 


. dq /- kh€ f - 


Vk^-b 
Remembering that tan 6 


sin {\/k^-bH-e)+b cos (Vk^-bH-d)}. 
b 


equation becomes— 


'Vk^-b^ 


, etc., we see that this 


qok^€ 




VA2-62 


sin V k^—bH 


• • • 


(V) 


Frequency of Oscillation. —In the case of the current, we see 

TT 27r 

from equation (v) that at times 0, ^ 

value is zero, and from equation (iv) that after intervals from the 

start, of ■ ,. etc., the value of g is equal to y., 

'Vk^—b^ V^2— b^ 


In either case represents the time for half an oscillation, 

Vk‘^—b^ 

so that the time for a complete oscillation, or the periodic time,is— 

2w _ 277' 

/T~l^ 

VLC 4L2' 

When R is small, this approximates to IttVTC, and in most 
practical cases the value of R is not large enough to cause the 
periodic time to differ greatly from this value. 

The frequency is given by— 


1 R2 
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or when R is small- 


N = 


1 

^2WlC 


1 R2 

In the example given on p. 334, --=10® and jp;—10®. so 


tliat- 


Vio^—10® 

N.r:_-- -^4776 oscillations per second. 

Ztt 


Limiting Case. —Equation (iii) evidently breaks down when 
b—~k, for in this case two of the coefficients become infinite. 
Returning to equation (ii) let us see what form this takes when 
has not vanished but is reduced to some very small 
quantity A. 

Then, 


Writing and in the form of scries- 






q = € 



M. 


, , ^ , ^2/2 ;j3/3 

.I-4(+j 2 -j^ + 


!+«+«'+ . , .)+b( 


i—ht+ 


7 ^2/2 



Now, h being very small, the terms in and higher powers 
may be neglected ; but the quantities hh and BA have unknown 
magnitudes since A and B are unknown. 

Ihus, ^ = € ^^{(A-f"E)-f*( A—B)A^}-h9o' 

Calling these two constants (A+B) and (A--B)A, G and H 
respectively— 


?-=6-^‘(G+H/)+9o. 

This is a solution of equation (i), as may be shown by differentia- 

dq d'^q 

tion and substitution of q, -y and —in (i) ; it represents the 

at dt^ 


limiting case when y/h^—k^ approaches the value 0. 
Now let ?—0, when /=0, and we have G = — 

Again, let f = ^^=0, when if=0 


^3 r= -6e-«(G+H/) +He-“ 
at 

0 = -&G+H. or, H = -6 jb 
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The curve representing this equation is shown by the chain line 
in Fig. 303. In this case L==:10“2 henrys, C==10“7 farads, and 
R=2xl0* ohms=632-4 ohms, so that— 


= JL = 10», 62 : 

LC ’ 4L2 4x10-4 


= 10 ». 


Discharge.—To find the manner in which the condenser dis¬ 
charges on suddenly removing the external source of electro¬ 
motive force, we put ^=0 in equation (i) on p. 331, which then 
becomes— 


or. 


3+2»2+i=,=0, 


(Vi) 


f 1 

where, as before, 6=^, and 

21 Ic 

This is the same form as the equation in a; on p. 331, and, as 
there explained, the solution is— 


. . . . (vii) 

Putting in the limiting conditions we have, since q=qo when 

/=0, A-f-B=^o» 

and since ^=0, when ^=0— 
at 

Solving these two equations for A and B and substituting their 
values in (vii)— 


(-ft-V'fr*-**)! 




L VP-*.). L _ b \ V*.-*.).| 

\ Vb^-kV \ Vb^-kV J 


(viii) 


When b>k this equation represents the dead beat discharge, 
the dotted curve in Fig. 304 being drawn for the case given on 
p. 333. When b<k the equation is transformed as on p. 334, 
into the form— 

b k^ — bH — ^ 


or. 


_ 


-t- 


Vk'^-b^ 


2 ; 


9=9o«'^“|cOS Vk^—b^t '^^^2 “^2 ^ 


-bH 


\/k^-b^ 

where tan 6= 


cos {V 
b 


V ^ 2_^,2 


bH~e) .(ix) 

, etc. 
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The discharge is therefore oscillatory when k>b, and the curve 
^qABD in Fig. 304 shows the form of the discharge in the given 
case. At B the charge upon the condenser has the reverse sign 
to that of ^ 0 * The points where the curve cuts the axis are 

Tf TT 

separated by an interval of time or ——r—which 

V 1 

Vlc”"4L2 


is therefore half the periodic time. 

The oscillatory character of the discharge of a condenser when 



the inductance in the circuit is sufficiently great for the condition 

R2 1 

fulfilled, was first pointed out by Lord Kelvin in 

■ J --/ 

1853.1 

In the event of R being inappreciable, b=0, and the equation 
for the discharge becomes— 

Q=Q. cos 


and the oscillations are harmonic, the charge surging backwards 
and forwards through the inductance, being alternately positive 
and negative upon either plate of the condenser. For either 

0^2 

extreme, the energy of the charge is Q-n instant half¬ 


way between these extremes, the charge upon the condenser is 
zero, and the energy is associated with the inductance and has 
the value ^LP joules (see p. 306). 


_L. 

dt VLC 


Qo sin 


VK’ 


I W. Thomson. PW. Mag. (Ser. 4). 6, p. 393. 1S53. 


Since— 
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the greatest value of this occurs when— 


Hence at this instant, I 


TT , . t 

and, sin —---rr 

2 VLC 

= — Q? 


VLc 



_iQo* 


- 1 . 


Thus the energy alternates between the statical and the 
dynamical form, and is associated first with the capacity and then 
with the inductance, being reversed twice at every oscillation. 

When R is not zero, there is a continual dissipation of electrical 
energy into heat as the current flows in the resistance, and since 
this process is not reversible, the energy of the charge gets less 
and less at each oscillation and finally vanishes. It is also 
possible that some of the energy is radiated into space at each 
oscillation, but a discussion of this will be reserved to a later 
chapter. 

Limiting Conditions,—The distinction between the dead beat 
form of discharge, in which the sign of the charge is not reversed 
(b>k), and the oscillatory form (b<k), although very much in 
evidence in the mathematical form in which the discharge is 
represented, is not really very marked, for as k gets nearer and 
nearer in value to 6, the oscillations become so rapidly damped 
that the discharge is almost exponential in type. In fact there 
is no discontinuity in passing from one form of the discharge to 
the other, as the student may see if he will plot several curves 
resembhng those in Fig. 304, for values of k approaching very 
near to that of b. 

As before, equation (viii) breaks down when b=k, and we 
obtain our solution by putting Vb^—k^=h, and finding the form 
of the solution when h is extremely small On p. 336 we saw that 
the exponential terms take the form and therefore— 

^=€-«(G+H/). 

If now, when ^=0, G=yo; and if -^=0, when ^=0, 

at 

A q^qQ€-^^{l+bt), 

The chain curve in Fig. 304 represents this equation in the 
given case. 

Rate of Discharge.—When h is very small in comparison with 
k» the oscillations are nearly simple hannonic, and die away very 
slowly ; and on the other hand, when b is very large in com- 
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parison with A, the discharge is dead beat, the steady state being 
reached only after the lapse of considerable time. Thus when b 
is very small or very large with respect to k, the process of dis¬ 
charge takes considerable time for its completion. This con¬ 
sideration, together with an examination of Fig. 304, will lead us 
to the conclusion that the final state of complete discharge is 
reached more rapidly as b approaches in value to A. 

From equation (ix) (p. 337) we see that the term 

cos {Vk^—bH — d) 

has alternately values -fl and — 1, the values -j-l occurring at 

277 

times differing by intervals ; hence the maxima occur 

2 mib 

at times differing by these intervals, and have values 

where n has the successive values, 0, 1, 2, 3, etc. Remembering 

that for the oscillatory discharge, 6<A, we see that these succes- 

maxin a decrease most rapidly as b increases, since 

Vk^-b^ 

becon greater. We have the maximum rate of damping out 
of tihe ' Orations when b=k, since in this hmiting condition— 

b 

— =00 . 

\/A2~62 

Returning to equatiori fvii) (p. 337) we see that for the dead 
beat discharge, that is, when 6>A ; the second term diminishes 
ixtremely rapid!} sinc^^ —VA^—is always numerically 
large. The first tei n is therefore much the more important, and 
the greater the numc:ric.al value of the term —b + Vb^—k^, which 
is always negative, the more rapidly does the charge decay. 
Thus, as b—Vb^—k^ increases the decay becomes more rapid. 
To find how b—\/b^--k^ varies as b approaches k in value, 
write— 

y^b-Vb^'^ 

_ ^ 

db y/b^—W 

and as h approaches in value to k, ^ is evidently negative, that 

is, as 6 diminishes b—Vb^—k^ increases, and therefore as b 
diminishes the rate of decay increases. This holds up to the 
limiting case when 6=A, and we theiefore see that as we approach 
from the oscillatory side or the dead beat side, towards the 
limiting case, the rate of discharge becomes more* rapid. Hence 
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the limiting case when is that in which the charge most 
quickly disappears. 

This was first pointed out by Dr. Sumpner ^ and is of particular 
importance in the design of galvanometers. There is complete 
analogy between the motion of a galvanometer needle and that 
of a discharging condenser (see p. 262). With no damping, the 
swings last a great time, as in the case of the ballistic galvano¬ 
meter. On the other hand, if the damping is too great the 
motion is dead beat, and the final position of the needle is taken 
up too slowly. This is extremely troublesome as it renders the 
galvanometer very sluggish. The best working conditions for 
ordinary use are obtained when the needle comes very quickly 
to rest after very few oscillations, a condition sometimes, although 
wrongly, called dead beat. 

The term critical dampinfi is often applied to the case corres¬ 
ponding to in the above and it is nowadays usual for the 
maker to state the critical damping resistance of an aperiodic 
moving-coil galvanometer. This enables the user to match a 
circuit to the galvanometer if time spent in observing tlie deflec¬ 
tions is to be economised. 

Discharge examined by Rotating Mirror. —The cliange in 
character of the discharge from dead beat to oscillatory, as the 
resistance of the circuit is reduced, 
may be seen by examining the spark 
by means of a rotating mirror. The 
condenser is charged by means of the 
induction coil, the spark discharge 
taking place between the terminals 
P (Fig. 305) once at every break of 
the primary circuit. The circuit 
ACBP in which the oscillations occur, 
has usually sufficient inductance for 
the purpose, but if necessary this Fig. 305. 

may be increased by including a 

few turns of wire. When the points P are far apart, the image 
of the spark seen in the rotating mirror consists of one thin band 
for each discharge, but on approaching the points until the 
resistance falls below the critical value, a group of lines which 
may extend to 6 or 7 in number, is seen at each discharge, which 
is consequently oscillatory. 

The production of oscillations will be further considered in the 
chapter on radiation. 

* W. £. Sumpner, Phil. Mag, (Ser. 5), 25, p. 453. 1888. 
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The development of dynamo-electric machinery, in which a coil 
or system of coils is rotated in, or moves through, a magnetic 
field, giving rise to alternating ele‘Ctromotive forces, and of the 
transformer which enables the ei.ergy produced to be changed 
from small current at high voltage to large current at low voltage 
and vice versd, has rendered a study of the current produced by 
an electromotive force which varies harmonically, of great 
importance. A still further importance to this study arises from 
the employment of oscillating currents, the commercial applica¬ 
tion of which is realised in the various systems of wireless 
telegraphy and telephony. 

Circuit with Inductance and Resistance. —For many purposes, 
the capacity in the circuit is relatively unimportant, and we will 
first consider the simple case in which a harmonic electromotive 
force, Eo sin pi, is applied to a circuit having resistance and 
inductance only, the effect of including capacity as well being 
left until later. 

The equation of electromotive forces for such a circuit has 
been given on p. 307. It is— 

L^+RI=E. 

dt 

Replacing E by the value Eo sin pt, we have— 

L^+RI=Eo sin pt, 

2n 

Eo being the maximum electromotive force, and — the periodic 

P 

time of alternation. 

A pure sine electromotive force, that is, one which varies in a 
simple harmonic manner, may be produced by rotating a coil 
with constant angular velocity in a uniform magnetic field. 
For, if N be the magnetic flux linked with the coil when its plane 
is perpendicular to the field (Fig. 249), N sin ^ is the flux when 
the plane of the coil makes angle $ with the field. 

342 
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Then, 


._ <f(N sin 6) 

dt 

_ &) 
dt 

= —N cos 6 . 

de 


d0 

dt' 


But if the angular velocity then, dB—pdt, or 0=pt + 


TT 

r 


the constant of integration being if time is reckoned from the 

4m 


instant at which 0= + 


2 ' 


Then, 


E=—/)N 


=/>N sin pi 
==Eo sin pt. 

The electromotive force produced by an alternating current 
dynamo is not usually of this simple type, but is of the form— 

Eo sin />/+Ei sin 3/>/+E2 sin Spt+ * . . , 

but we shall only deal with the case in which the first term alone 
is present, this term being always by far the most important. 

The only part of the solution of our equation which is of 
importance to us is that in which the current has the same 
periodicity as the electromotive force, any other being quickly 
damped out. The current after a very short time takes the form, 
I—A sin cos pt, which is the most general form of a simple 

In 

harmonic current of periodic time —. A and B are constants to 

P 

be determined from the conditions of the problem. To find them, 

differentiate I with respect to t, and substitute for I and ~ in the 

dt 

original equation. 

Thus, ^==^A cos pt—p^ sin pt, 

dt 


and substituting in the equation on p. 342, we have— 

L/>A cos pt—lup^ sin /)/+RA sin />^+RB cos sin pU 

This must be true for all values of t. 

When, <==0, sin and cos 

L^A-4"RB=0. 
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P^— 2 ’ P^—^t cos pt—(i. 


When. 

RA—L^B=Eo. 

Solving these two simultaneous equations for A and B, we get- 


A_ j r>__ ^PJ^_ 

^ L2^2 + R2’ ' L2/>2+R2- 


Hence, 


1 = 


REo 

!>2 + 

Eo 


L 2 ^ 2 _^R 2 


(R sin pt —L/> cos pt). 


This may be thrown into a more convenient form by writing 
cos 6 for - , whence— 

VL2^2_^R2 

—=sin d, and, =tan 6. 

Vl‘^P^+r^ r 

Eo 


.M= 

1 = 


Vup^+R^ 

. Eo 


(sin pt cos 6—cos pt sin 9), 
sin (pt—d). 


VUp^+R2 

En 

We therefore see that the current has amplitude - 7 -. —^- => 1 ^ 

Vll2^2 + R2 

and lags in phase behind the electromotive force by an angle 

0 =tan-^^^. 

In the special case in which L=0— 
j__Eo sin pt_E 

R "R- 


The current is then in phase with the electromotive force, and its 
value at every instant is given by the ordinary ohmic relation. 

Vector Diagram. —The behaviour of a circuit to which an 
alternating electromotive force is applied, may conveniently be 
represented by a vector diagram of electromotive forces, and by 
means of such a diagram the current may be plotted in the form 
of a curve. Thus if OA in Fig. 306 (i) represents to scale the 
value of Eq, then the projection of this on the axis of y at the 
instant /, is Eq sin pt and is equal to E, the instantaneous value 
of the electromotive force. On constructing the right-angled 

triangle AOB with angle AOB=0==tan-^^y, 


OB==Eo cos 0= 


REn 


VUp^+R^ 


=RI, 


o> 
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and OD, the projection of OB upon the axis of y, is— 

_ sin {pt-0) =Rlo sin (pi-d) =R1. 

Vup^+R^ 

and is the instantaneous value of that component of the applied 
electromotive force that is used in driving the current in opposi¬ 
tion to the ohmic resistance of the circuit. 

Again, since DE=OE—OD=E—RI, and L^^=E—RI, we 

see that DE represents the component of the electromotive force 



Fig. 306 . 


that is due to the inductance of the circuit, and is the projection 

of BA upon the axis of v. But BA=OA sin fl= — - — 

VUp^+R^ 

=L^Io. BA is at right angles to OB, and the electromotive force 
due to inductance is therefore 90° in phase ahead of the current. 
This might also have been obtained from the relation— 

I=Io sin (pt~6), 

for, ^—plQ cos (pt—0)=plo sin (/)^—0+90°). 

dt 

Lj=Lpio sin (pt-e+W). 


The vector OC may be drawn parallel and equal to BA, and 
we see that the angle xOC—pt~d-\-90°, and electromotive force 
OA is resultant of OB and OC. As the three rotate with con¬ 


stant angular velocity p, their projections on the axis of y 
represent the instantaneous values of the applied electromotive 
force and its components. The current being in phase with OB, 


it may be represented by a vector 01©= 


OB 
R ‘ 


Then by taking 


an axis of time parallel to Ox we may, by making the ordinates 
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equal to OE and to the projection of OIq, draw the curves of 
electromotive force (E) and current (I) in Fig. 306 (ii). 


Impedance and Reactance.—The quantity plays a 

similar part in the consideration of alternating currents, to resist¬ 


ance in continuous currents, for Io= 


\/L2j^2_^R”2 


It is called the 


Impedance of the circuit. If either L or ^ becomes zero, the 
impedance reduces to R, the resistance. The greater the value 
of hp, the more does the impedance differ from the resistance. 


and when the periodicity n ^that is j 


becomes so great that 


the resistance is relatively unimportant, the impedance becomes 
l^p. This quantity is called the Reactance of the circuit, and the 
impedance has for its limiting values the resistance, for very low 
frequency, and the reactance, for very high frequency. 

Measuring Instruments.—^An ordinary electromagnetic ammeter 
or voltmeter whose moving parts are comparatively massive, will 
indicate the mean value of the quantity to be measured, when 
this varies rapidly. The mean value of the quantity Eq sin a for 
a complete cycle, where a is written for simplicity instead of 
ptf is— 



sin a da 



Ao 

2tt 




cos a 


= 0 , 


and therefore the reading of an electromagnetic voltmeter on an 
alternating supply will be zero. The reason is, that for the first half 

I frr jpr r -liT 2E 

of a cycle, the mean value is - E© sin a da= — --- cos a ==— 

^Jo ^ L Jo ^ 

1 2Eft 

and for the second half, - Eq sin a da== -Thus the mean 

7rJ„ IT 

values are alternately positive and negative, and the suspended 
needle or coil will receive equal and opposite impulses during a 
complete cycle. For this reason it is necessary to employ instru¬ 
ments whose deflections are all in one direction, whatever the 
direction of the electromotive force or current. This is the case 
when the deflection depends upon the square of the electro¬ 
motive force or current, as in the case of the hot-wire voltmeter 
or ammeter, the heating produced by the current in a fine wire 
causing its expansion, which the instrument indicates. Also the 
electrometer used idiostatically (see p. 158) may be used for the 
measiurement of alternating electromotive forces ; or certain 
soft-iron ammeters (p. 83) in the case of current. 
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In order to interpret the readings of such an instrument, let us 
find the mean value of sin^ a, or Eq^ sin^ a, for it is this mean 
value that is proportional to the indication of the instrument ; 


that is, we must find the value of the quantity. 




sin^ a da 


Now, 

and. 


r2n 

J da = 27 r. 


/:■ 


L 2 sin 2 a<ia=Io 2 


1 —cos 2a 


da 


T oW sin 2a' 


2ir 

0 


—ttIo^. 

, TtIq^ Iq^ 

mean value= - ~ = w- 

Ztt 2 




Virtual Current and E.M.F. —The same value of the mean would 
have been obtained if we had taken half the cycle instead of the 
whole, since the square of any quantity is positive, and the sign 
of Iq* sin^ a does not change during the cycle. In Fig. 307 the 



values of I and P are plotted, when Io=3. The line AB has the 
same mean ordinate as the curve P. The continuous current 
represented by CD, whose square would have the same mean 

value as that of the alternating current is therefore and 

V 2 

would give the same reading on a hot-wire ammeter. This is 
the virtual current, and is equivalent to the alternating 
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current whose maximum value is Iq. Thus if Iq sin a is measured in 

amp>eres, is the equivalent current measured in virtual 

V2 

amperes. 

Ea 

In a similar way - is the virtual voltage of an alternating 

V2 

current whose maximum voltage is Eq. 

The advantage of measuring electromotive force in virtual 
volts, and current in virtual amperes, is that a suitable instru¬ 
ment may be calibrated by means of a continuous electromotive 
force or current, and will then read virtual volts or amperes on 
an alternating current supply. 

Measurement of Inductance. —When a source of alternating 

electromotive force is available, the self-inductance of a coil may 

be found by measuring the electromotive force and current, first 

using a direct, and then an alternating current. The first readings 

give the resistance R of the coil. The second readings 

Iq , Eq 
give and 

V2 V2 


But, 


io - 
V2' 




Ei 


where E,^ and I,^ are the virtual volts and amperes. 
If the frequency of alternation is n,... 


:,p=lTTn^, 


and L may then be calculated. 

This method has the advantage that when the circuit encloses 
iron, and the inductance is therefore variable, the value obtained 
is that for the particular value of I • employed, and this may be 
chosen to be the value at which the coil is eventually to be used. 
Power in Alternating Current Circuit. —In the case of a non- 
Ea 

inductive circuit, 1=^ sin sin pt, when E=Eo sin pt. The 

K 

rate of working at any instant is therefore El =EoIo sin® pt watts. 

We have seen (p. 347) that the mean value of sin® pt for a cycle 
is equal to and therefore— 


mean rate of working=JEoIo watts 


V2 


—~ watts. 

y/2 
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Now ~ is the virtual voltage, and the virtual current, 

\/2 \/2 

therefore mean rate of working in watts is the product (virtual 

volts) X (virtual amperes). 

In the case of an inductive circuit— 

E==Eo sin pt, 

I=Io sin [pt—d). 


Therefore the instantaneous rate of working is— 

El=EoIo sin pt sin {pt—6) 

=EoIo sin pt (sin pt cos 6—cos pt sin 0) 

=EoIo sin2 pt cos 0—|EoIo sin 2pt sin 6, 

The mean value for a cycle is J in the case of sin^ pt, and zero 
for sin 2pt. 


mean rate of working=JEoIo cos 0 watts 

— (virtual volts) (virtual amperes) xcos 6. 

The following method brings us to the same result, and throws 
additional light upon the processes going on. 

Let the vector Eq (Fig. 308) repre¬ 
sent the maximum electromotive 
force, and Iq the maximum current. 

Resolving Iq along and at right angles 
to Eq, we get the component 1q cos 9 
in phase with the electromotive force, 
giving us the mean rate of working 
|EoIo cos 6, and the component 
Iq sin 6, lagging 90° in phase behind 
the electromotive force, and giving 
us a mean rate of working 


f EqIq sin a sin(a—90°)^?a, 

277 Jo 


277 , 

that is— 



^ Eolo 

sin a cos a da=~^ ~ 

OTT 


"I 2rt 

COS 2a =0. 
_ 0 


This latter component is called Idle or Wattless current since its 
presence does not contribute to the rate at which work is being 
done in the circuit. When the inductance of a circuit is so great 
in comparison with the resistance that the latter may be neglected, 
the current is entirely wattless; for in this case, 0=90°, and 
ros 0=0. 

The curves for E and I in Fig. 309 are drawn for a case in 
which the current lags behind the electromotive force by an 
amount ac. For the parts of the cycle ce and fg the electro- 
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motive force and current are in the same direction, and the 
source of energy is doing work upon the circuit. If we call this 
work positive, then for the parts ac and ef of the cycle, when E 
and I are in opposite directions, the work is negative, which 
means that the electromotive force is employed in diminishing 
the current, or the circuit is doing work upon the source of 
energy. The curve abcde, etc., is drawn by taking ordinates at 
each point equal to the product of E and I, and the large loops 
such as cde represent work done on the circuit, and the small 
loops such as abc represent energy drawn from it. The difference 
in area of the two is a m.easure of the work done in one half cycle. 

When L==0, 6=0, and the current is in phase with the electro¬ 
motive force ; the small loops are then absent. But as L 
increases, the difference of phase increases up to 90® in the limiting 
case when R is negligible, and in this case the positive and 



negative loops are equal in size. Their difference is then zero, 
and the current is entirely wattless. 

The case is similar to that of a frictionless pendulum ; although 
the motion is alternating, the total work done by gravity upon 
the pendulum in a cycle is zero. 

Power Factor, —On measuring separately the virtual volts and 
virtual amperes for a given circuit by means of a voltmeter and 
an ammeter and taking the product, we obtain the apparent 
watts. This is not the actual power absorbed in the circuit, 
unless the current is in phase with the electromotive force, for 
the product has yet to be multiplied by cos 6 to obtain the true 
watts. The ratio of true watts to apparent watts is called the 
power factor of the circuit. 

Since,—true watts=(apparent watts) x cos 6, we see that the 

power factor is equal to cos 0, where fl=tan~i?"^. 

R 

Wattmeters. —The true power absorbed in any circuit may be 
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measured directly by means of a suitable wattmeter, whose low 
resistance coil P is in series with the circuit, the high resistance 
shunt coil Q being connected to the points A and B (Fig. 310) 
between which the power to be measured is absorbed. In the 
case of the Kelvin watt balance (p. 248) the shunt circuit has in 
it a non-inductive resistance 
Rj of high value. The 
mechanical force or couple 
between the two coils is 
proportional to the pro¬ 
duct of the currents in them, 
that in P being the current 
I flowing in AB, and that 
in Q being proportional to, 
and in phase with, E the difference of potential between A and 
B. The instrument is calibrated to read directly in watts, and 
will therefore give the mean value of El, or the true power 
absorbed between A and B. 

A difficulty arises owing to the fact that the coil Q always has 
some inductance, and the current in it therefore lags behind the 
electromotive force in it, causing the indicated mean value of the 
watts to be too great. In the Kelvin instrument this lag is 
reduced to a negligible amount by making the non-inductive 
resistance Rj in the shunt circuit very great; while in the 
Addenbrooke electrostatic wattmeter, which is a modified 
quadrant electrometer, there is no appreciable lag. 

If 1 1 be the current in the shunt circuit Q, Lj being the induct¬ 
ance, and R the resistance of the shunt circuit— 



Ii 


_ Eq 


sin (pt—Bi). 


Also the current in the main circuit is— 


I=Io sin {pt—6), 

and the instrument ind^ates the mean value of the pioduct 
IX li, that is— 

EqIo sin ipt—O) sin {pt~di) 


Expanding the terms sin {pt~0) and sin {pt — 6{), and taking 
the product, this quantity becomes— 


?vL::-.„ r.{sin^ pt COS O COS J-fCOS^ pt SUl O SlU ^1 


—J sin 2pt sin 
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The mean values of sin^ pt and cos^ pt are both and of sin 2pt 
is zero, and the mean of the whole expression is therefore— 


1 JqE q^ 

2\/Li2^”24.r"2 


cos ^i). 


IE 

If Li =0, the true power cos 6 would be indicated. 

R 

, indicated power_ R cos (6—0i) 

true power yT^~ 2^2^R2 * cos d 
__cos 61 cos (0—^i) 
cos 0 

_cos 01 (cos 0 cos 01 +sin 0 sin 0{) 
cos 0 


=cos2 01 +J tan 0 sin 2 0i. 

Since Li is small, this ratio approaches the value unity for 
Li==»0. On differentiating it with respect to 0i it may be seen 
that the rate of change is essentially positive, so that for values 
of 01 slightly greater than 0 the ratio is greater than unity, and 
the instrument reads too high. 

The power factor of a circuit may be measured by finding 
the true watts absorbed in it, by means of a wattmeter, and the 
apparent watts by means of an ammeter and voltmeter. 


Then, power factor 


true watts 
apparent watts 


=cos 0. 


Circuit containing Capacity, Inductance and Resistance. —The 
equation of electromotive forces for a circuit having capacity, 
inductance and resistance is (see p. 330) 

L^+RI+|=E,sin^/, 

T 

or, since 1 = ^— 




The simple harmonic part of the solution of this equation, that 
is, Q=A sin cos pt, may be found in an exactly similar 

manner to that given on p. 343. By differentiating, substituting, 
and solving the simultaneous equations for A and B, we find 


Eoj 

(i- 

L^] 

1 


(i 

-L/>] 

|‘+R») 


and, B = 


EoR 
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thus— 


Q 

and further 

I 


Eoj 

1 

ic^ 

L^] 

1 


(9 

-Lp^ 

I’+Ej 


sin pt- 


EoR 




COS pt. 




dt 



cos pt- 


1 


EoR 




sin pt. 


Taking as before, 
we have, 


tan d=-t. - 

R 

Eo 


sin {pt-\-B). 


+ R2 


+R2. 


The impedance is in this case^^^~L^j 

The following four special cases are of interest. 

(i) When L=0 and C=oo , then 0=0 and tan 0=0, and the 

E 

equation reduces to 1 = ^ sin pt, 

R 

This case has already been discussed (p. 344). 

Li> , , 

(ii) When C=oo , then tan 0=—and the equation is— 

R 


1 = 


Eo 


\/L2^2+R2 


sin {pt — 6). 


The vector diagram and the electromotive force and current 
curves are given in Fig. 306. 

(iii) When L==0, then tan ^ 


and. 


1 = 


Eo 


J^P^ 


CpR' 
sin ipt+0). 


-1-R2 


The current is here in advance of the electromotive force by 
the difference in phase, tf=tan“' 


C/>R’ 


12 
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The vector diagram is given in Fig. 311 (i) and the electro¬ 
motive force and current curves for one cycle in Fig. 311 (ii). 



The power absorbed in the circuit is again JIoEq cos 0, and the 
idle or wattless component of the current is Iq sin 6 (see p. 349). 

If in addition, R=0, then 0=90°, and the current is entirely 
wattless. 

(iv) When ^P=A> ^=0, 

Lp 

then, 1 = 0 ° P^- 

In this case the current is in phase with the electromotive 
force. The electromotive forces corresponding to the two watt¬ 
less currents, one due to the inductance and the other due to the 
capacity, are equal and are in opposite phases. We may say 
that the wattless current required by the inductance is supplied 
by the capacity (Fig. 312). 



Choking Coll. —For many purposes it is required to reduce the 
current in a given circuit, with a minimum waste of energy, when 
the current is derived at constant voltage from a given supply. 
In charging a secondary battery from electric mains, an adjust¬ 
able resistance is included in the circuit, whose function it is to 
reduce the current to the required amount, or in other words, to 
reduce the difference of potential between the ends of the battery 
to that req.uired for charging. Similarly in nmning an arc lamp 
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on a continuous current supply, the arc requires about 40 volts, 
so that if a current of 10 amperes is to be taken from 100 -volt 

mains, the resistance to be included in the circuit is 

ohms. It is merely a matter of applying the ohmic relation 
E 

1 =:. . With an alternating current supply there is another and 
K 

more economical method which may frequently be employed as 
an alternative to introducing a resistance ; for, let an inductance 
L be placed in series, 

I E 

then, =— —=:S======, and in the above case, 

V2 V2VUp^+R^ 


10 


100 

VL2^2 + 42' 


4 being the effective resistance, Ihe arc. 

Up^ + I6=m, 

L^p^=^84-, and L^=9'2 approx. 

If now the supply has a frequency of 50 cycles per second— 


p^2m . 50. 


Such an inductance is called a choking coil. Its chief advan¬ 
tage lies in the fact that with it, the only waste of energy is due 
to the hysteresis loss in the iron core (p. 282), which is generally 
much less than the waste of energy in the resistance that would 
reduce the current to the same extent as the choking coil. The 
resistance of the choking coil is generally negligible. When a 
resistance is used to reduce the voltage, there is a waste of energy 
PR, which in the above example amounts to 600 watts, but with 
the choking coil the only additional electromotive force intro¬ 
duced differs by 90° in phase with the current, and the effect is 
therefore wattless. 

The virtual volts between the points A and C due to the supply 
being E volts, that between the ends AB (Fig. 313 (i)) of the non- 
inductive resistance is RI, and that between the ends BC of the 
inductance is L^I (p. 345), and the latter differs in phase by 90° 
from the potential difference RI due to the resistance, since this 
is in phase with the current. The three electromotive forces are 
therefore related as the three sides of a right-angled triangle, as 
shown in Fig. 313 (ii). Thus the sum of the potential differences 
between A and B, and B and C, is always greater than the 
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potential difference between A and C. Then we may find 
graphically by constructing a semicircle upon AC (Fig. 313 (ii)), 
and making AB equal to the fraction of AC that the required 
potential difference between the ends of the resistance is of the 
whole potential difference. On joining CB and dividing its 
length to scale by I, we obtain L^. 



Duddell Oscillograph. —Several devices have been employed to 
determine the wave form of an alternating electromotive force or 
current, but one of the earliest is that used by W. Duddell ' 
in the instrument known as the oscillograph. This is essentially 
a damped galvanometer, modified to have an exceedingly high 
frequency of vibration (8000 to 10,000) of the moving part, so 

that its movement copies the 
comparatively low frequency 
couple due to the alternating 
current. 

The phosphor-bronze strip ssss 
passes over the pulley P (Fig. 
314), the ends being attached to 
terminals fixed in the block K. 
A spring, not shown in the 
figure, pulls P upwards, and 
maintains a considerable tension 
in the strip, whose lower por¬ 
tions are situated in the mag¬ 
netic field due to a powerful 
electro-magnet. 

On passing a current through 
the strip, one limb is urged out¬ 
wards and the other inwards, 
causing the light mirror M, at¬ 
tached to them, to rotate. The deflection of a beam of light 
reflected from M is thus proportional at every instant to the 
current flowing in the strip. The spot of light, falling upon a 

* W. Duddell and £. W. Marchant, Inst. El. Eng. Joum., 28, p. 1 1899. 
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screen or photographic plate describes a straight line when an 
alternating current is passing. 

In order to exhibit the variation of the current, the beam of 
light is also reflected by a mirror which is rotating about an axis 
at right angles to the axis of rotation of M, so that the spot of 
light has a motion upon the screen proportional to time, at right 
angles to that proportional to the current, and hence describes a 
path similar to the curves of Fig. 315. The motion of the second 
mirror is produced by a synchronous motor driven by the alter¬ 
nating current under examination, so that the spot moves over 
the path repeatedly, an 
advantage in observing it, 
as the appearance upon the 
screen is that of a steady 
curve. 

For the examination of 
the electromotive force and 
current curves simultane¬ 
ously, two strips such as s 
are placed side by side, the 
current strip is placed in 
shunt across a low resist¬ 
ance in which the current 
to be examined is flowing. 

The potential strip is placed 
in series with a high, non- 
inductive resistance, the 
ends of this circuit connected to the terminals between which the 
variation of potential difference to be examined is occurring. 
The current and potential curves may be arranged to fall simul¬ 
taneously upon the screen, and in this way the curves in Fig. 315 
have been obtained, L being the current curve with large induc¬ 
tance, and K that with large capacity, the lead being nearly 90° 
for the latter, and the lag nearly 90° for the former (see p. 353). 
V is the voltage curve. 

For the somewhat similar Einthoven string galvanometer see 
p. 75. Both the Duddell and Einthoven instruments are sur¬ 
passed in speed of response by the cathode-ray tube (p. 485). 
The electron beam in this device is usually deflected electro¬ 
statically so that negligible current is drawn from the source and 
its inertia is extremely small. Photographic records are readily 
obtained. 

Transformers. —The industrial use of alternating currents owes 
its development entirely to the transformer, which is an appliance 
for converting large current at low voltage to low current at high 
voltage, and vice versd, with very small loss in energy and with¬ 
out the necessity of moving parts in the appliance. Thus for the 



Fig. 315. 
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transmission of 10,000 watts at 100 volts the current is 100 
amperes, but at 10,000 volts the current is only one ampere. 
Hence the conductor required in the second case will be much 
smaller, and therefore less expensive than in the first. 

The transformer consists essentially of two coils, a primary 
and a secondary, wound upon an iron core. The relative number 
of turns in the two coils depends upon whether it is required to 
transform up or down in voltage. An ordinary transformer with 

closed magnetic circuit is shown in 
Fig. 316, AB being the primary and 
ah the secondary coil. 

We have already found on p. 320 
that the electromotive force equa¬ 
tions for two circuits having mutual 
inductance, are— 

Let an electromotive force E| be 
applied to the first circuit, there 
being no source of electromotive 
force (other than that due to the 
mutual actions of the currents) applied to the second, and let 
El vary harmonically. It may be written qEi sin pt, and the 
harmonic solutions for and I 2 might be obtained as on page 343. 
But this process is extremely tedious, and the useful results may 
all be obtained by starting with the currents and afterwards 
finding the impressed electromotive forces required to produce 
these currents. Assuming then that the currents Ij and I 2 
differ in phase by the angle ff, we may write them, taking qIi and 


0 I 2 for the maximum values— 

Ii==oIi sin;^^.(iii) 

and, 1 2 =oI 2 sin + 0).(iv) 


In practice these currents will not be true sine functions, owing 
to the hysteresis in the iron core of the transformer, but will 
consist of a sine term together with a higher harmonic due to 
hysteresis, which is wattless,^ and may usually be neglected ; its 
study belongs to the province of the electrical engineer. 

From equations (iii) and (iv) we get— 

cos pt, and, 0 I 2 cos {pt-i 6). 

at at 

* Steinmetz and Berg, ** Alternating Current Phenomena.** 



Fig. 316 . 
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Substituting in equation (ii) we get— 
l- 2 p 0 I 2 cos {pt+O) +M^ oil cos pt+TL^ 0 I 2 sin {pt+6) = 0 . 
or, ( 1 - 2 ^ 0 I 2 cos oIi“l"I ^2 0 I 2 sin B) cos pt 

-f(R 2 ol 2 cos d—h 2 pol 2 sin B) sin^^= 0 . 


This is true for all values of t, and therefore when pt—^, we 


have— 
or, 


R 2 0 I 2 cos L 2 ^ol 2 sin B—0, 
and /. sin B = 


tan B=^ 

UP 


R2 

When /==0, we have— 

I^ 2 j^ 0 I 2 COS oIi“I“R 2 0 I 2 sin B=0, 


And, 


qI 2 _. 
oil 




L 2 j 5 > COS 0 +R 2 sin B* 
Mp 


L^p . 


1 ^ 2 :^ 


-R 2 


R, 


ol2 = 


VWP^+U^ VL22^2+R;1 
Mpoli 


VL2^P~^~+R2^' 

From these two results we see that there is a difference in 
phase between the primary and secondary currents determined 

by the last relation, together with the fact that tan B= 


.J 2 ., 

Up 


Returning to equation (i), and substituting in it the values of 

^^2 and 1 ], we have— 
dt dt ^ 

UP oil cos pt-\-Mp 0 I 2 cos {pt-\-B) +Ri oil sin pt=^U* 

Ei = (RioIi—M^ol 2 sin B) sin^/+(Li/) oIi+M^ 0 I 2 cos B) cos pt, 
^P • oil R2 


=( 


1^10^14“ . 




sin pt 


+ 


{^iP oIi-M/' 


M/>. oil 


) 

pt, 






where. 


tan p= 


/t_ ^ ^P^U 
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We therefore see that the primary electromotive force leads 
the primary current by an angle or, what is the same thing, 
the current lags behind the voltage by this angle. Further, the 


primary resistance is increased by an effective amount -- - ; ^ ^ 

due to the current in the secondary, and the primary inductance 


is effectively reduced by the amount 


M 2 ^ 2 L 2 


, a phenomenon 


first pointed out by Maxwell.* 

Writing —— =P, we may then express our currents 
VL 22 j!) 2 +R 22 


in terms of Ei, taking Ej = 0^1 sin pt, and rewriting our equations, 
and remembering that the current is ^ in phase behind the 
electromotive force, (iii) becomes— 


0^1 


where, tan p 


V(L,-P2L2)2^2 + (R,+P2R2)2 

=oIi sin . 

(Li-P^Lj)^ 


sin (pt^p) 


(Ri+p^R 2 ) 


(V) 

(vi) 


Again, since ol2 = —Poll* (iv) becomes— 
12=0^2 sin (pl—ff>+ 0 ) 

= —Poll sin {pt—<t>+0) 
=^P qIi sin {J)t — P-j-d —tt). 


For the difference of phase between Ij and 1 2 is the advance 0, 
of the latter ahead of the former, together with a lag of tt implied 
by the relation ol 2 ==“P oli- 

Now tan 0=^ so that tan 0'==^, where and 

substituting this value for 0 we have— 

l2=PoIisin(/.^-.^-0'-5^. 


and the actual lag of the secondary current behind the primary 
is an angle 0'+^=7r—0. The complete expression for I 2 is now— 

Ia= — - ■ --- sIh(^ . (VU) 

\/(L,-P2L2)2^2 + {Ri+P2R2)2 V ^ 2 ) ^ ’ 

=oIj .(viii) 

^ J. C. Maxwell. Phil. Trans. Roy. Soc., 165, p. 459. 1865. 
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The meaning of these equations can be more clearly seen by 
drawing a vector diagram for the electromotive forces in the two 
circuits (Fig. 317). The equations of elec¬ 
tromotive force are (i) and (ii), and the 
various terms in them and their relative 
phases may be found from equations (v), 

(vi), (vii) and (viii). Thus, from (vi) we 
have 

Rilj—Ri qIi sin [pt p). 

Hence we will begin our diagram with the 
vector OEq, whose value is the maxi¬ 
mum of Ej. At an angle p behind this we 
have OA, equal to Rj oli, which is in 
phase with the primary current, p being 
very nearly 90^" since Ll/> is usually large 
in comparison with R^. 

Again, from (vi) we have— 

(seep.345). 

Hence AB is drawn 90"" ahead of OA, 
and is made equal to qIi. From (viii)— 

RjIj=R2 0 I 2 sin^p^—^ —0'— 

SO that we next make OD equal to R 2 0^2 ^^t an angle AOD —0'+^ 

behind OA, and this is in phase with the secondary current. Also 
from (viii)— 

sin {pt-<f>-e'). 



Fig. 317 . 


and therefore DF is drawn 90° ahead of OD and equal to L 2 ^ ol 2 - 
OF is now the vector sum of the two electromotive forces L 2 


and R 2 I 2 ill fFe secondary, and is equal to the electromotive 
force due to the variation of current in the primary, which is 


M^=MpoIi 



from (vi), which we see is parallel 


to AB ; and further the vector BEq, which is the electromotive 
force in the primary due to the variation of the secondary 
current, is 0 ^ 2 * is parallel to DF, since from (viii)— 


. 0 I 2 sin {pt-p-^0'). 
at 


The three vectors OD, DF and FO have 7,ero resultant, and if 

12 * 
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the diagram rotates with constant angular velocity p, their pro¬ 
jections on a fixed axis are at any instant the three terms in 
equation (ii). 

Similarly the three vectors OA, AB and BEq, having a 
resultant equal to qE^, correspond to the three terms inequation (i). 

If a perpendicular be dropped from Eq on to OA, the 
vector Oa is equivalent to Ri' qIi where R^' is the effective resist¬ 
ance of the primary circuit, which we saw on p. 360 to be 

Th-iVectorA^istheretoreequalto®^^''. 

Similarly Eo« is the quantity o^i where L/ is the effective 
inductance of the primary, and the vector B6 is therefore equal 

to ^ so that the lag {p) of primary current behind the 

electromotive force which occurs when the current in the 
secondary is ol 2 » rnight be reproduced when ©I 2 is zero by in¬ 
creasing the primary resistance by the amount Aa/oli, and 
diminishing the primary inductance by the 
amount BA/qIi. 

When the secondary circuit is broken so 
that 0 I 2 is zero, the current in the primary 

^ ^ L, and the rate of working is 



IS 




oEioIi cos <l>, where p is now tan“i^-. 

El 


The 


only work done, apart from that due to hys¬ 
teresis and eddy currents, is that required to 
drive the current through the primary in op¬ 
position to its resistance. The vector diagram 
reduces to the form shown in Fig. 318. Since 
Fig. 318. E] is usually small in comparison with Li, p is 
nearly 90°, and becomes more and more nearly 
equal to 90° as p increases. There is now only one electromotive 
force in the secondary, equal to qIi i since this is parallel 
to AE, the electromotive force in the secondary is very nearly 
the same in phase as the primary electromotive force, OE. 
From its value Mp oli, we see, calling it 0 E 2 , that— 


oE2=M^oIi=M^ 






and neglecting Ri in comparison with LiP — 
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When the primary and secondary coils are wound upon the 
core in such a way that they both enclose the whole of the 
magnetic flux, we have— 

LiL2=M2 


for, M==~-Li=~^L 2 , where Hi and W 2 are the respective numbers 

fti W2 

of turns in the primary and secondary, = 

o^\ -bj M Lj 

But the inductance of a coil is proportional to the square of 
the number of turns linked with the magnetic flux, and therefore 
Lix fii^, and L 2 ^ ^ 2 ^- 


• ^2 

oEi 


That is, the electromotive forces in secondary and primary are 
proportional to their respective numbers of turns. 

These conditions may be approximately fulfilled in the case of 
the induction coil (p. 323), the primary coil having very low and 
the secondary very high resistance, the latter being very great, 
not only on account of the number of turns being very great, 
and the wire employed being thin, but also by the fact that part 
of the circuit consists of air or some other medium of exceedingly 
high resistance. 

Returning to the vector diagrams (Figs. 317 and 318) we may 
now consider the effect of reducing the resistance of the secondary 
until appreciable current passes in it. WTien this current is 
small, the vector OD is nearly at right angles to OF, so that the 
secondary current is nearly opposite in phase to the primary. 
As work is now being performed in the secondary this implies 
that more power is taken in at the primary^ This is supplied in 
two ways. In the first place the primary current comes more 
into phase with the electromotive force, since tan <j} changes 

from to— 




Ri + 


J12j<)2R2 


so that (ft diminishes,and cos <f> increases, and the power oEj qIi cos (f> 
increases. But in addition to this, the primary current usually 
increases owing to a diminution in the effective primary impedance 
from v'Lpp+R? to -flRi+P^R?) 
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If the latter of these two quantities is less than the former— 

+P^R22. 


But. 


/. 2LiL2:^2>P2(L,2^24.R22)+2RiR3. 

2LiL2:^2>m2^2_|.2RiR2. 


In the case of an ordinary transformer, R^ and R 2 are made 
as small as possible, in order to avoid loss of energy due to 
heating of the conductors. Therefore, neglecting the term 
2 R 1 R 2 , we have— 

2LiL2>M2, 


a condition which is necessarily fulfilled since cannot be 
greater than L 1 L 2 . Thus the result of the current in the 
secondary is to decrease the effective impedance of the primary, 
and the primary current therefore increases. It should be noted 
that if the resistances are not small it does not follow that the 
effective impedance of the primary is reduced and the current 
increased. There is, however, always an increase in the power 
absorbed by the primary, on account of the advance in phase of 
the primary current caused by the current in the secondary. 

For an account of the efficiency of transformers and the 
measurement of the various losses occurring in them the student 
is referred to works on electrical engineering. 

Resistance and Inductance of Wires for Currents of High 
Frequency, — A steady cun^ent flowing in a uniform wire is dis¬ 
tributed uniformly in the cross-section of the wire, the current 
density being constant over any given section. Wlien the voltage 
applied between the ends of the wire is alternating, the distribu¬ 
tion of current is no longer uniform ; there is a concentration of 
the current in the outer layers, and, wffien the frequency is very 
great, the current is almost entirely confined to the surface layer. 
This phenomenon is known as the '' skin effect and on account 
of it, the effective resistance of the wire is greatly increased. 
For this reason, conductors that are required to carry high 
frequency alternating currents are made up of a number of 
strands of fine wire, insulated from each other, in order to have 
a large surface for any given area of cross-section, since the 
central parts of thick wires would not carry any appreciable part 
of the current and would therefore be useless. 

The reason for this distribution of the current may be under¬ 
stood by examining Fig. 219, in which the magnetic field for a 
wire carrying steady current is shown. Taking any cylindrical 
shell of the wire, the magnetic field outside it is the same as 
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though the current in the shell were all at the axis of the wire, 
but for points inside the shell the field is zero. Thus for a given 
current, the total magnetic flux is greater when the current flows 
along the axis than when it flow^s in a surface layer of the wire, 
by the amount of flux that fills the space occupied by the wire 
when the current flows along the axis. 

If then we imagine two elements of the wire of equal cross- 
section, one constituting the central portion A, in Fig. 319, and 
the other a cylindrical shell B, these will carry equal currents 
when the electromotive force is steady, but A will have a greater 
self-inductance than B. When the electro¬ 
motive force is alternating, B wall therefore 
have the less impend an ce, and more current will 
flow in it ; and further, the current in A wall 
lag behind that in B, owang to the greater in¬ 
ductance of A. The phase of the current gets 
later and later as we pass from the surface 
of the wire to the interior. This is entirely in 
accordance with the fact that the flow of 
energy from the source of electromotive force 
takes place in the dielectric surrounding the wire, time being 
necessary for it to penetrate from the surface to the interior. 
This aspect of the question will be studied later (seep. 426). 

If we consider a conductor consisting of the two parts A and 
B only, where the resistance of each for steady current is R, the 
inductance of A being L, that of B is equal to M, the mutual 
inductance of the two parts ; since the magnetic flux linked with 
the circuit whose cross-section is B, is also linked wrth A, and if 
we apply an alternating electromotive force Eq sin pi to the two 
in parallel, we see by the equations on p. 360 that the effective 
resistance of A is— 

/ mp^ \ 

'^M2/)2 + R2 ■^■M2/2 + R2/’ 

and its effective inductance is— 

M2^2q.R2' 

while the effective resistance and inductance of B are respec- 


lively— 

^ M2/.2R / wp^ \ 

■^L2j/i2 + R2 \ "^L2^2-fR2/ 

and, 

M— 

L2^2_[_R2 


The total resistance is therefore in each case increased, and the 





366 


ALTERNATING CURRENTS 


CHAP. 


effective inductance reduced, the change depending on the square 
of p ; but since L>M, the resistance of A rises more rapidly 
than that of B when p increases, so that the current becomes at 
very high frequency almost entirely confined to B. The better 
the conductivity of the material the smaller is the value of R, 

M2^2]^ M2^2L 

and therefore the greater is the quantity 

M2 M 

the limiting values when R=0 being M and Since 

JL* 

M2 

M is greater than and the concentration of the current into 

B is greater when R is small than when it is great, for in this 

latter case and approach to equality. 

If the wire consist of a material of high permeability, L is 
enormously increased while M is practically unchanged. This 
again accentuates the crowding of the current into the outer 
layers ; in other words it increases the skin effect. 

The problem of the distribution of an alternating current in an 
actual wire is beyond the scope of this book, but it may be 
pointed out that in the case of a straight circular wire carrying 
alternating current, the effective resistance R' may be calculated 
from a relation which may be written in the form— 

R -,8^ ^.j + 

given by the late Lord Rayleigh,^ where R is the resistance for 
steady current, a being the radius of the wire in centimetres, n 
the frequency of alternation, and p the specific resistance of the 

material of the wire in absolute units, provided that ^ is 

. ^ 

not greater than 5. For very high frequencies the relation is— 

R' 

The effective resistance of a straight wire for high frequency 
currents has been measured by Sir Ambrose Fleming 2 by com¬ 
paring the currents in two similar wires that produce heating at 
the same rate, the current in one wire being steady and the other 
oscillating. The arrangement employed is shown diagram- 
matically in Fig. 320. The two wires AB and CD are situated 
in glass tubes which are united by a bent tube containing a little 
paraffin oil, with an air bubble at P. The currents in AB and 

* Lord Rayleigh, Phil. Mag. (Ser, 5), 21, p. 381. 1886. 

2 J. A. Fleming, Proc. Phys. Soc. Land., 28, p. 103. 1911. 
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CD are adjusted until the air bubble remains in its equilibrium 
position, the system then acting as a differential air thermometer ; 
it indicates that the rates of production of heat in the wires are 
equal. 

The alternating current is measured by an ammeter of the 
type described on p. 222, which measures virtual amperes. It 
consists in the oscillatory discharge 
from a condenser. 

For equal heating in the two 
wires, I2R=r2R' where I' is the 
virtual current, and R' the effective 
resistance, I and R being the values 
for steady current. 

Since the wires and the vessels 
may not be identical in the rates at 
which the heat produced in the 
wires is dispersed, the currents are 
interchanged, so that the wire Fig. 320 . 

which previously carried the alter¬ 
nating current now carries the steady current, the effect of dis¬ 
similarity in the tubes and wires being in this way eliminated. 
The observations were in very good agreement with the calcu¬ 
lated results. In the case of a bare copper wire of diameter 
0*03149 cm. the resistance for a frequency of 1*08x10® is 1*45 
times that for steady current, while for a diameter of 0*198 the 
ratio is 8*10. 

Shielding Effect of a Mass of Metal.—The presence of a mass of 
conducting material in the neighbourhood of a circuit carrying 
alternating current produces an effect which may be understood 
from the equations on p. 360. The effective self-inductance of 
the circuit is reduced, for the induced current in the material 
has a magnetic field which is opposite in sign to that due to the 
current in the circuit, and consequently while the current is 
growing, the magnetic flux linked with the circuit is less than 
would be the case if the mass of metal were absent. The back 
electromotive force, due to the growth of the magnetic flux, is 
therefore reduced, which is equivalent to saying that the effective 
self-inductance is diminished. Similarly at stopping, the induced 
current is in the direction of that in the circuit (see Fig. 297), 
and the flux dies away at a lessened rate. 

As the conductivity of the material increases, so the effect is 
enhanced, for the induced currents become greater, while the 
reverse is the case when the conductivity is diminished. For 
this reason it is necessary to avoid using continuous masses of 
metal in the construction of coils of large inductance. The 
frame on which the coil is wound should be of some non- 
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conducting material, and if this is inconvenient, a saw cut should 
be made in a direction at right angles to the direction of the 
electromotive force produced by the varying magnetic flux. 
This enormousl}^ diminishes the effect. Further, if an iron core 
is employed, it should be laminated or else built up of wires 
insulated from each other. A slight film of oxide on the wires 
or lamiiicT wiil be highly beneficial. For this reason the cores of 
transformers are usually laminated, for not only is the effect of 
these eddy currents iijion the inductanc.e objectionable, but they 
involve a waste of energy, the current in the metal involving a 
conversion of electrical energy into heat within the material. 

In a similar manner a sheet or mass of highly conducting metal 
may be used to screen a gi\'en sj)ace from the effects of an 
alternating magnetic field. 

Let an alternating current sin pt, be flowing in a given 

circuit ; then for a n(ughbouring circuit or mass of metal, the 
equation of electromotive forces wall be— 

+R2l2=--0. 

“ (it dt ^ ^ 

Wlien R 2 is very small, as w^e may suppose it to be in the 
given case— 

L.3+M^ti=0. 

" dt dt 

1^012 +Mil =::::COnStant. 


L 2 I 2 is the magnetic flux through the closed circuit due to the 
current I 2 in it, and MI^ is the Ilux due to the current I^, and 



since the sum of these two is constant, 
tlic variation in flux, which, wathout the 
closed circuit would be 

MqIi sin pt. 


is reduced to zero. This effect may be 
demonstrated by placing a coil A (Fig, 
321) wliich is in series with a telephone 
receiver, near an electromagnet excited 
by an alternating current. A note whose 
pitch is equal to twace the frequency of alternation of the current 
wall be heard in the telephone. If now a thick sheet of copper, 
B, be placed near A, the loudness of the note is much reduced. 
The sound will never disappear, for the sheet cannot have 
absolutely zero resistance, and consequently the limiting con¬ 
dition implied by the last equation is never reached. 

It may be noted that unless the alternations are extremely 
rapid, the effect of the presence of the plate is considerable, on 



Fig. 321. 
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whichever side of the coil A it is placed, and is greater the nearer 
it is to A. If the magnet is at some distance, it is immaterial on 
which side of A the plate is situated, for it is the variation in 
flux at B that is reduced, and there is a consequent reduction in 
the variation at all points near B. A radial slot cut in the 
plate B enormously increases its resistance to the induced 
currents and correspondingly diminishes the effect. 

Repulsion between Conductor and a Circuit carrying Alternating 
Current. —Closely allied to the last described 

O J U KIHK f U lIfl UlllfllH ’ f fnU phenomenon of repulsion that 

occurs between a circuit carrying an alter- 
nating current, and a conductor. A closed 
A circuit or conductor A (Fig. 322) situated 

L-.. ^ near an alternating electromagnet, is threaded 

Fig. 322. by a magnetic flux MIq sin pt, due to the 

current Iq sin pt, in the electromagnet. 

Since A has very small inductance, its reaction upon the electro¬ 
magnet is infinitesimal, and we may consider that an alternating 

electromotive force—M Mj?)Io cos sin 

acts in it. This electromotive force is 90® in phase behind the 
current Iq, and neglecting A’s inductance, the current in it will 
be in phase with this electromotive force. Thus— 


:Mplo sin 


There will be a force between the two currents, proportional 
to their product I 1 I 2 . 

Force oc sin pt sin 

We have already seen (p. 349) that the mean value of a quan¬ 
tity such as sin pt sin ^ which the two harmonic com¬ 

ponents differ in phase by 90®, is zero, and therefore if the 
inductance of A be zero, the mean force on it is also zero. But 
the inductance, although small, cannot be zero, and tne current 
1 2 therefore lags in phase by more than 90® behind Ii. 

Force oc M^Iq^ sin pt sin 

oc MplQ^ sin 2 pt cos + ^ sin 2pt sin 

The mean value of the last term we saw on p. 346 to be zero, 
and the mean of the first is cos Since cos ^ 2 ^^) 
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is necessarily negative when 0 is small, the force on A is a repul¬ 
sion, and the coil A experiences in each complete cycle, an 
impulse pushing it away from the magnet. The curves for Ij 
and I 2 are drawn in Fig. 323, and the dotted curve is drawn for 
the product Ijlg. Owing to the phase difference between and 
I 2 being greater than 90° (compare with Fig. 309, where the 
phase difference is less than 90°) the positive loops a, which 
indicate an attraction owing to the currents being in the 
same direction, are smaller than the negative loops b which 



Fig. 323. 

indicate a repulsion. It is thus seen that the repulsions pre¬ 
dominate. 

It may be seen from the expression for the force, that this 
increases with p, and with the square of the current Iq. Hence, 
to get large effects, currents of considerable value and of high 
frequency are necessary. 

The resistance of A plays an important part in the phenomenon, 
for the lower the resistance the greater the induced current in it 
and the larger the effect. But the lower the resistance, the 
greater is the lag of the current behind the electromotive force 
owing to the increase in the time constant, and hence the lag 0 
increases, the result being that the loops b in Fig. 323 are in¬ 
creased while the loops a are diminished, the repulsion being 
still further increased. 

By means of powerful alternating-current electromagnets, 
metal rings of considerable weight may be supported. 

Rotating Magnetic Field. —If two coils carrying alternating 
currents are placed at right angles to each other, the resulting 
magnetic field at any instant may be found by compounding the 
fields due to the two coils, according to the ordinary law of 
addition of vector quantities or parallelogram of forces. When 
the currents have the same frequency, the resultant magnetic 
field at any point is periodic, and has the same frequency as the 
currents. 

Representing the currents by the equations Ii=oIi sin 
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and l 2 =ol 2 sin pt, the magnetic fields are in phase with the 
respective currents and may be represented by— 

sin {pt+d) 

and, H 2 =oIl 2 sin pt. 




l/QA 


-L. 


•'Ob 

Fig. 324. 


If the field is due to the current in the coil AB (Fig. 324) 
it may be represented by the 
vector OH], and the field due to 
the coil CD is represented by 
OH 2 , and at the instant to which 
the diagram refers, OH' is the re¬ 
sultant field. This has the value 
VHi 2 -|-H 2 ^, and is inclined to the 
direction of OHi by an angle 
H 

<j) whose tangent is 

Hi 

tan Both H' and p, which 

Hi 

define the resultant field, vary 
periodically: for when /=0, then 
H 2 = 0 , and 

H'-oHi sin e. 




H/ D 


Also when t= —, Hi=0, and H'=oH 2 sin { — 6), 

P 

Thus the resultant field H' rotates, and at the same time 
varies in magnitude. 

The case of most importance is that in which oHi=oH 2 =Ho. 
Then, 

and. 


H'=HoVsin2 pt-{-sin^{pt-\-d). 


tan p- 


sin pt 


sin {pt-^e) ' 


and if in addition then— 

2 

H'—Ho, and, tan ^=5^^^^==tan pt, 
cos pt 

that is, (f)=pt. The resultant field is 
therefore constant in value, and rotates 
with constant angular velocity p. 

Then at time /=0, Hi=Ho, and 
H2=0, and the position of H' is OoHj 

(Fig. 325). At time t=^-~, Hj—0, and 

H 2 =Ho, and the position of H' is O 0 H 2 . 


A 



Hence the direction of 
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rotation of H' is positive, that is from OD to OA, or anti¬ 
clockwise, when Hi is 90^" in phase ahead of H 2 . 

If, on the other hand, Hi lags 90° in phase behind H 2 — 

Hi =Ho sin {^pt' = —Ho cos pt, 

and, H 2 —Ho sin pt, 

tan ^=—-tan pt, and (f>—-~pt. 

The direction of rotation of the resultant field H' is therefore in 
this case negative, that is, opposite to that of the rotation of 
the vectors oHj and 0 H 2 , and its angular velocity is —p. 

A conductor placed at O will consequently experience a couple, 
which is in all cases in the direction of rotation of the resultant 
field, for an exactly similar reason to that for which the magnet 
rotates in Arago’s experiment, described on p. 253. In this case 
the field rotates, whereas in Arago s experiment the conductor 
rotates, but in both experiments it is the relative motion that 
determines the couple between them, for by Lenz’s law (p. 253) 
we know that the forces due to the magnetic effects between the 
H field due to the induced currents and 

I the original field, are such as to oppose 

the relative motion of the field and 
conductor. 

X i C The couple acting on a mass of metal 
0 situated in a rotating magnetic field 

Fig. 326. cannot in general be calculated, be¬ 

cause of the dilhculty in finding the 
distribution of the induced currents in the body, but if we take 
a plane coil CC (Fig. 326) the problem becomes much simpler. 

The magnetic flux passing through the coil at any instant is 
AH sin pi, wdiere pt is the angle between H and the plane of the 
coil, and A the area of the coil. The electromotive force in the 
coil is given by the equation— 


^~^(AH sin pf) 


-—Klip cos pt—AYip sin 


The current in the coil is therefore- 


Anp 

f— .y.. sin 

Vl^p^+r^ 


in^^/—> 2 —otj • • • (see p, 344), 
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where I and r are the inductance and resistance of the coil and 

tan a = ^. 
r 

The magnetic moment of the coil is Ki (see p. 225), and is per¬ 
pendicular to its plane, being directed along the normal in 
direction MO. The couple acting on the coil, tending to turn it 
into the direction of li, is then— 


-A.H sin (/>!-”-«) cos^( 

( 2 +“)-“*’^’'™ (!+•)}■ 

We have seen that the mean value of sin pt cos pt, or sin 2pt, 
for a cycle is zero, while that of sin^ pt or cos^ pt is 
Therefore mean couple c is given by— 




Am^p 




sm 




A2H2^_ 


cos a. 


But, 


tan a= 


jp 

> 

r 


and, 


COS a= - y 

Vl-p^+r^ 


A-n^rp 

2{r-f^+r^y 


The mean couple is in the direction of rotation of the field. 

The average couple therefore depends on the value of p, and 
this is the relative angular velocity of the field with respect to 
the coil. It is evidently zero when 0, and again when p is 
infinite. If then the coil is mounted so that it can rotate, its 
angular velocity in the direction of rotation of the field will 
increase until the rate at which work is done in opposition to 
friction of all kinds is equal to that done by the rotating field. 
On releasing the coil its angular velocity will increase at first, and 
as a result p, the relative angular velocity of the field with respect 
to the coil, diminishes and the couple still further increases ; but 
the speed will never be equal to that of the field since in this 
case p would be zero and the couple would vanish. The average 
couple is a maximum when p has some value between zero and 
infinity. 

To find the value of p for the average couple to be a maximum, 
find the condition that the rate of change of the average couple 
with respect to p shall be zero ; i.e, let— 
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Now, 


Km'^rp 


2(/2/>2+r2)’ 

• _ t _\ 

2 dp\l^p+rV 

=A2H2r^-!^+"!-2^'^ 

2(/2^2+y2)2 ' 

and putting this equal to zero we have— 

l^pi=zr^ 


and, 




.JP 


Again, tan a=-^, so that the value of a for maximum couple is 
tan“^==45°, and the value of the couple under these circumstances 
IS. since p —~^— 

ASHV.r A2H2 


4^2/ 


Al 


This does not mean that the couple is independent of the 
resistance, which would obviously be incorrect, but merely gives 
the value of the couple when the condition Ip—r is fulfilled. 

That this condition corresponds to a maximum couple may be 

dc 

proved by obtaining and showing that is decreasing when 

lp=r. 


The quantity 


has been plotted as ordinate in Fig. 327 


for a case in which R=:l ohm or r—10® absolute units and 
L=0*1 henry=10® absolute units. The frequency of alternation, 
n, has been taken as abscissa, the value of p being 27rn. The 
relation 


f 

-=P==27rn 

t 

gives the maximum couple at the frequency «=^~=l-59, and it 

will be seen that the quantity has the value 5xl0-i® at this 
frequency, and the average couple is JA2H2r x 5 X 10“^®. Now H 
may in a practical case be, say, 1000, and if the coil have an 
effective area of, say, 10,000 sq, cm.— 

maximum average couple=| 10®xl0®xl0®x5x 10“^® 

=2‘5xl0® C.G.S. units. 


It should be noticed that the maximum occurs very near the axis 
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of zero frequency, and from this maximum the couple falls 
gradually as the angular velocity of the field relatively to the 
coil increases. 

The motion of a conductor in a rotating magnetic field has 
been put to many uses, the most notable of which is the con¬ 
struction of electro-motors in which two electromagnets are 
traversed by alternating currents of different phases. A mass of 
metal or a system of closed coils is mounted upon an axle in the 
rotating field, and experiences a driving couple as explained 
above. 

If a conductor or coil E be mounted between two pairs of 
magnets AB and CD (Fig. 328) carrying alternating currents 





C 



D 

Fig. 328. 


differing in phase, the resulting magnetic field at E is a rotating 
field, and the conductor rotates. The magnets A and B may 
with advantage be combined to form one field magnet, as also 
may C and D, but they are represented as separate magnets in 
the diagram for the sake of clearness. 

If the alternating currents in the two circuits are derived from 
the same supply, the currents in the two pairs of magnets will 
not differ in phase unless the time constants of the two circuits 
differ. To make the time constants differ, an extra inductance / 
may be introduced into the CD circuit, or a capacity into the 
circuit AB, or both. 

Thus, Ii=oIi sin (pt+0i) 

and, l 2 ==ol 2 sin (j>t — d^). 

If oil and 0 I 2 are equal and the magnets similar, then the 
magnetic field is a simple rotating field, when— 

In using motors of this type, the supply usually consists of two 
separate currents carried by two distinct circuits, the currents 
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differing in phase by 90®. Such motors having circuits with 
alternating currents in different phases are called polyphase 
motors, and have the great convenience that they will start under 
load. 

Single-Phase Motor.—A single alternating magnetic field may 
be looked upon as the resultant of two equal fields rotating with 
equal angular velocities in opposite directions. If the two coin¬ 
cide when in the direction Oy (Fig. 329) then, when one of them 
(OA) makes angle pi with Ox the inclination of the other (OB) 
to Ox is TT—pt. Thus the components parallel to Ox are Hq cos pt 
and —Ho cos pt, and these always annul each other ; while the 
components parallel to Oy are Ho sin pt and Hq sin {TT—pt), and 
these added together give the alternating field 211q sin pt. A 
mass of metal or coil of wire mounted in the field so that it can 
rotate, will experience equal and opposite couples due to the 

oppositely rotating components of the 
field, and it will therefore remain at 
rest. 

Let the angular velocity of the fields 
with respect to the coil be represented 
by the value P on the curve (Fig. 327), 
and it will be seen that if the coil be 
given an angular velocity pi in one 
direction or the other, the relative 
angular velocity of one of the com¬ 
ponents of the field with respect to the 
coil will become l^~p\ and the other 
The couple pioduced by the 
former is, therefore, as will be seen from the curve, greater than 
that for the latter, and the coil will gain velocity. The couple 
due to the driving component thus increases and the other 
diminishes until the mechanical work done on account of rotation 
prevents further increase in velocity. 

The coil will therefore run as a motor in the direction in which 
it is given a start, but owing to the smallness of the resulting 
couple until the angular velocity approaches that of the driving 
component of the field, such a motor will not start under load. 
Hence such motors are provided with a second magnetising coil 
and some such device as that described on p. 375, for producing 
a difference of phase between the currents in the two coils. A 
single rotating magnetic field is therefore created, and the motor 
starts. Wlien running at sufficient speed, the second or starting 
circuit is cut out and the motor continues to run as a single-phase 
machine. 

Imaginary Quantities.—The usefulness of the exponential forms 
of the sine and cosine has already been seen (p. 334), and we will 




XI. 


ROTATING VECTOR 


377 


now make a further application of them to the problems of 
alternating currents. Let us consider the imaginary quantity 
This has no real value, but may be defined as the 
quantity whose squaie is equal to —6^ Writing it in the form 
6, or jh, where y=\/—l, we can see that y=\/~L 
—1, y^=l, etc. 

If we multiply any vector, say A, by p, we obtain pA — --A, 
Thus the sign is reversed, which is equivalent to a reversal in 
direction of the vector, or a rotation of its direction through 180°. 
Multiplying again by p or —1, it again becomes +A, and has 
therefore been rotated through a further 180°. From this we see 
that p may be looked upon as an operator, the effect of which is 
to rotate any vector upon which it operates, through 180°. 
Similarly, j rotates it through 90°, p through 270°, etc. 

Any quantity whatever may be written in the form a-\-jb, 
where a is a real quantity and jh 
imaginary, and, further, if any equa¬ 
tion involves both real and imaginary 
quantities, the sum of the real quan¬ 
tities is zero, and likewise that of the 
imaginaries. 

Thus, if a-fy6=a'-fy6', 
then, a—a' —j {V —6), 

which cannot be true unless a—a'=0» 
and 6'—ft=0, for otherwise we should 
have a real quantity equal to an 
imaginary. Fig. 330. 

If a and b are vectors in the same 
direction, jb and a are vectors at right angles to each other, and 
the position of any point P (Fig. 330) may be represented by 
the vector a-\-jb, since OQ=a and QP=y6. 



/. vector OP=^a!+y^^- 
Again, if OP=r, and angle QOP=0, 
vector OP=r(cos 6-{-j sin 0). 


r is usually called the modulus and 0 the argument of the 
complex quantity represented by the vector OP. From Fig. 330 

we see that and tan 0=-, and hence the modulus and 

a 

argument of any imaginary quantity of the form a -\-jb are known. 
Rotating Vector. —The exponential forms for sin 6 and cos 6 

—™— and —— respectively, and emplo 5 dng these 

2j 2 


are 
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forms, the quantity r(cos sin 0) becomes and 

r(cos 0~-j sin 0) becomes 

If the vector OP, or r, rotates with angular velocity p, and / 
is the interval of time since it coincided with Ox, then 0~pt, 
and r(cos pt-\~j sin pt)^r€^^K Now, r cos pt is the projection of 
r upon the axis of x at any instant, and is a quantity which varies 
harmonically ; it is also the real part of the complex quantity 
Similarly, r sin pt is the projection upon the axis Oy. 
d'he real part of is therefore a harmonic motion taking place 
in the direction of the axis of x, and the imaginary part a similar 
harmonic motion, a quarter of a period later, in the axis of y. 
Application of Imaginaries to Circuit having Inductance, 
Capacity and Resistance. —The alternating electromotive force 
Eq cos pt may be looked upon as the real part of the quantity 
Eq€^p\ or the projection upon the axis of :r, of this rotating vector. 
The equation of electromotive forces (p. 352) may therefore be 
written— 

L^J-+RI+Q=Eo 6^'’‘.(i) 


Now consider a solution, I=Ae^^^ which has evidently the 
same periodicity as the electromotive force. We must find the 
nature of the quantity A. 

d\ . A . 

_ —jpAe^P^, and, Q = {ldt~ - . y const. 

at ]p 

The constant in the last expression must be zero, since we are 
dealing entirely with harmonic changes ; 


••• 


Jpi - 




jpi 


Jp P 

Equation (i) then becomes, on substitution— 

L/)/A + R A eipi =Eq 


or. 


so that 

1 



is a complex quantity, and may be written, 
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r~ V a2-[-^2_ 


_ 


+ R2 


L/.- 


and 


^=tan“i- =tan“i- 
a 


2 

'cp 


R 


/. 1 = 


Eo 






+ R2 


The real part of this is the harmonic current required, and this 
will be seen to be in agreement with the solution on p. 353, The 
phase difference d must not be confused with the 6 of Fig. 330. 

Wlien the electromotive forces and currents in a circuit are 
entirely simple harmonic, and the inductance, resistance and 
capacity are in series, the quantity E, which is equivalent to 

L^ + RI+^, is numerically equal to the difference of potential 

between the ends of the circuit. 


If I-Io€n then §=y^Ioe>*-=;^I; Q = fIo€^^yi=^-^ = 4 
at jp 

If two circuits are in parallel, the difference of potential 
between the ends is the same for both, at every instant, and the 
manner in which the current divides between them is given by 
the relation, 

(L^y>+R,+^)l,=(L2;y>+R2+^^)l,. 

It follows that for circuits in which the effects of mutual 
inductance may be neglected, the alternating current may be 
calculated from the applied harmonic electromotive force by 
a law corresponding to Ohm’s law (p. 59), where the operator 

^jp-\-R-\-.^^ takes the place of the simple resistance. 
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General Form of Wheatstone’s Bridge. —It was pointed out by 
Heaviside ^ that the Wheatstone’s bridge might be balanced 
when the arms contain inductances and capacities, provided that 
one branch is electrically a copy, on some definite scale, of the 
other branch. 

A general form of the Wheatstone’s bridge is shown in Fig. 331, 
in which every arm has inductance, capacity and resistance. 



Also there is a resistance in parallel with each capacity, which 
may be a leak in the condenser itself. A want of balance is 
detected by a telephone receiver, or by some form of vibration 
galvanometer (p. 387). 

The general equation for the condition of balance is derived 
from the fact that for zero current in the telephone, B and D 
must always be at the same potential. The equation is complex, 
but by giving suitable values to the electrical quantities, the 
equations for the most used forms of bridge may be obtained. 

Let Ej be the difference of potential between A and B, Ii the 
current from A to B, and Qi the charge on the condenser C|. 

Then, E,=Li^i+R,Ii+-^> 


and. 




.^Qi I _Qi_ 

■ dt Ri'C,' 


If now, Qi=Qo«*^ 


and. 


h=jpQi- 


Qi 


Ri'C, 


or, Qi=- 


jp- 


R,'C, 


• OUvec HMTiside, PhU. Mag., Feb. 1887, p. 173. 
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Also. Ii=Io€«i’‘+«> 

Ei=Ii(ll;/>+Ri+- 

1 

with similar expressions for E 2 , E 3 and E 4 . 

Applying Kirchhoff’s first law to the points B and D, we see 
that for zero current in BD, Ii=l 2 , and 13 = 14 . 

For B and D to be at the same potential, Ei:=E 3 and E 2 =E 4 , 

. El 

••E 3 E 4 

Li//>+RiH- Y E27^+R2H- 

. _fM E 2 

LiZ/^+RaH-r L4;y>+R4H- ^ 

As an example it is seen at once that if the inductances are all 

R R 

zero and the capacities infinite, this equation reduces to 

R 3 R 4 

the ordinary Wheatstone relation (p. 66 ). 

Again, if L=0 throughout, and Ri=R 3 = 0 , Ri'^Rg'—oo ^ 
and € 2=04 — 00 , we have 

^\JP ^^2 ^=::=E4 

J,__ R 4 ' ' C 3 R 2 

which is the equation for de Sauty's arrangement (p. 330). 

Also, if all the capacities are infinite, and L 2 =L 4 = 0 , 

Ei^ j>+Ri _ R 2 
L3y.^+R3 E 4 

Equating the real parts of this equation, we have RiR 4 =R 2 R 3 , 
and from the imaginary terms, 

Li;>R,=La;>R 2 . or. 

1^3 K 4 

which is the condition for comparison of inductances (p. 329). 

Maxwell’s Bridge.^—The earliest form of inductance bridge is 
due to Maxwell, the value of an inductance L 4 being compared 
^ Maxwell, Electricity aad Magnetism," vol. ii. 
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with that of a capacity Cj. The arrangement of the bridge is 
shown in Fig. 332. It wiU be seen that Li=L 2 ==L 3 = 0 , C 2 —C 3 
=€4 = 00 , and Ri==0. The general equation then reduces to 


1 

Rs 


R2 

LJp+R^ 


L4;/.+R4 = R2R3Ci;^ + W3. 


Equating the real terms, we have R 4 = 


which is the 
current. On 


K2R3 

Wheatstone relation for balance with steady 
equating the imaginary terms, 

L4=R2R3Ci. 

This gives the ratio of the inductance to the capacity when the 
bridge is balanced for both steady and varying current. Since 




the quantity p does not appear in either equation, the balance is 
independent of the frequency of the applied electromotive force. 
In the original Maxwell method the bridge is first balanced by 
using a cell or battery as source of E.M.F. and closing the battery 
key first; then the galvanometer key. When a balance is 
attained, R 2 R 3 =Ri'R 4 . If now, on closing the galvanometer 
key first and then the battery key, there is no ballistic throw, 
then L 4 =R 2 R 3 Ci. But if the ballistic balance is not perfect, 
the ratio R 3 /R 4 must be varied, and the double balancing 
repeatedly performed until both balancing conditions are 
attained, or an alternating E.M.F. with telephone or vibration 
galvanometer may be used, but for a perfect balance both 
conditions must be fulfilled. 

Rimington’s Bridge. ^—In order to avoid the troubles in 
repeated double balancing of the Maxwell method, Rimington 
employed a form of bridge shown in Fig. 333. Instead of con- 
» E. C. Rimington, Phil, Mag, (Ser. 5), 24, p. 54 1887. 
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necting the capacity in parallel with the whole resistance of the 
arm AB, one end is joined to A and the other end is movable. 
The adjustment consists in finding a position for the movable 
contact, such that no current flows from B to D whether steady 
or varying current is employed. 

In this case, Li=L 2 =L 3 —0, C 2 — 03 = 04 =oo . 

Then from the general equation (p. 381), 


Ri 


Ci;> + 


Ri'. 


R, 


R 3 

4-RiR44 


Ci;>+ 


L4j^ + R4 
1 


=R,E 




Rl' 


-h^Cip^Ki -{-JiiK4Cifp-\-lL4jpK1IK1 -j-KiKJKi -\-h4jp 

^R,R,CJp+R^R,IR,\ 

Equating real terms, 

^L,C,pm,+R,{R,+R^')/R,'==R2R,IRi^ 

_R 4 (Ri +R/) —R2R3 


L 4 C 1 


P^RiRi 


(i) 


If steady E.M.F. is used, ^=0, and the Wlieatstone condition 
R 4 (Ri+Ri')=R 2 R 3 is fulfilled. But if p is not zero, then this 
condition cannot be fulfilled when a balance with alternating 
E.M.F. is attained, for we should have L 40 i= 0 . 

Equating imaginary terms, 

R 1R40+L 4 y/^R 1/R1 =R 2R3C1/^ 


R 4 _(R 2 R 3 —RiR4)Ri^ 

Cl ” Ri+Ri' 


(ii) 


From equations (i) and (ii), L 4 and Ox can be calculated, but it 
is necessary to use E.M.F. of one frequency only, and that 
frequency must be known, as p appears in equation (i). 

In Rimington's original method with cell and galvanometer, 
/)=0, so that from equation (i) we have the Wheatstone condition 
fulfilled. It is shown in the original paper that the total charge 
passing through the galvanometer on make or break is then zero, 
so that an ordinary ballistic balance is obtained when equation (ii) 
holds. Substituting R 2 R 3 =R 4 (Ri+Ri') in (ii), we have, 

L4^R4(RiO^ 

Cl Ri+R?’ 

Owen’s Bridge. —In another bridge, due to Owen,^ a com- 
* David Owen, Proc. Phys. Soc. Land., xxvii, Dec 1914, p 39. 
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parison of an inductance L2 ^vitb a capacity C3 is made, the 
arrangement being shown in Fig. 334 . In this case Li=L3 
=L4=0, Ci—C2=^ , and R3'=R4'=co . 

By substitution in the general equation. 



These relations are independent of the frequency of the applied 
E.M.F., so that any form of interrupter may be used, and a tele¬ 
phone employed as a detector. If C3 and C4 are chosen, R2 
is varied until the sound in the telephone is a minimum. Then 
R4 is varied until the sound is zero. If the balance is not perfect, 
R2 is again adjusted for minimum sound, followed by readjust¬ 
ment of R4. Then L2==C3RiR4. The method is rapid, and is 
applicable to a wide range of measurement. 

The mutual inductance of two coils may be found by joining the 
two in series and finding the resulting inductance L1+L2+2M. 
On reversing one coil the resulting inductance is Li-f-]>2— 2 M. 
From these two values M may be calculated. 


B 



Fig. 334. Fig. 335. 


Anderson’s Bridge J—This is not a true Wheatstone’s bridge, 
but as in the case of Rimington’s bridge, it enables a comparison 
of an inductance with a capacity to be made without the repeated 
balancing of Maxwell’s method. The scheme is shown in Fig. 335 . 

* A. Anderson, Phil, Mag. (Ser. 5), 81, p. 329. 1891. 
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After a steady balance has been found with cell and galvano¬ 
meter for the resistances Rj, R 2 » 1^3 inductive balance 

is obtained by varying the resistance X, placed between the 
junction of Ri and R 2 and F the junction of condenser and 
telephone or galvanometer. 

\VTien the current in the telephone is zero, R 3 and R 4 carry 
the same current I 3 , and I 2 —Ii+I«* 

Then, for alternating E.M.F.'s and currents, the p.d. between 
A and C being 

Eao= i^JP +R 3 +^ 4 ) I 3 
and, F^jj=R 3 l 3 

= R 3 p 
L;>+R3+R, 

Now, for the branch ABC. 


and. 

Also, 


l 2 =Il+I« 




Rjlj -t-R2l2=EAc 

**• Eao=R 2 (Ii-|-I,)+RiIi 

=(Ri+R 2 )Ii+R 2 l« 

1 


X+ 


=[(R,+R 2 )- 
^ Cjp 

The condition for balance is that 


qp_ 


R. 


■R 2 jlir» 


also. 


A 


L7^+R3 + R4 


Ead—Eap 


^AO 


(R 1 +R 2 ) 


(^+Qy. 


R. 


-Ra C;> 


R 


j(Ri+R 2 ) ■4"RiR 2R3Q^—RiL^^+Ri (R 3 4*R4) 

R3(Ri+R2) XC7/>+R3(Ri+R2) +RiR2R3Q!/^ 

=RiLyif>+Ri(R3+R4) 

Equating real terms, 

R3(Ri+R2)=Ri(R3 + R4) 

or, R 2 R 3 =RiR 4 

which is the condition for balance with steady current. 

13 
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but 


Equating imaginary terms, 

^3(^1 ■{■R2)XC-f*RiR2R3C=RiL 

L=c|r2 R3 +?^^^^^)x| 

Ri_R 2 _Ri ■4“R2 

R3 R4 


R 8 +R 4 

/. L=C{R2R3 + (R3 + R4)X}. 

If alternating E.M.F. and telephone are used, the resistances 
R 4 and X are alternately adjusted for minimum sound in the 

telephone, until a balance is obtained. 
In the original method the Wlieat- 
stone balance is first obtained, with 
cell and galvanometer. The ballistic 
balance for make and break is then 
obtained by adjustment of X. 

Comparison of Mutual and Self- 
Inductance (Maxwell ^).—The mutual 
inductance of a pair of coils may be 
found in terms of the inductance of 
one of them, as shown in Fig. 336. 
The electromotive force produced in L on account of M, when 
the current grows, must be opposed to the self-inductance electro¬ 
motive in L itself. 

Then, when the balance has been obtained for steady current, 

R 2 R 4 

Also since B and D are at the same potential, 

R2I1—R4I3 



or. 


R. I 


^4 

R^4'R4 

R 4 ■ 


3 

I 1 +I 3 




The E.M.F. in AB due to self-inductance is Ljpli, and that 
due to mutual inductance is My^(Ii-f-l 3 ). Since the bridge is 
still balanced these must be equal and opposite. 

/. Lh==M{l,+I,) 

lr4=m(R2+R4) 

L_R2-f'R4 

M ^ 4 ' ’ 

i Miurwell, Electricity and Magnetism," vol. II. 
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The steady balance must be found with cell and galvanometer, 
but the telephone with alternating current may be used in finding 
the inductive balance. 

Vibration Galvanometer. —In order to avoid the use of a tele¬ 
phone, Mr. Campbell ^ has employed a galvanometer in which a 
very light coil has a bifilar suspension, in which the tension can 
be varied by altering the pull on the suspension. The vibration 
frequency of the suspended coil can thus be varied (from 50 ~ to 
1000 ~), and may be tuned to coincide with the frequency of the 
alternating current employed. Thus any feeble current in the 
galvanometer may, owing to resonance, produce a large vibration 
in the galvanometer coil, and great 
sensitiveness may be attained. 

Campbell also describes a number 
of methods of comparing capacities, 
inductances and resistance by means 
of the vibration galvanometer. The 
Einthoven string galvanometer (p. 

75) may also be used for this pur¬ 
pose. 

Comparison of Capacity and 
Mutual Inductance. — Campbell 
gives the following method for the 
measurement of capacity in terms 
of a mutual inductance. Let C be the capacity, and M (Fig. 337) 
be the mutual inductance, of which the coil in the circuit 
between D and F has inductance L, the arrangement being as 
shown in the figure. Since there is to be no current in the 
galvanometer, we have for the circuit AFD, 





Now, for the point D, I=Ii+l 2 , 




dt 




Again, for circuit DBA, since D and A are always at the same 
potential, 9=RI2~-Rili, where Q=flid^, the charge upon the 
condenser. 


flidl 


—RI2—Filit 


nr R 


> Albert Campbell, Proc, Phys, Soc. Lond^ 20, p. 626. 1907. 
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Bubstituting this value of in the above. 


and since the electromotive force is simple harmonic, the current 
equation may be written in terms of symbolic operators, thus. 




and therefore L—M—^‘=0, and, R 2 —J1=0, 
K KL 


L_R+R, 
M R‘ 


and, -^=RR, 


On adjusting the resistances until there is no current in the 
galvanometer or telephone, the relations between the inductances 
and capacity are known in terms of the resistances. 

This method was originally due to Carey Foster C 

Frequency Meter or Bridge.—A form of the bridge may be 
devised for the measurement of the frequency of the supply. 

In Fig. 331 make R2'=R3'=R4'=0, L2=L3=L4=0, and 
Ri'=co. 

Then the equation on p. 381 for the bridge becomes 


Li;:^+Ri- 


1 

'Cijp_R2 


R, 


R 4 


and 


R4Ri-f R4^Li;/>-Fy--^ =R2R3 

.-. R 

Rijp+, 


--0 


". R4R1—R2F8 

C\Jp 
1-/>2LC=0. 

The resistance condition may be attained with steady current, 
once for all. The second condition gives p——^^ and by 

P 

varying L or C or both the frequency ^ may be found. 

l/TT 


1 G. Carey Foster, Proc. Phys. Soc. 8, p. 137. 1887. 
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Alternating current bridge measurements have become of great 
importance in recent years, on account of the development of 
telephony and wireless telegraphy and telephony. Special 
methods of producing currents of pure sine form have been 
devised by means of alternators, and even better, by means of 
oscillating valves (p. 587). These pure sine currents are neces¬ 
sary where the frequency enters into the final equation for 
the balanced bridge, although a timed vibration galvanometer 
which is not affected by currents of frequency differing from its 
own renders such subsidiary frequencies innocuous. With a 
telephone receiver as detector, the current under these conditions 
must have pure sine form. 

So many forms of bridge have been developed for special pur¬ 
poses that it is impossible to give here more than the few typical 
forms described above. For a full account of the alternating 
current bridge and its uses, the student may consult" Alternating 
Current Bridge Metliods ** by B. Hague or Alternating Current 
Measurements '' by David Owen. 



CHAPTER XII 


UNITS 

Dimensions. —Throughout the whole range of Physics we are 
concerned with the magnitudes of various quantities and their 
relations to each other, and it therefore becomes of importance 
to examine certain laws which underlie these relationships. The 
most fundamental relationship is that of mere number ; quan¬ 
tities may be added to each other provided that they are all of 
one kind, but not if they are of different kinds. We see therefore 
that all the terms that are to be added together in any equation 
must be of one kind, and if their nature is for any purpose changed, 
all the terms must change in the same manner and at the same 
stage of the calculation. 

In order to define any physical quantity, two statements are 
necessary; we must know the unit in which the quantity is 
measured, and the numeric relation between the quantity and 
the unit. The latter is a mere number or ratio, which tells us 
the relative magnitudes of the quantity and the unit, while the 
former gives us information with respect to the nature of the 
quantity. 

We therefore require as many different kinds of unit as there 
are physical quantities to be measured, but the units need not 
necessarily be independent of each other. Before the importance 
of devising a scientific system of units was realised, it was 
customary to fix a new arbitrary unit for every fresh quantity 
to be measured, quite irrespectively of its relation to the units 
already in existence, and sometimes many units for the same 
quantity, as may easily be realised by contemplating the number 
of different units of volume there are in use in this country at 
the present time. 

The attempt is always made in scientific work to have as few 
arbitrary units as possible, and to choose those units to be of as 
durable and easily copiable a form as possible. The fundamental 
units chosen are those of mass, length and time. The unit of 
mass is one-thousandth part of the mass of a piece of platinum 
kept in the Archives de Paris, and is called the gramme ; the 
unit of length is one-hundredth of the distance between two 
marks on a platinum bar at the standard temperature, also kept 
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at the Archives de Paris, and is called the centimetre; and the 
unit of time is called the second. It is of the average 

interval between two successive transits of the sun across a given 
meridian. 

Most physical units may be explicitly defined in terms of these 
three, raised to various powers ; and the powers to which they 
must be raised to obtain any derived unit are called the dimen¬ 
sions of that unit. Thus the unit of volume is that of a cube 
whose edge is one centimetre, or writing [L] for the unit of 
length and [V] for the unit of volume— 

[V]=[L3], 

is the dimensional equation corresponding to the above state¬ 
ment. It tells us that a volume is of the third dimension in 
length. 

Or again, the unit of velocity is such that the body moves 
through a distance of one centimetre in one second, which fact 
written as a dimensional equation is— 


[Velocity] = 


L 

t 


=[LT-i]. 


In a similar manner we may see that— 

[Acceleration] =[LT“ 2 j^ 

[Force] =[MLT-2] 

[Pressure] =[ML"^T~21, 

[Energy] =[F . L]=[ML2T-2J, 

[Moment of inertia]=[ML2], 

[Density] ==[ML“3]^ 

[Angle]-[L.L-i]=:[LO]. 

An angle is of no dimensions, that is, it is a mere ratio of two 
lengths. These two lengths are, however, measured in different 
directions, and if it is desired to retain them in the dimensional 
equation they may be written and L^, in which case the 
equation becomes— 

[angle] =[LJL,-J] 

In the same way— 

[couple] =[MUL,T-2]. 

Knowing the units in which any quantity is to be measured, 
it only remains to state the numeric defining the ratio of the 
magnitude of the quantity to that of the unit, in order to define 
completely the quantity. Thus if we state that a force is 
12[MLT"'2] we mean that the force is 12 units, or 12 timtes the 
force that would produce unit acceleration in unit mass. Or 
again, if we say that a density is 3[ML~2] we mean that it is 
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3 times the unit density, that is three times the density of a 
substance in which there is one unit of mass in unit volume. 

On the centimetre-gramme-second (C.G.S.) system, some of 
these derived units have particular names. Thus the unit of 
force is called the dyne, and the unit of work the erg. 

Uses of Theory of Dimensions. —consideration of the dimen¬ 
sions of the terms in a given equation frequently serves as a 
useful check upon the accuracy of the calculations by which the 
equation was obtained, since all the terms that are added in a 
given expression must be of the same kind, and therefore of the 
same dimensions. 

Thus in the equation v^—u^—2ugt sin for the velocity 

of a body projected with velocity u at an angle a to the horizontal, 
[t;2]_[L2T-2], [«42J^[L2T~2], 

[2ugt sin a]=[LT-i . LT-2 . Tl=[L2T-2]. 
and, [g2T2j =[L2T-^ . T^]=[L^T-^], 

and we see that every term has the same dimensions. If this 
were not the case we should be sure of the existence of some error 
in the equation. 

Another use to which a knowledge of dimensions may be put, 
is the solving of certain physical problems, thus— 

Given that the difference of pressure, p, between the gas inside 
and outside of a soap-bubble depends only on the surface tension 
of the film and its radius of curvature, to find how these quantities 
enter into the expression for p. 

The dimensional equation is where x is the unknown 

power to which the surface tension t is to be raised, and similarly 
y is the unknown power of r, the radius of curvature. 

Now, from p. 391, [^]=[ML~iT~2]^ and / is a force per unit 
length, therefore [/]=[MLoT-2]==[MT-2], and M=[L]. 

/. [ML-1T-2]=[MT-2]»[L]^ 

=[M“’L'T-2*]. 

Since these two expressions must be of the same kind— 
x=l, and, y= —1, 

that is, the pressure varies directly as the surface tension and 
inversely as the radius of curvature. 

Again, if we are given that the velocity of a compression wa ve 
in air depends only on the pressure and density of the air, 

[V]=[P’D*] =[ML- iT-2]*[ML-3]*, 

[LT-i] = [M*+*'L-*-*'T-**]. 

And again, since these quantities must be of the same kind— 
x+y—O, —3y=l, and, —2x——l. 
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from any two of which equations we have— 


x=i, and, y= 
/, [V]=[P*D-*] = 


-i 



A treatment of this kind will never give us the numerical 
relation between the quantities considered, as their magnitude 
has deliberately been excluded from the equations. 

Electrical Units. —There are two equations which rest upon 
experiment and from these our knowledge of the dimensions of 
electrical quantities is derived. Taking first the expression for 


the force between electrical charges, namely, the 

quantity A is a mere numeric and may be chosen as we please. 
k refers to the medium in which the charges are situated and is 
known as the dielectric constant. In the electrostatic C.G.S. 
system of units A is chosen to be unity, and on the Heaviside- 

Lorentz system it is chosen to be ^ J Only the electrostatic 

system will be considered here. Taking then A as unity, 


In this equation F and can be expressed in centi- 

metres, grammes and seconds, but neither q nor k can be so 

<72 

expressed. The only fact that is definite is that -- has the 


dimensions of [ForceXr2]=[ML3T“2]. That is, [ 9 ']=[M*L^T“^A*] 
or [A]=[ 92 M~^L'“ 3 T 2 ]. If k is considered to be unity for empty 
space then q may be called unity when F is one dyne and r one 
centimetre, as on p. 112, the charges being situated in a vacuum. 
To emphasize this, the value of k for empty space is usuaUy 
written Aq. 

Similar reasoning may be applied to magnetic poles, and from 


the equation F=A—we may choose the numeric A to be 
unity, when the ordinary electromagnetic system of units follows. 
Thus — has the value dynes xcm .2 and the dimensions of m are 


given by [w] =[M*L^T~V*] of ^ by [/x] =[m2M~iL“3T2], but 
neither nor m can be expressed in centimetres, grammes and 
seconds only. Again, in order to emphasize the fact that poles 
are defined in terms of the force between them when situated in 
empty space, the symbol is employed. 

Relation between the Two Systems. —So long as electrostatic 


* For further information see ** Theoretical Physics/' vol. II, by W. Wilson. 

13* 



394 


UNITS 


CHAP. 


effects and magnetostatic effects are studied separately there is 
no relation to be obtained between q and m or between k and 
But directly the effect of electricity in motion, that is current, 
upon a pole is considered, it follows that there must be some 
relation between these quantities. It was established first by 
Faraday, that an electric current is a charge in motion, and it 

follows that 1 =^? so that [t]=[M»L3T-i;fe*][T-i]. 
at 

Now consider the interaction of a current and a pole, say the 
force on a pole due to a long straight current (p. 231) and the 
experimental fact that the value of this force is independent of 
the medium in which the pole and the current are situated; 

F==A?^. Remembering that [m]=[M*L^T~V*] force 

T 

equation may be written dimensionally, 

[MLT-2]=[A] [L-1] [M*L«T-1/**] 

[L-iT]=[A][^V*] 


If then A is a constant number 


[AiM*]=[L-iT] = 


where c has the dimensions of a velocity. 

On confining our attention to empty space the value of this 

velocity is —a quantity which can be determined experi- 

VkQflQ 


mentally, as described on p. 398. It follows that, ^Q=r-i~ or 

C-flQ 

Mo=-9 ir —7r=- 

C^ko cV koflQ 

When the choice 1 is made, this determines at once that 


Ho 


= 4 and A=- 


1 


y‘. 


= 1, and the system of units resulting is the 


electrostatic system. 

On the other hand, if we like to choose that fto = l, then 


and A=l. This is the electromagnetic system. 

A system of mixed units is sometimes employed, in which 
electrical quantities are given in electrostatic units and magnetic 
quantities are given in electromagnetic units. Equations con¬ 
taining electrical quantities only will be unchanged, as will those 
containing magnetic quantities only. But an equation con- 
* * . • 

taining both kinds of quantity such as F=A-— will take a new 
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form. For the quantity i will involve kQ, and m will involve /xq. 
If then we choose to make Ao=l and jjlq — I, it follows that 

1 1 

A=-, and the equation becomes F=-—. Such a system is 
c c r 

known as the Gaussian system. 

Electromagnetic System of Units. —Starting with the magnetic 
pole as defined above, whose dimensions are 
can derive the others from this. 

Strength of Field, —Since force on magnetic pole is the product 
of strength of field and strength of pole (p. 3)— 

F=Hm, 

A [MLT-2]=:[Hj[M*L?T“Vo*], 

whence, [H] ==[M*L“-*T-Vo"*]. 

This unit of magnetic field is called the Gauss, It is a field of 
such strength that a unit pole situated in it experiences a force 
of one dyne. 

The International Congress of 1934 recommended the sub¬ 
stitution of the name Oersted for Gauss as the name of the unit 
magnetic field. Gauss is, however, still in quite general use in 
this country. 

Magnetic Induction. — 'I'hc magnetic induction is defined on 
p. 234 as llie quantity /xH, and its dimensions are therefore 
The 1934 recommendation for the unit was Gauss, 
Magnetic Flux (Bs).—The dimensions immediately follow from 
those of magnetic induction since [s]=[L2] ; they are, 

[M*L?T-Vo*J 

The unit on the C.G.S. system is called the Maxwell. 

Magnetic Moment. —This may be obtained from the definition, 
pole strength X length, or from the couple exerted on the magnet 
situated in a field (p. 5). Either definition leads to the quantity— 

[M*LtT-i^*] 

Intensity of Magnetisation is magnetic moment per unit 
volume— 

[MiL-*T-i/xo*] 

Electric Current. —From the relation between current and 
magnetic field (p. 48) 

„ idl . sin 6 
[t]=[MtL-»T-‘/xo-*L] 

since sin 0 is of zero dimensions. Or from the equivalence 
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between a current and a magnetic shell (p. 237), we have for the 
strength of shell ij^i, the magnetic moment per imit area— 
[/.oi]=[M*L«T-i/xo*L-2] 

Quantity of Electricity. —Since i—-, or q=it (p. 120) 

t 

Electromotive Force. — [e) The rate of working in units of work 
per second is equal to the product of current and electromotive 
force (p. 55). 

[t. c]=[ML2T-3] 

[M*L*. T-%-*. «]=[ML2T-3] 

Electric Intensity. —From the relation e—^Edl (p. 119), we 
have— 

[E]=[M*UT-2/xo*]. 

Resistance. —The ohmic relation between electromotive force 
and current (p. 56) gives 

Neglecting the dimensions of /xo, resistance is seen to be of the 
dimensions of a velocity, and for this reason it is sometimes 
spoken of as so many centimetres per second. 

Capacity. —From the equation c—- (p. 147) we obtain— 


di d% 

Inductance. —Using the relation e — or (p. 318), 

(IJf dh 

we see the dimensions of inductance, either self or mutual, to be— 
[MiDT-3;^i][T] 
lM»L‘T-i/t4o-*] ^ 

Again neglecting the dimensions of /xo» ^.n inductance may be 
measured in centimetres. 


Electrostatic System of Units.—Beginning with the unit of 
electrical charge, [^] —defined on p. 393, we 
may obtain the other electrical and magnetic units in terms of this. 
Potential Difference .—As defined on p. 120, we have— 


from which, 


p.d. X charge == work, 

[^.j]=[ML2T-2], 
f.W [ML2T-3] 

^ ^ [MiOf-lV]' 
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( 

M=| 


=[M*LiT-2^o*]- 


Electric Intensity. —Since force on a charge is equal to product 
of charge and electric intensity (p. 112)— 

[E9]=[MLT-2], 

/. [EJ=[M*L-*T-'V*]. 

Electrical Induction, Displacement, or Surface Density. —From 
the definition on p. 128, this is equal to ^E. 

[a]=[9i]==[D]=[MiL-iT->V]- 

Electric Current, —The rate at which electric charge passes 
along a conductor is the current. 

"m 

Resistance. —As on p. 396— 

.M. 

' [M‘L«T-2’A;o‘] 

=[L-iTV*]- 

Magnetic Field. —Using again the expression H=——, we 
have— 

[H]=[M*L*T-2V]. 

Magnetic Pole. —Since, force=mH— 

Capacity. —Since, c=-— 


[c] = 


Inductance.- 


[M*L»T^iV] 
'[M*L*T-V*]" 

-From the definition e= 


-[Lhl 

,di di 


w'-m- 


[MiL*TMV*][T] 


==[L-iT2V']. 


Relation between Units on the Two Systems. —It was seen on 

p. 394 that the quantity —L== is of the nature of a velocity and 

V 

it is desirable to find the value of this velocity. This may be 
done by comparing the magnitudes of any one electrical quantity 
on the two systems, the electrostatic and the electromagnetic. 
The value found is very nearly 3x 10^® cm. per second, which is 
‘ m is here mutual inductance, not magnetic pole. 
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the velocity of light. This suggestive fact led Maxwell to con¬ 
clude that light consists of an electromagnetic wave, and he 
eventually established the fact by means of equations relating 
to the electrical and magnetic condition of the field. 

If be the number of electrostatic units in a given current, 
the complete expression for the current is and if 

be the number of electromagnetic units in the same current, 
z^[M*L*T~Vo“*] is its expression in electromagnetic measure, 
where and are mere numbers. 


or. 




1 




:--'[LT“l]. 


But and being the magnitudes of the same current in different 
units, their ratio is the inverse ratio of the size of the units, 

_size of electromagnetic unit of current __ 

size of electrostatic unit of current 


We see, then, that —y — r =c centimetres per second, since 

[LT~^] is a velocity of one centimetre per second. 

The numerical value of c may be determined by measuring 
experimentally the same current in electrostatic and in electro¬ 
magnetic measure. It is, however, more convenient to choose 
capacity for the subject of measurement, as the capacity of a 
condenser of simple form may be calculated in electrostatic 
measure from its dimensions, and it may be measured in electro¬ 
magnetic measure by means of the ballistic galvanometer. 

Let a given condenser have a capacity of c, electrostatic units, 
or electromagnetic units. 


Then, as before, 
or. 




■J^l ( 


'[L2T-2], 


centimetres per second. 


'S/kQfXQ 


A convenient form of condenser may be made by fixing layers 
of tinfoil upon two sheets of glass, one of the layers being circular, 
and surrounded by a circular guard ring, the other covering the 
whole sheet; or from two pieces of silvered plate glass from 
which the paint on the back of the silver has been removed by 
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means of caustic soda, and a circular gap made in one of them by 
scraping away the silver. The two are placed with the metallic 
surfaces face to face and kept apart by 
three thin distance-pieces of ebonite, the 
thickness of which will give the distance 
apart of the plates of the condenser (/). 

Then —, where A is the area of the 

circular plate, the larger plate being 
earthed. The dielectric constant of air 
is taken as unity (Fig. 338). 

To determine the plate and ring 
are charged to a high potential V ; then 
the ring is earthed, and the plate discharged through the ballistic 
galvanometer. 



Fig. 338 . 




= e 

27 rAH ' 


(p. 257) 


where 0 is the ballistic throw. The galvanometer may be cali¬ 
brated by producing a steady deflection 6i by means of a current 

V 

produced by a known fraction of V, say - and a high resistance r. 



T 0 
ItthR 01 


If the capacity is so small that an unreasonably high potential 
V is required to produce a readable ballistic throw, the capacity 
may be compared with that of a larger condenser by the method 
on p. 162, or in terms of a resistance and a frequency, by the 
method on p. 400. 

The principle of the first method was employed by Professors 
A}ni:on and Perry, ^ the condenser being charged by the fall of 
potential over a resistance of 10,000 ohms produced by a battery 
of 382 Daniell cells. To produce the steady current in the 
galvanometer, a known fraction of this was used, and a high 
resistance was placed in series with the galvanometer. The 
mean of their results, corrected for the value of the B.A. ohm 
used by them, in terms of the international ohm is, c=2*99S x 10^®. 

Maxwells Method .—If a condenser be placed in series with a 
battery and galvanometer, it will receive a charge ec, where e is 
the electromotive force of the battery, and c the capacity of the 
condenser. This is the state of affairs when the rocker D is in 


' W. E. Ayrton o^d Perry, Journal Soc. T^el. En^., 8, p. 126. 1879. 
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contact with A (Fig. 339). Then if D is moved over so that it 
makes contact with B instead of A, the condenser is discharged. 

On moving D back into contact with A 
the condenser receives another charge ec, 
and if this process be repeated n times 
per second, the total charge that has been 
drawn from the battery and which has 
passed through the galvanometer is nec. 
This is equivalent to a current, and if n 
is great in comparison with the frequency 
Fig, 339 . of vibration of the moving part of the 

galvanometer, a steady deflection will be 
obtained. The key may take the form of a revolving commutator 
or a suitably arranged tuning-fork of known frequency, in which 
case n is known. 

If the condenser and key are replaced by a conductor, and the 
whole resistance of the circuit adjusted until the deflection of 
galvanometer is the same as that with the condenser and key, 
the current 

e 

tz=z-:=znec, 

r 

, 1 1 

f=—, or, c—- . 
nc rn 

We see, therefore, that the intermittent charge and discharge 
has the same effect as a resistance, and if the frequency and the 
whole resistance of the circuit are known, the capacity c may be 
determined. 

Since the capacity has been found in electromagnetic measure, 
and its value in electrostatic measure can be calculated from 

its dimensions, the velocity c can be 
found as before. 

Maxwell pointed out ^ that the 
substitution of the resistance for 
^ the capacity and key is unnecessary 
if these are placed in one arm of 
the Wheatstone's bridge and a 
balance obtained in the ordinary 
way. 

The arrangement is then as 
shown in Fig. 340. The resistances 
Fig. 340. are adjusted until the galvano¬ 

meter deflection is zero, when the 

approximate relation — . r^^rir^ holds. Since the method is 
ftc 

‘ Maxwell, " Electricity and Magnetism,'* vol. ii, §§ 775 and 776. 
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usually employed for measuring very small capacities, is always 
very small. For example, a condenser of the type described on 
p. 399 would have a capacity of the order 10“22 absolute electro- 
magnetic unit or 10~‘3 farad. 

If, then, n is say 100, and and say 1,000,000 ohms each— 


^3 • 


1 

10-11 


=1012 


^3 = 10 ohms. 


In a case such as this the relation between capacity and resist¬ 
ance may be established, by equating the values of the steady 
current in the galvanometer when the condenser circuit is per¬ 
manently open, the value of which is--. — , 

. I . , ^3(^1 +0 ^3+^1 

-r^4 "T “1“—T~ 

where e is the electromotive force of the battery, to the charge 
per second passing through the galvanometer due to the inter¬ 
mittent charging of the condenser. The difference of potential 
between A and D is, 


(r^ X current in ED) +(rg x current in g) 




^3 


^3+n+g 




where P is written for {^^+^ 4 +-^the resistance of the 

I ^3+^1+^J 

entire circuit exclusively of the branch AD. Hence charge on C 
when fully charged is— 


ce 

P 




r^r 


fs+n-hr}' 


i'Q 


Now, owing to the smallness of the resistances and r^, the 
charge, when the condenser is closed, will flow round the circuit 
A(BE)^D, B and E being practically one point, owing to the 
smallness of f 3 . The charge divides between the paths AB and 

AEB, the fraction -^-flowing by the path AEB, that is, 

through the galvanometer, the ratio being independent of the 
inductances of the branches. And since this discharge takes 
place n times per second, the current in the galvanometer due to 
this cause is— 

^ _l_ Wi, \ _ . 
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therefore when the galvanometer deflection is zero— 

^ \ >•! 

P ’ '2 + ^1P \ * ^3+^1+V ’ '•s+^'l+V 

»'3=rntTi(r4H-— y 

' 'I ^ r^+r,+rj 

But the last fraction is negligible since is very small in 
comparison with ti, and therefore . 

For a complete discussion when no restrictions are placed on 
the magnitudes of the resistances, the student is referred to 
“ Absolute Measurements in Electricity and Magnetism/' by 
A. Gray. The expression there obtained for nc is— 

_>'3{(^3+>^4 +^ ) +?'l +>- 3 ) -r^^} _ 

{>'i(»' 3 +^+>’ 6 ) +W {ui^o+ri +>- 3 ) +V 3 }’ 
which reduces to the above when Ti and are very great in 
comparison with the other resistances. 

Employing this method and using a spherical condenser, E. B. 
Rosa 1 found c to be 3*0004 x 10*®. 

Sir J. J. Thomson and Dr. G. F. C. Searle ^ used a cylindrical 
condenser provided with guard rings of cylindrical form at the 
ends, which necessitated a slight modification of the bridge con¬ 
nections. The mean of their values for c is 2*9955 x 10*®. 

The value of c has also been found by measuring a capacity in 
terms of an inductance and two resistances (see p. 382), and also 
in terms of a resistance and a time by means of the slow discharge 
of a condenser (see p. 317), Another interesting method is to 
determine the frequency of oscillatory discharge when a con¬ 
denser discharges through a known resistance and inductance 
(see p. 338), the frequency being found by obtaining a photo¬ 
graph of the spark upon a revolving photographic plate. In this 
way Lodge and Glazebrook ^ found c—3*009 x 10*®. 

The latter determinations give values differing very slightly 

from each other. There is little doubt that the value of 

VkofXQ 

is very nearly 3*00x10*® cm. per second, which is also the 
velocity of light in empty space. 

Practical Units. —We have described in various places (see 
pp. 56 and 313) the manner in which the practical units are 
chosen in order that they may be of convenient sizes, while 
retaining simple relationships with the absolute electromagnetic 

1 E. B. Rosa, Phil. Mag. (Ser. 5), 28, p. 315. 1889. 

* J. J. Thomson and G. F. C. Searle, Phil. Trans., 181, p. 583. 1890. 

^ O. J. Lodge and R. T. Gla*ebrook, Cambr, Phil, Trans., 18, p. 136. 1899' 
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units. Thus the ampere is one-tenth of the absolute C.G.S. 
electromagnetic unit of current, and the volt is 10® absolute units 
of electromotive force. From these are derived the ohm, the 
joule and the watt, which are respectively 10®, lO*^, and 10^ times 
the corresponding absolute units. Similarly the farad is the 
capacity of a conductor which is raised in potential by one volt 
by a charge of one coulomb, and hence it is equal in value to 
10~8 

absolute units. This unit is still very large for 

practical purposes, so a millionth of it, called a micro-farad is 
usually employed ; its value is therefore lO-^^ absolute unit. 
Again, the henry is the inductance of a circuit in which a rate of 
change of current of one ampere per second is accompanied by 

10 ® 

an electromotive force of 1 volt, and it is therefore ^^^ = 10® 

absolute units. Owing to its inconvenient size, the milli-henry, 
or thousandth of a henry, is usually employed in practice. Its 
value is 10® absolute units. 

The above electrical and magnetic units are collected into the 
following table— 



Dimensions. . 


Practicai unit. 




Ratio of 



Unit. 



r]e( tro- 
magnetic 


Ratio of 



to electro¬ 


size to that 


Electrostatic. 

Electromagnetic. 

static 

Name. 

of electro¬ 




unit. 


magnetic 






unit. 

Quantity .... 


M L fiQ 

0 

Coulomb 

10 -» 

Electromotive force 



^-1 

Volt 

10 * 

Electric intensity 


M*L*T~ 




Electric displacement 



c 



Electric current . 



c 

Ampere 

10 -* 

Electric resistance . 




Ohm 

10 * 

Capacity .... 

LA, 

L-*TVo-' 


E'arad 

10 ~* 

Inductance . 

L->T*A.-» 


^-2 

Henry 

10 * 

Magnetic j&eld 

m‘l*t“*a,* 


^ { 

Gauss or 
Oersted 

}• 

Magnetic induction . 

m‘l~5a,”* 





Magnetic flux 

m‘l*a,-‘ 



Maxwell 

1 

Magnetic moment . 

m‘l*a.'‘ 

M‘L«T-V.* 




Intensity of magneti¬ 






sation .... 

M*L“?A„“* 




Magnetic pole 

m‘l*a„~‘ 

|M*L«T-V,* 




Dielectric constant . 

^0 

L-*TVo-‘ 




Magnetic permeability 


Md 

C* 



Energy .... 

ML*T~* 

ML>T-» 


Joule 

10 ’ 

Rate of working 

ML ax-* 

ML«T-» 


Watt 

10’ 
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International Units. —The need for reproducible standards for 
everyday measurements led in 1861 to the appointment of a Com¬ 
mittee by the British Association for the Advancement of Science 
and various specifications were issued starting with one for the 
ohm, which was defined in terms of the resistance of a mercury 
column of stipulated length, cross-section and temperature. The 

B.A. ohm was in turn largely replaced in 1884 by a closer 
approximation, the legal ohm ” (authorised in Great Britain by 
Order in Council); the “ international ohm followed, adopted 
in 1908 at the International Conference on Electrical Units and 
Standards. 

Absolute determination of current was not so difficult, using a 
tangent galvanometer or a current balance, but the voltameter 
was made the basis of the international ampere, which liberates 
0*00111800 gm. per sec. of silver in a suitable voltameter. The 
international volt follows from these, but the mercury standard 
of resistance was awkward to realise in everyday work, so the 
international volt was stated in terms of the electromotive force 
of the Weston cell, this E.M.F. being at first given as 1*0184 volts 
(1908), later (1910) revised to 1*0183 volts. 

The divergence between the international units and the quanti¬ 
ties they were meant to represent are now^ known with some pre¬ 
cision and from 1948, by international agreement, the inter¬ 
national units are discarded in favour of the true units. With 
an uncertainty of about 1 in the last figure, the ratio of the inter¬ 
national to the true unit is as follows: ohm, 1*00049; ampere, 
0*99985; volt, 1*00034. The international joule,'' defined as 
the rate of w^orking with 1 international ampere flowing in a 
resistance of 1 international ohm, is 1*00019 absolute joule. 

M.K.S. Systems of Units. —Several systems of units have been 
proposed in which the fundamental units are the metre, the kilo¬ 
gramme, the second and one electrical quantity. Unit accelera¬ 
tion in such systems is 1 m./sec.^, and unit force, which gives a 
mass of 1 kgm. this acceleration, is the newton, which is lO-xlO^ 
dynes. This leads to the unit of work as the newton-metre 
or 10*''X10-“ 10'^ ergs, ihe joule. If one of the practical units, 
say the ohm, is then taken as a primary standard, the other 
practical units follow. When some concrete approximation, such 
as the inteniational ohm, is adopted, not one of the practical 
electrical units will be a ‘‘ true " unit as originally intended in its 
definition. 

In the M.K.S. System (proposed by Giorgi in 1904 anjd modified 
since) the magnetic permeability of free space /i^ = 10“'^ approxi¬ 
mately. By making this relation exact, the “ true " units can 
be retained. In this system the dielectric constant of free space 
^ 0 = 1011 . 

The systems so far considered have laid emphasis on the action 
between point charges; regarded as the basis of the subject. 
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There is a powerful movement, among electrical engineers 
especially, to transfer the emphasis to fields and to '' rationalise '' 
the units, so defining them that the 477 which appears in a number 
of formulae disappears, only of course to reajipear in others in 
which the advocates are less interested. In the system adopted 
in 1950 at the Paris meeting of the International Electrotechnical 
Commission, X system 

the capacity of a parallel-plate condenser is kh^jd (A in sq. m., d 
in metres), but the “ permittivity k here is the ordinary di¬ 
electric constant divided by (3677 x 10^). The dimensions and 
the derived units are also different. For example, magnetic field 
strength is measured in amperes (or ampere-turns) per metre. A 
great number of papers have appeared in the last few years on 
the relative merits etc. of the rival systems.^ 

Determination of Practical Standards. —The following pages give 
some account of the most important steps which established the 
practical standards referred to above, llie current unit has 
usually been determined by some form of current balance in 
series with a voltameter and the result expressed in terms of silver 
deposited. Most of the methods used for the resistance unit 
depend on a comparison of the potential difference across the 
conductor passing a known current with the E.M.F. developed 
in a conductor rotating in a magnetic field. 

The legal ohm (1894) (p. 404) was defined as the resistance 
to steeidy current of a column of mercury of uniform cross-section, 
having a length of 106-300 cm. and a mass of 14'4521 gms. at 
0° C. In 1908 the London Electrical Conference revised this by 
stipulating a cross-sectional area of 1 sq. mm. and stating that 
there should be spherical end-pieces, full of mercury, of 4 cm. 
diameter provided with sealed-in ])latimim current and potential 
leads arranged in a s]x^cified manner and a formula was provided 
representing the additional resistance to be added to allow lor 
these ends. 


Determination of the Ohm. —(i) Rotating Coil, The Committee 
of the British Association in 1863 adopted, for constructing a 
standard of resistance, the method 
of rotating a closed coil of wire 

about a vertical axis in the earth's B 

magnetic field, the deflection of a 

magnetic needle suspended at the ^^ 
centre of the coil being observed. |\ 

If AB in Fig. 341 is the plan of ^ 
the circular coil when its plane | 

makes angle tat with the magnetic Fig. 341. 

meridian, ira^nH sin cat is the 


magnetic flux passing through the coil, where a is its radius, n 
the number of turns, H the horizontal component of the earth*s 

^ Sec, for example, G. F. Nicholson, Brit. Joum. App. Phys,, 2, p. 177 (1951) : 
Sir Charles Darwin, Nature^ 164, p. 262 (1949)^ 
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magnetic field, and co the angular velocity of rotation about the 
vertical axis O. The momentary electromotive force round the 
coil is— 

—7ra2wH^(sin wt) —TTa^nHoj cos cot, 
at 

and since this is an alternating electromotive force of maximum 
value, —77a2^Ha>, we know from p. 344 that the momentary 
current i is— 

since the current is angle 6 in phase behind the electromotive 
force, where tan 6=^^, I being the inductance of the coil and r 

f 

its resistance. 

This current gives rise to a magnetic field OF whose value at 
the centre is (p. 49). The component of this at right 
angles to the meridian is— 


2'TTni 27T^an^Y{(jo / i ^ 

-cos a>/==-COS (cot — 6) COS COt, 

a Vl^co^+r^ 


27T^an^H<jo 


(cos2 cot cos sin 2cot sin ff). 


The mean value of cos^ cot for a complete cycle we have seen 
(p. 347) to be J, and the mean value of sin 2a>/ is zero, therefore 
mean magnetic field at right angles to the meridian is— 

TT^an^Hio ^ 

-COS 6. 

V l^co^^r^ 

In a similar manner we see that the instantaneous component 
of the field in the meridian is, 

2rrni . . 27r^an^lI(o / . n\ • ^ 

- sin cot= - cos (cot—0) sin cot 

a Vl^co^+r^ 


_ 27r^an^}i(o 

the mean value of which is— 


(J sin 2cot cos 0+sin^ cot sin 


TT^an^Uco 


sin 0, 


l^co^-\-r^ 

The resultant field in the meridian is therefore, 

TT n^an^Uco - 

H- SlU 9, 

Vl^co^+r^ 
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and the suspended needle will then be in equilibrium when making 
an angle ^ with the meridian such that— 


TT^an^Yioj 


cos d 


ir'^an^Ho) . ^ 

H-- ^ sm 0 

Vl^oj^+r^ 


—tan 


Since H occurs in every term on the left-hand side of this equation 
it disappears, and we see that the equilibrium position of the 
needle is independent of its value ; 

TT^an^o) cos 6 ^ , 

-=tan <p ; 

+r^—TT^an^w sin 6 


tan <f> therefore depends upon the velocity of revolution ai. This 
must of course be so great that the separate impulses acting on 
the needle follow at intervals sufficiently small in comparison 
with the period of vibration of the needle for the deflection to be 
steady. If the inductance of the coil is small enough for the 
quantity loj to be negligible in comparison with r, sin 6=0 and 
cos 6=1, and we then have— 


r=7T^an^a) cot (f>. 

The angular velocity w having the dimensions of the inverse of 
a time, and a being a length, we see that r has the dimensions of 
a velocity, and its determination depends upon the accurate 
measurement of these two quantities, together with an angle (ft. 

It will be noticed that the effect of the torsion in the suspension 
fibre, and the influence of the magnetic field of the suspended 
needle in inducing current in the rotating coil, have been omitted. 
These must be measured and allowed for. Standard resistances 
constructed by comparison with the coil whose resistance was 
determined in absolute measure by this means were distributed 
by the British Association. 

Lord Rayleigh, 1 in 1882, made a determination of the ohm by 
this method. The inductance of the coil was calculated from its 
dimensions and also determined by the method on p. 327. The 
velocity of rotation of the coil was determined by the stroboscopic 
method. He found that. 


1 B.A. unit =0*98651 earth quadrant per second. 

A rotating coil method due to W. Weber,^ in which the coil is 
turned through 180° in the earth’s field, the current passing 
through a ballistic galvanometer and the throw being noted, has 
also been used by him and by G. Wiedemann,^ the latter of whom 


» Lord Rayleigh, Phil Trans., 178, p. 661. 1882. 

a W. Weber, Fogg. Ann., 82. p. 337. 1851. 

3 G. Wiedemann, Abhandl. Berlin A had. d. Wiss., 1884. 
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found the ohm to be the resistance of a column of mercury 
106*162 cm. long, 1 sq. mm. in cross-section at 0° C. The method 
is similar in principle to that of the earth inductor described on 
p. 264. 

Determination of the Ohm. —(ii) Method of Lorenz ,^—The 
movement of a conductor in a magnetic field gives rise to an 
electromotive force which is equal to the rate at which magnetic 
flux is being cut by the conductor. If, then, a conducting disc 
of radius a is rotated with constant angular velocity, n times per 
second, when its plane is at right angles to a magnetic field of 
strength H, any radius of the disc cuts a flux Tra^H in each revolu¬ 
tion, and therefore the electromotive force acting from the axis 
to the circumference is Tra^nH. If the field is produced by a 
current i in a pair of circular coils co-axial with the disc (shown 
by a dotted circle in the diagram), becomes mi, where m is 

the mutual inductance of the coils and the disc, and therefore, 
electromotive force is equal to nmi. This electromotive force is 
balanced against the difference of potential between the ends of 
a resistance r (Fig. 342) in series with the coils and through which 
the current i is flowing. When the galvanometer G is undis¬ 
turbed— 

ri=:nmi, 

or, r=^nm. 

Lord Rayleigh and Mrs. Sidgwick 2 carried out a measurement 
of the ohm by this method in 1883, but instead of employing a 



Fig. 342. Fig. 343. 


calibrated tube of mercury for the resistance r, they used three 
wire resistances, a, b and c (Fig. 343), of which a is the smallest 
and carries most of the current i, while c is large compared with 
h. The fall of potential over b is balanced against the electro¬ 
motive force in the rotating disc. If then i be the total current 

di 

in the fixed coils (Fig. 342), that in b and c is —, and the 

-j-v-f-C 

» L, Lorenz, Pogg. Ann,, 149, p. 251. 1873. 

> Lord Rayleigh and Mrs. Sidgwick, Pkil, Trans., 174, p. 295. 1883. 
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difference of potential between the ends of b is-r-—. The 

a+b-\-c 

resistance a consisted of two unit coils in parallel, b was a 
platinum-silver unit, and c was, in three series of experiments, 
10, 16 and 20 respectively. The value of b in terms of the abso¬ 
lute unit is then given by the experiment, and the mercury 
column that has the unit resistance can therefore be found if the 
specific resistance of mercury in terms of the B.A. unit, in which 
b is known can be found. This forms the subject of another 
paper by Lord Rayleigh and Mrs. Sidgwick.^ 

To return to the Lorenz method, the rotating disc is of brass, 
and has a diameter of 31*072 cm. ; and contact was made with 
its edge by a copper brush well amalgamated, the contact at the 
shaft being of a similar kind and touching it on a circle whose 
diameter is 2*096 cm. The mean distance apart of the mean 
planes of the two coils is 3*275 cm. for two series of experiments, 
and 30*6944 cm. for a third. From careful measurements of the 
coils, the value of m for the first two series of experiments is 
found to be 214*569, and for the third 110*392. In the first 
series of experiments the speed of the disc was about 12-8 revolu¬ 
tions per second, in the second 8, and in the third 12-8, and was 
determined by the stroboscopic method, the standard being a 
calibrated tuning-fork. 

The general scheme of connections is shown in Fig. 344. In 
order to eliminate the electromotive forces in the galvanometer 
circuit due to thermo-electric 
effects at the sliding contacts, 
and the cutting of the earth's 
vertical magnetic field by the 
disc as it rotates, a small 
difference of potential is main¬ 
tained between the points A 
and B, connected by a low 
resistance which is adjusted 
until the galvanometer read¬ 
ing remains constant with the 
disc running, but without the 
main current, whether the 
galvanometer circuit is broken 
or closed. In the actual experiment r is not adjusted to give an 
exact balance, but some value such as ri is employed, and the 
difference of the galvanometer readings when the main current 
is reversed by means of the key K is observed, is then 
changed to the value r 2 , such that the galvanometer deflection 
for either position of K is the reverse to that in the previous 
^ Lord Rayleigh and Mrs. Sidgwick, Pkil, Trans., 174*. p. 193. 1883. 



Fig. 344. 
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case, and the difference in deflection for a reversal again noted. 
By interpolation the value of r for an exact balance is calculated. 

The mean of the results gave the value of the B.A. unit to be 
0*98677xl0« C.G.S. units. 


Determination of the Ohm.—(iii) Mutual Inductance of Two 
Coils ,—Kirchhoif ^ suggested a method, the principle of which 
has been given on p. 327. Using a galvanometer of the suspended 
magnet type, the throw when current i is started in the primary 
coil is given by— 


mi _JrYT 

Ty TtG 


sin Id, 


and when a steady current is maintained in the secondary by the 
fall of potential across a small resistance r, in the primary— 


irCi 

riii" 


or, 


=tan 

__yT sin 10 
TT tan Oy* 
7T tan By 
T sin 


m 


f—m. 


If then m is determined by calculation, in absolute measure, 
and T, 6 and 6y observed, r is known. 

This method has been used by Rowland, Glazebrook, and 
others. As a mean of his results, Glazebrook ^ has given that— 

1 B.A. unit =0*98665 X 10® C.G.S. units. 


The method of finding the heat produced in a ware by means of 
the calorimeter was employed by Joule ; and also the method of 
damping (see p. 261) due to W. Weber has been employed for 
determining the magnitude of the ohm in terms of the resistance 
of a mercury column, but the results are not so consistent, nor 
are the methods capable of such accuracy as the above. 

Determination of the Electro-chemical Equivalent of Silver.— 
With the object of defining the C.G.S. unit of current in terms of 
some quantity that may be conveniently reproduced, Lord 
Rayleigh and Mrs. Sidgwick ^ made a determination of the 
electro-chemical equivalent of silver. The form of voltameter 
employed has already been described (p. 64). The current is 
passed for a measured time, about three-quarters of an hour, 
through two or three such voltameters in series, and through a 
system of coaxial coils shown in Fig. 345. The smaller coil is 

^ G. KirchhofiF, Pogg. Ann., 76, p. 412. 1849. 

• Glazebrook, B. A. Report, p. 97. 1890. 

■ Lord Rayleigh and Mrs. Sidgwick, PhiL Trans., 176, p. 411. 1884. 
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suspended from the beam of a balance, and the force upon it due 
to the currents is found by taking the difference in the weighings 
when the current in the larger coils, w^hich are fixed, is reversed. 
We know that the potential energy of a 
coil carrying current t 2 due to another 
carrying current is where m is the 

mutual inductance of the coils (p. 319). 

Hence the force on the small coil in the 

direction of the axis is where x is 

^ ^dx 

in the direction of the axis. The actual 
calculation of the force between the coils 
is beyond the scope of this book, and the 
student who wishes for more information is advised to consult 
the original paper. It may be noted that the small coil is 
placed in such a position that the force on it is a maximum, 
and hence does not vary appreciably for a small change in its 
position, thus obviating the necessity of determining the relative 
positions of the coils with any high degree of accuracy. 

The best results are obtained when a solution of pure silver 
nitrate in whaler is used in the voltameter, and with a 3-inch 
platinum bowl and a solution of strength 15 to 30 per cent., a 
current of 1 amj)ere may be passed for an hour. 

As a mean result it was found that the C.G.S. unit of current 
deposits 0*0111794 gramme of silver per second. 

Sir F. E. Smith and Prof. T. Mather ^ found, in 1908, that 
the ampere deposits 0*00111827 gramme of silver per second. 

Standards of Electromotive Force. —In performing the above- 
mentioned work on the electro-chemical equivalent of silver. 
Lord Rayleigh and Mrs. Sidgwick at the same time found the 
electromotive force of the Clark cell (p. 189). 

The method is essentially that of the potentiometer. A battery 
of two Leclanch^ cells, B (Fig, 346), maintains steady current in 
the tw^o resistance boxes C and D, and the electromotive force of 
the Clark cell e balanced against the fall of potential over the 
box D. The total resistance of the two boxes C and D is main¬ 
tained constant so that the current i in them is constant. Then 
e=^rii, where Ti is the resistance in D when the galvanometer G 
indicates zero current. The potential difference between the 
ends of the resistance r which carries the current of the electrolysis 
experiment (above), and passes through the voltameter V, is 
now included in the circuit of e, and if P is this potential difference, 
the resistance r 2 of D which is now required to balance the 
electromotive force e—F, is r 2 ^’. 



' F. E. Smith and T. Mather. Pkil. Trans,, Ser. A. 207. p. 546. 1908. 
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• • t 

e ri 

and, 

or if the current i in r is known from the w^eighing experiment— 



The mean result indicated that the electromotive force of the 
Clark cell at 15° C. is T435 volt. 

'J'he Clark cell was for a time the basis of the legal definition of 
the volt, for an Order in Council dated 24 August, 1894, defined 
the volt as 0*6974 [i.e. 1/T434) of the terminal potential difference 
of a Clark cell at 15° C. The Clark cell was displaced by the 
Weston cell as tlie standard (see p. 189) because of the short 
life of a Clark cell, the zinc alloying with one of the platinum 



leads, causing it to swell and crack the glass. Weston cells, con¬ 
structed properly from pure materials and used carefully, have 
very long lives and are very stable, and also have a small tempera¬ 
ture-coefficient. The E.M.F.s of cells made to the same specifi¬ 
cation by different workers may disagree by some 20 or 30 
microvolts. 



CHAPTER XIII 


ELECTROMAGNETIC RADIATION 


Fundamental Equations. —The state of a field of electric and 
magnetic force at any point may be represented by means of 
three fundamental relations, already dealt with in their general 
forms, which it is now our purpose to express in reference to 
rectangular co-ordinates. 

(i) Gauss s Law. —The total normal electrical flux over a closed 
surface is equal to 47r times the total charge within it (p. 123). 
A similar relation holds in the 
magnetic case (p. 234). Let 
us consider the electric inten¬ 
sity E at a point A (Fig. 347) 
to be resolved into components 
parallel to the three axes of 
co-ordinates, the components 
being P parallel to OX, Q and 
R parallel to OY and OZ 
respectively. Then if P varies 

from point to point as we move from A in a direction parallel to 
dP 

OX, at the rate its value at the face BD of the very small 

dP 

rectangular solid ABCD will be Pfl- -dx, 

dx 

The normal flux over the face AC is kP . dy dz, where k is the 
dielectric constant and dy . dz the area of the face AC. The 

dz, and the difference 



/ dP 

normal flux over BD is k [P-\-~dx 


dx 


yy 


between these two is the contribution of the two faces AC and 
BD to the total normal flux over the whole surface. That is— 

/ ^p \ 

-\-j^dx\dy dz~kPdy dz~k~^dx dy dz. 

Treating the faces AB and CD in the same way, we get 
dO 

k-^dx dy dz as the contribution to the normal flux for these 
dR 

faces, and similarly kj-^dx dy dz that for the faces AD and BC. 
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If now there is a volume density of electric charge p, the 
amount of charge within the surface ABCD is pdx dy dz, and thus 
from Gauss’s law we have— 

dy dz—Anpdx dy dz, 

\ dx dy dz J 

dP , dO , dR inp 

For the magnetic field, if a, ^ and y are the components of H, 
the equation is— 

da^dp ^dy _ Anp 

dx dy dz p, 

where p is the volume density of magnetic pole, and p the 
magnetic permeability of the medium. This is Poisson’s equation. 
If p~0, we have for the electric field— 

dx^ dy dz I 


and for the magnetic field, 


dx dy dz 


The quantity frequently called the divergence 

of the vector quantity E, and is written div. E, since it represents 
the rate at which E increases or diminishes as we pass outwards 
from the point ; then— 

div. 

k 


(ii) Line Integral of Magnetic Field round a Current. —On p. 230 
we saw that the work done in carrying a unit pole round a closed 
Z path through which a current 

^ C flowing, is equal to 47r times 

dz ^current ; in other words, 
the line integral of the mag- 
Ik dx^ ^ netic field round the closed 

^ path is 47r times the current. 
If u, V and w are the com- 
Fig. 348. ponents of the current density, 

or current per unit area, the 
current flowing through the small rectangle ABCD (Fig. 348) 
whose plane is perpendicular to OY is vdxdz, the area being 
dxdz. If the value of the magnetic field along AB be a and 

along DC be a+^^^dz, the work done on the pole as it moves 


Fig. 348. 
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along AB is adx, and along CD is Similarly, for 

DA it is —ydz, and for BC -\-^-\-'^^^d^dz. 

Therefore for the whole circuital path ABCD— 

Work done =adx — ^-\-'^d^dx—Ydz-\-^-\~d}^dz 

and the above law therefore gives us— 


477 ?; dx dz~{^^—^^\dx dz, 
\dx dzj 


or, 


, da dy 

-i.- 


(ii) 


Treating the other components of the current u and w in a 
similar manner, we get two other similar equations. The law 
may then be expressed by the three equations— 

dy dff 
dy dz 
da dy 

~~dz~^dx\ . 

dp da 
dx dy\ 

(iii) Electromotive Force round Circuit through which the Magnetic 

Flux is varying .—The law ^ (p. 251) may be expressed by 

means of its components in an exactly similar manner. Referring 
to Fig. 348, if is the magnetic permeability of the medium, the 

flux N through the rectangle ABCD is fi^dx , dz, and dx . dz^- (jjLp) 

dt 

is the rate of change of flux. If the component of electric field 




— 477 ?;- 


-477ie' = 


E along AB is P, and along DC 


■ 


and the components 


along AD and BC respectively R and the whole 

electromotive force e round the rectangle is— 
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and since <?=—we have, remembering Rule II, p. 252— 
at 

^ dt dz dx' 


With the two corresponding equations for the components a 
and y, we have altogether— 


da dli^ dQ^ 
^ dt dy dz 
d^^dV_d\i 
^ di dz dx 
dy_d(;)__dV 
^ dt dx dy^ 


(iii) 


Maxwell’s Displacement Current.—The above sets of equations 
are the expression of certain experimentally established laws, and 
do not depend upon any assumption as to the nature of the mode 
of action occurring in the dielectric. In equations (ii) the current 
u, V, w, means that an electric charge is moving in a certain 
direction, and we know that this motion cannot be continuous 
unless the medium is an electrical conductor. The possibility of 
a current in a dielectric was pointed out by Maxwell, who, 
following Faraday, was bent upon ex¬ 
plaining electromagnetic phenomena in 
B| IC_ terms of actions occurring in the di¬ 
electric. According to Maxwell, any 
change in the electrical induction in a 
]MG. 349. medium is an electric current. Thus, 

when a current flows into a condenser 
(Fig. 349) by means of conducting leads AB and CD, the current 
in these leads is the rate at which charge passes on to the plates 
of the condenser. If, for simplicity, we assume the plates of the 
condenser each to have unit area, the charge on each plate is 
the surface density a, and therefore the current i in the leads is 
given by— 

da 

t — 

dt 


But the electric displacement D in the medium between the 
plates, we saw on p. 128 to be equal to a ; 

. . dT> 

• • ^ dt' 


Hence we may consider the current to be continuous through 
the condenser, its value in the dielectric itself being the rate of 
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change of the electrical displacement; the essential difference 
between the dielectric and a conductor being that D cannot 
exceed a certain amount for each value of the electric intensity, 
so that after the current has flowed for a short time, D becomes 
constant and the current ceases. 

The question may be better understood by considering an 
analogy. Let the condenser be replaced by a vessel having an 
indiarubber membrane stretched across it so as to obstruct the 
flow of water brought in by the pipe AB (Fig. 349) and emerging 
by the pipe CD. For a given difference of hydrostatic pressure 
between B and C, the flow continues until the displacement of 
the membrane reaches a certain amount, determined by its 
elasticity, and then ceases; but while the displacement is 
increasing there is an actual current of water, in through AB and 
out through CD. 

According to Maxwell, the magnetic effect of a displacement 
current is similar to that of a conduction current, the distinction 
between the two being quite artificial. Equations (ii) therefore 
apply to the displacement current, which is the only current, in 
a dielectric. 

Rowland ^ has proved that a moving statical " charge pro¬ 
duces magnetic effects similar to those of a conduction current, 
by rotating an ebonite disc having alternate sectors which were 
gilt and charged, and observing the deflection of a magnet, placed 
under and near to the disc. The direction of the deflection of 
the magnet was that which would be produced by an electric 
current corresponding to the moving charge, and was reversed 
on reversal of the sign of the charge, or the direction of 
rotation. 

We may now, by means of the relation on p. 128, write the 
components w, v and w, of the displacement current in terms of 
those of electric intensity, P, Q and R, and the dielectric constant 
of the medium. 


The general equation D =—, by differentiation with respect 


to t gives— 


dD 

dt 




k iE 

4rr dt * 


Which, written in terms of its components, becomes— 
k dV k dO , k dR 


^ H. A. Rowland and C. T. Hutchinson, Phil. Mag. (Ser. 5). 27, p. 445* 
1889. 
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and substituting these values for u, v and w in equations (ii), we 
have— 


dt dy dz 


jdQ_da dY 
dt dz dx 

_ dp da 

dt dx dy. 


(iv) 


Equations (iii) and (iv) contain the six variable quantities a, 
/3, y and P, Q, R, and by eliminating five of these we can obtain 
an equation involving one only. Before dealing with this general 
equation we will treat one or two simpler cases. 

Propagation of Plane Wave.—The simplest case of wave motion 
to consider is that of a plane wave, that is, a wave in which the 
electric intensity is at any instant the same over the whole plane. 
Let us take the plane YOZ (Fig. 350) as the plane of the wave, 
by which we mean that all over this plane the electric and the 
magnetic intensities are of constant value at any given moment. 
It follows that these quantities have each the same value for all 
values of y and z, and their variations in the Y and Z directions 
are zero ; hence their differential coefficients with respect to y 
and z are likewise zero. 

Equations (iii) then reduce to— 


da 

'dt 


- 0 , 




^dt dx* 


and consequently a is zero or a constant. But constant values 
do not enter into the wave propagation, so that for our purposes 
we may put a=0. 

Similarly equations (iv) reduce to— 



4Q=^y and. 

dt dx dt 


dp 

dx 


Therefore P—O, and since we have seen that a==0, it follows that 
the directions of the electric and magnetic intensities are entirely 
in the plane of the wave. 

We may choose any direction in the plane YOZ that we please 
for that of the electric intensity, and we will therefore take it 
parallel to OZ. 

Then Q==0, and we see from either of the relations 


dy dQ .dQ 

“■ *-s 



that in this case y»0. 
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Hence the electric and magnetic intensities are at right angles 
to each other ; if R is the only component of the electric intensity, 
then jS is the only component of the magnetic field. 

The equations now reduce to 

dp - ,rfR dB 

ctt dx di dx 

Differentiating the first with respect to t and the second with 
respect to x, 

d^P d^R ^ d^p 

dxdt' * dxdt dx^' 

dt^ k^L dx^' 

Or, differentiating the first with respect to x and the second with 
respect to /, 

d^p __ _i2R ^2R ^ ^ 

^dxdt dx^* ’ dt^ dxdi* 

. d^R_ 1 ^/2R 

• * 'di^ ~k[i' dx^ ‘ 


In each of the above equations the quantities may be con¬ 
sidered to be all expressed in the same units. Or if it is desired 
to look upon P, Q and R as being expressed in electrostatic units 
the conversion into electromagnetic units may be made by 
writing P/r, Q/c, R/c, and in place of P, Q, R and k, where 
c is the ratio of the electromagnetic unit to the electrostatic unit 
(pp. 394 and 403). On then eliminating as above, the equation 

d:^p d-p . 1 

— is obtained, in which has replaced 

The equation for R is in the form of the general equation for 
a plane wave, the direction of propagation being parallel to the 
axis OX, and its general solution is R=:f^[x—vt) where 

v2=-— and fi and are any functions, and v is the velocity of 

kfi 


the wave in the medium. It becomes c for empty space where 

c2=-—. The truth of the solution may be established by 

differentiating this value of R twice with respect to t and 
twice with respect to x, and substituting the values in the 
differential equation. fi{x—vt) and f 2 {x+vt) are general ex¬ 
pressions for wave motion along the axis of the former in 
the direction OX and the latter in the reverse direction 


XO. For, after a given interval of time ty the expression 
f\{x—vt) becomes fiix—vt—vti), and if the origin be moved 
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forward along OX by the distance vti the abscissae referred to the 
new origin being Xi, then x=Xi-\-vii, The expression for the 
disturbance is then fi{xi-\-vti—vt—vti)=^fi{xi—vi)] that is, 
referred to the new origin it has the same form as it had when 
referred to the old origin at a time earlier. Its form is there¬ 
fore unchanged, but it has moved forward with velocity v. 

In a similar manner the wave f^ix+vt) may be shown to 
travel unchanged in form and with velocity v in the opposite 
direction to the wave f\{x-~vt). 

We shall only consider the wave which travels forward, and 
only the most important case of such a wave, namely that in 
which R and ^ vary harmonically. 

277 

Let R=Ro sin — (x—vt) ; then at the instant from which time 
A 

is reckoned, /=0, and 

R=Ro sin 

A 

This equation gives the value of R at all points in space at this 
instant, and the ordinates of the curve R (Fig. 350) represent the 



distribution of the electric intensity. Although the curve is 
drawn with the axis OX as axis of reference, it must be under¬ 
stood that the value of R at all points in any plane parallel to 
yOZ is the same at each instant, and is represented by the 
ordinate of the curve. If x be increased by the length A, 

X -f- 2.7t\ 


R=Ro sin ^(a:-|-A)— i?o sin ^ 


277 

A 


and the curve begins to repeat itself. A is called the wave-length, 
which in the diagram is the length Od. At the point b, x==-^ and 

A 3A 

R=0 : while at a and c, ^ is - and -p, and R—Ra and —Ra 

4 4 

respectively. 

Again, if the wave travels distance A in time T, ^ is the velocity 
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V, and substituting this value for v in the equation for R, we 
have— 


R=Ro sin 


In order to find the expression for jS, we make use of the 
equation 

dR 


dt 


dx 


rfR 27r-p ^ 

— _| —R CQs 27t 

dx X 

. ^ 

'' di~ 


277 

/xA 


Rq cos 277 


e-t)- 


Integrating which, we get, 


But, 


/.^=y*K.sm2,0-^). 


The maximum value of j3 is therefore and calling this 

0 , we have— 


sin 


This curve also is plotted in Fig. 350. 

Magnetic Field and Motion of Faraday Tubes. —The followers 
of Faraday and Maxwell have insisted upon the possibility of 
explaining electrical phenomena in terms of processes occurring 
in the dielectric, and in particular Sir J. J. Thomson has shown 
that while on the one hand electrostatic phenomena may be 
described in terms of tubes of induction and the stresses occurring 
in them, on the other hand a magnetic field is simply an attribute 
of the Faraday tubes in motion. In his work on Recent 
Researches in Electricity and Magnetism he has shown that the 
ordinary electromagnetic laws are consistent with the assumption 
that the motion of the ends of the Faraday tubes constitutes the 
electric current in the conductor along which they are moving, 
while in the dielectric the magnetic field is a vector quantity 
drawn at right angles to the tubes and to their direction of 
motion, whose magnitude is ^ttDv sin 0, where 0 is the angle 
between the tube and its direction of motion, and D is the 
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number of unit tubes per unit area at right angles to their direc¬ 
tion, or as we saw on p. 128, the electric displacement,^ and v is 
the velocity of the tubes. When the motion of the tubes is at 
right angles to their direction, sin 6=1, and 


since, 


H=477Di;, or H=AEv, 


If AC and BD (Fig. 351) are the two plates of a condenser of 
which AC is negatively charged and BD positively, then on con¬ 
necting them by the ware CD, 
the Faraday tubes whose ends 
are near C and D approach 
each other along the con¬ 
ducting path now provided, 
and leave a space into which 
the neighbouring ones are 
pushed by their lateral pres¬ 
sures (p. 134). These in their 
turn collapse along CD, so that 
there is a general movement of the tubes, a few of which are 
indicated in the diagram, in the direction OV. This means a 
conduction current along BD where the positive ends of the tubes 
are travelling, and in AC a positive cunent from C to A in the 
opposite direction to the travel of the negative ends of the tubes. 
The displacement current in the dielectric is from the upper 
plate to the lower, since D is diminishing. 

When the plates are so large that the electric field between 
them may be considered to be uniform, consider two strips of unit 
width in the direction of the currents in AC and BD. The charges 
upon unit areas F and E of these strips are -fo- and —cr respec¬ 
tively, and these are equal to D, the electric displacement at the 
point O between them. If at any instant these charges are 
moving with velocity v, the current i in each strip is qv~Dv, 
But if width of plate is 6, the total current in either is ib, and the 
line integral of the magnetic field linked with the current is hrib 
(p. 230), and iib~47rib, and therefore the magnetic field H at the 
point O between the plates at the given instant is — 

/. H=477Dz;. 



It should be noticed that the direction of the displacement 
current is in the line of D, that is at right angles to the motion 
of the tubes. 

‘ Sir J. J. Thomson uses the letter N to represent this quantity, but we have 
used D in order to emphasise the identity with Maxwell’s electric displacement 
and to avoid confusion with N, the magnetic flux. 
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Plane Wave considered as Motion of Faraday Tubes— Return¬ 
ing to the case of the plane wave, we may, in order to get a vivid 
picture of the processes occurring, replace the electrical intensity 

kR 

R by the displacement =D, which represents the number of 

47r 

Faraday tubes per unit area, and the equation for the wave 
becomes— 

D=Do sin 

where, Do=-;^. 

47r 

The distribution of Faraday tubes at the time f=0 will there¬ 
fore be somewhat as shown in Fig. 352, in which the vertical lines 



Fig. 352. 

represent the tubes, their number per unit area being D, the 
electrical displacement. The fuU lines represent positive values 
of D and the dotted lines negative values, and they are drawn so 
that the closeness with which they are packed, or their number 
per unit length measured along OX, is proportional to the 
ordinate of the curve, 

D=Do sin 2170-^) 

remembering that the diagram is a section of the whole field, the 
direction of the axis OY being at right angles to the plane of the 
.liagram. Every section of the field parallel to the plane ZOX 
would be similar to the diagram at the given instant, since the 
value of D over any plane parallel to YOZ is constant. 

If now the whole system of tubes is imagined to be moving in 
the direction OX with velocity v, we shall have a representation 
of the harmonic plane wave travelling forwards, in accordance 
with Maxwell’s equations. 

The magnetic intensity j8 is everywhere at right angles to D 
and to V, and is therefore perpendicular to the plane of the 
diagram, its magnitude being given by ^=47rDii (p. 422). Since 
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V is constant, is at each point proportional to D, and is there¬ 
fore a maximum at points a and c and zero at the points b and d. 
In fact, its value is given by the curve of jS in Fig. 350, which 
fact is consistent with the result obtained on p. 418, directly from 
the equations of the field. 

The wave that we are considering is polarised, in the optical 
sense, the electrical displacement being everyw^here parallel to 
OZ, and the magnetic intensity parallel to OY. Considerations 
of the problem of reflection have shown that the magnetic inten¬ 
sity takes place in what in optics is called the plane of polarisation, 
the electric intensity being at right angles to it. YOX is there¬ 
fore the plane of polarisation. It is not easy to see how the 
condition indicated in Figs. 350 and 352 can be brought about at 
a given place in the dielectric, but if an electric oscillation in a 
given direction occur at a point at a very great distance, the 
waves, of whatever form they may be near the point, are practi¬ 
cally plane at great distances from it, and although the problem 
of the origin of the waves may present many difficulties, these 
are very much reduced when the waves have spread out fai 
enough to become plane. 

Energy of Wave.—^The energy associated with the electric dis¬ 


placement D in the dielectric we have seen to be 


27rD2 

k 


per unit 


AR2 

volume (p. 130), or —where R is the electric intensity. In the 
877 

case of a plane wave, R varies harmonically at every given point 
of the medium, and therefore the mean value of R2 for a cycle 
of change is JRo^ (p. 347), where Rq is the maximum value of R. 
Hence the mean value of the energy per unit volume of the 

kRcfi 

dielectric, as the wave passes through it, is Similarly, on 

lOTT 

account of the magnetic field jS, the mean energy per unit volume 

o 2 

of the medium is , and the mean energy per unit volume due 

lOTT 

to both these effects is , and is the proper measure of 

lOTT 

the intensity of the radiation at any point. 

Ik 

We have seen above, that 
=^R^2. Consequently— 


Ro (p. 421), and therefore 


energy pei 


unit volun,e=^*='£»-=M 


Stt Stt SttC 


The energy of the wave is therefore half of it associated with 
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the electrical intensity or displacement, the other half being 
associated with the accompanying magnetic field. 

Poynting's Theorem. —An extremely important theorem on the 
transfer of energy, due to Prof. Poynting,^ throws a great deal 
of light upon the propagation of electromagnetic waves, and also 
upon the flow of energy when a current is passing in a conductor. 
On p. 422 we saw that in a plane wave, the magnetic intensity p 
is related fo the electric displacement D, the equation P=4-7tDv, 

or since D==4-, p~kRv, where jS and R are at right angles to 

each other and to the direction of propagation, ?; being the 


velocity whose value is 


1 

Vkfj, 


From Fig. 351 on p. 422 it will 


be seen that directions of R and v are related in the manner 
given by the left-hand law on p. 240. Now, the energy per unit 

volume is , due to the magnetic field, and — - due to the 
on on 


electrical field, and the sum of these two is— 


nP^+kR^_ • iv _pR 

8it Stt ^TTV* 

from above. 

Since the condition is travelling forwards with velocity r,energy 

B\\ SR 

is streaming past the point considered at the rate ^ 

4-7rV 47T 

units per second through each unit of area of cross-section of the 
wave at any instant. In all other cases of the transference of 
energy, as, for example, the flow of heat, the energy entering a 
given space may be measured by the amount passing through the 
boundary of the space. Prof. Poynting suggested that the above 
may be the expression of a very general law, the direction of the 
flow of energy being determined by the directions of the electrical 
and magnetic intensities, its value being proportional to their 
product. If the direction of one of the quantities /? or R be 
reversed, the direction of the flow of energy, that is, of the wave 
propagation, is reversed ; a conclusion which we shall arrive at 
independently on p. 440. 

The theorem may be applied to several important cases ;— 

(i) The steady current i in a wire is accomp)anied by a dissipa¬ 
tion of energy at the rate ie units per unit length of wire, where 
e is the fall of potential per unit length of the wire. In the air 
immediately surrounding the wire e is also the electric intensity. 

* J. H. Poynting, Pkil. Tran$. Roy. Soc., 176, p. 343. 1884. 

14* 
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Further, the magnetic intensity H is given by ~ , where r is the 

radius of the wire. Now e is directed along the wire, and H at 

eH 

right angles to it, and the quantity ^ therefore represents a 

flow of energj^ from the dielectric into the wire, paying regard 
to the left-hand law mentioned on the last page. Thus the rate 

eH 

at which energy enters unit length of the wire is —- xIttt ergs 

47r 

per second, where Inr is the area of surface of unit length of 
2i 

wire. And since H = 

r 

e 2t 

flow of energy into wire— - X Inr . =et ergs per second, 

477 r 


which is the rate of dissipation of energy in the form of heat in 
the wire. 

It is therefore reasonable to suppose that the energy from the 
source of supply does not travel along the wire, but through the 
dielectric, entering the wire through its lateral surface. It should 
be noted that if the direction of e be reversed, that of i and of 
H are both reversed, and the direction of propagation of energy 
is still from the dielectric into the wire. 

(ii) The slow discharge of a condenser affords another example 
of the application of the law. Let the wire ABC join the plates 

of the condenser (F'ig, 353), and 
for simplicity let the direction of 
the wire be everywhere parallel 
to the electrical intensity. As 
the current flows in the wire from 
A to B energy enters the wire 
as in case (i), to be there dis¬ 
sipated as heat. But the electric 
displacement in the dielectric 
itself is directed from the plate EA tow^ards FC, and the magnetic 
field is from front to back (see Fig. 351), wEich would indicate, 
according to the law, a flow of energy parallel to the plates of 
the condenser from EF to AC, and at a point such as P it is 
travelling in the direction of the arrow towards the wire. 

(iii) The current from a battery flows along the wire joining 
the poles ; but we have seen that this consists of the positive ends 
of the Faraday tubes travelling from the positive pole, and the 
negative ends from the negative pole, the two approaching each 
other along the conductor as the tubes contract. The function 
of the battery is to furnish a continuous supply of Faraday tubes, 
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and their mode of disapp)earance is similar to that in the case of 
the discharge of the condenser. The energy flows through the 
dielectric, the wire merely acting as a means of directing the 
motion of the ends of the tubes and converting their energy into 
heat. 

(iv) In the case of an electromagnetic wave whose direction of 

propagation is parallel to a conducting surface, as in Fig. 354, the 
dissipation of energy in the form of heat in the conductor is zero 
if the conductivity is infinite, the flow of energy being in the 
direction of propagation of the wave, none of it entering the 
conductor. But if the conductor has resistance, the motion of 
the ends of the Faraday tubes along it involves the expenditure 
of energy. That is, energy enters the conductor, and hence the 
electric intensity and the Faraday tubes must be inclined to the 
surface of the conductor where they meet it. Application of the 
left-hand law now indicates that the direction of inclination is as 
shown in the figure, and it 
should be noticed that the 
magnetic intensity is parallel 
to the conducting surface, but 
from back to front at A, where 
the electric intensity R is posi¬ 
tive, and from front to back 354 

at B, where R is negative. 

The resistance of the conductor has the effect of retarding the 
ends of the Faraday tubes, which are therefore dragged along 
by the rest of the tube in opposition to this retardation. 

(v) An alternating electromotive force causes energy to enter 
the conductor whatever the direction of the electromotive force, 
as we saw in example (i) ; but during the first half-period the 
electromotive force may have fallen to zero, if the oscillations 
are sufficiently rapid, before the energy, whose velocity of propa¬ 
gation in the conductor is much less than in air owing to the high 
dielectric constant, has penetrated far into the conductor. This 
happens at each half-oscillation, and explains the fact that the 
dissipation of energy is confined to the surface layers when the 
alternation is sufficiently rapid—a fact which is known as the 
** skin '' effect, and was described on p. 365. 

Pressure on Surface due to Incident Wave. —On meeting a plane 
surface normally, the wave may be transmitted, reflected or 
absorbed. In general all three processes occur, but in the case 
of total absorption we may deduce from the conception of the 
Faraday tubes, which exert a lateral pressure as well as a longi¬ 
tudinal pull, that the wave would exert a pressure upon the 
absorbent surface. A surface of this kind which absorbs all the 
radiation falling upon it, is called a perfectly black surface, and 





428 


ELECTROMAGNETIC RADIATION 


CHAP. 


whatever becomes of the radiation which is absorbed, it certainly 
ceases to be an electromagnetic wave. Thus, if the tubes of 
induction are destroyed as they meet the surface, we have upon 

one side of the surface a lateral pressure - -- due to the Faraday 

OTT 


tubes (p. 134), which is unbalanced by any tubes on the other 
side. The pressure is therefore exerted on the surface itself, and 
since the mean value of R- for a whole wave is the mean 


pressure exerted by the Faraday tubes is 


16 tt 


In a similar 


manner we have a pressure 




due to the magnetic intensity. 


But as on p. 424 ARq“=/xjS(,2 ^ so that the mean total pressure due 
to both sources is - - ® ^ and this is equal to the energy per 

OTT 077 

unit volume of the dielectric through which the wave passes. 

This result may be obtairu^d directly from the principle of the 
conservation of energy. Also, it was predicted by Maxwell as the 
result of his theory of electromagnetic radiation. He hirther 

pointed out, from the identity in magnitude of the velocity 

V 

of plane electromagnetic waves in empty space with that of light, 
that light consists of electromagnetic waves of very high 
frequenc}^ The actual existence of electromagnetic waves was 
not proved during Maxwell's lifetime, but in 1888 Hertz detected 
them in the neighbourhood of a circuit in which electrical 
oscillations were occurring. 

The existence of a pressure exerted by light falling upon a 
material surface was demonstrated and measured by Lebedef,^ 
who focused a beam of light upon a blackened platinum surface, 
delicately siispeiidcnl in a vessel having high vacuum. Care was 
taken to eliminate disturbances due to variation in temperature, 
and the result then indicated a pressure due to the incident beam, 
of the order of magnitude predicted by Maxwell. 

A similar measurement was made by Nichols and Hull,^ an 
exhaustive set of experiments being carried out. A torsion 
balance consisting of two polished silver discs suspended by a 
quartz fibre is situated in an enclosure in which the gas pressure 
can be varied. Light from an electric arc can be directed upon 
either disc, and the rotation observed, the intensity of the incident 
radiation being measured by means of the bolometer. The most 
important source of error is due to the “ radiometer " effect 
discovered by Crookes, which is of such frequent trouble in deter- 


^ P. Lebedef, Rapp. Congris Internat. d. Phys., T. 2, p. 133. 1900. 

2 E. F. Nichols and G. F. Hull, Proc, Amer. Acad,, 88, p. 559. 1903-. 
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INDEX OF REFRACTION OF LIGHT 

milling mechanical effects at low gas pressures. The side of the 
disc upon which the radiation falls, rises in temperature, and the 
increased velocity of the gas molecules as they rebound from this 
face results in an excess of pressure upon it, and this effect might 
be confus(^d with that due to the direct pressure of the radiation. 
The radiometer ” effect is slowly established, while the radiation 
pressure is instantaneous, and hence the ballistic observations 
only are used. The radiation pressure found is in close agreement 
with the calculated value. 

The following list of the results of the determination of the 
velocity of light affords further proof of the fact that light is an 
electromagnetic radiation, since the remarkable agreement of the 

mean value with that for the quantity / obtained by the 
methods described in the last chapter can hardly be accidental. 


Fizeau , 

Cornu . 
Foucault 
Michelson . 
Newcomb . 
Accepted value 


3T5()x 10*^ cm. per sec. 

3-004x1010 

2-980x1010 

2-998x 1010 

2-999 xlO’o 

2-99790 \ 10’ 


Index of Refraction of Light. —On the wave theory of light it 
follows that the index of refraction of light on passage from one 
medium to another (w) is given by. 


velocity of light in first medium 
velocity of light in second medium 


Since all transparent media have very nearly the same magnetic 
permeability, the velocity of a plane electromagnetic wave 

oc , , and hence if the dielectric constant of the first medium is 

Vk 

ki, and that of the second 7^2— 



If the light is passing from air or vacuum to the substance, 

k 

then the dielectric constant of the medium, taking that of 


a vacuum as unity, and we have, n=^Vk, or, 

By the method of discharging a condenser through a ballistic 
galvanometer, using the gas as dielectric, Klemencic i found the 


* I. Klemencic, Sitzungsber. Wien. Akad., 91 (2), p. 712. 1885. 
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following values of k ; the corresponding values of are given 
alongside of them for comparison :— 



k. 


Air. 

1 000586 

1*0005854 

Hydrogen . 

1 000264 

1 *0002774 

CO,. 

1*000984 

1*0009088 

CO. 

1*000694 

1*0006700 


The following values of k are chosen from various sources, and 
the corresponding values of placed with them :— 




k. 

Observer. 

•Vater .... 

1*78 

2*79 when 

A-1200 


CS, .... 

1-99 

2*64 

Drude, Zeit. Phys. Chem., 23. 1897 

Paraffin 

202 

2*14 

Thwing, Zeii. Phys. Chem., 14, 1894 

Sulphur 

4*47 

2*4 

J. J. Thomson, Pvoc. Roy. Soc., 46, 1889 

Glass (crown) 

2*38 

3*24 

Gordon, Phil. Trans., 170, 1879 

Glass (light flint) , 

2*53 

3*01 

. 


It will be noticed that in many cases the agreement between 
and k is good, but in others, particularly in the case of water, 
there is an apparent want of agreement. This is p)robably due 
to the fact that the effect of absorption has been neglected, and 
since this may modify the refractive index profoundly, the com¬ 
parison is only of value in cases where we are certain that absorp 
tion of the wave does not exist, as, for example, in the case of the 
gases. The agreement improves as shorter and shorter waves 
are taken. 

General Case of Wave Propagation. —A more general solution 
to the equations (hi) (p. 416) and (iv) (p. 418) may be obtained by 
differentiating (iii) with respect to t, and then eliminating P, Q 
and R by means of (iv). 

Thus from the first of equations (iii)— 

^ dt^ dydt dzdt 

Now, from the second and third of equations (iv)— 
id'^Q d^a d^y 
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But differentiating the second equation of (i) (p. 414) with 
respect to x, 

.dh ^0 

dx^^dxdy dxdz ’ 


and substituting we get, 

, d^a _ d^a d^a d^a 

'^dx^'^dy^'^dz ^* 


which is usually written, Similar equations may 

CLlr^ 

be obtained for P and y ; and further, by differentiating any one 
of equations (iv) with respect to t and making use of equations (iii), 

^ 2 p 

we find that A/x - - — with similar equations for Q and R. 
dt^ 

A solution of the type 

'P=zf^{lx -\~my -\-nz—vt) ++ wy -\-nz+vt) 

may be found for these equations, in which /, m and n are the 
direction cosines of the normal to the plane 

lx-\-my-\-nz^p, 


p being the length of the normal between the origin and the plane, 
and . Hence the possibility of the propagation of a plane 

kfi 

wave in any direction, with velocity v=-—=, which has the 

Vkfi 

value c= -—L rrr ui empty space (see p. 394). 

VkofiQ 

This general form is of great use in the theory of light, and for 
a further development of it the student is referred to works on 
optics. 

Oscillatory Discharge.—We have already seen that the equation 
for the electromotive forces occurring in a conductor which has 
capacity and inductance, leads to the conclusion that any change 
in the electrical condition of the conductor is accompanied by 
L R2 

oscillations when ^^>- 7 - (p. 337), and that the time of one com- 
0 4 


plete oscillation is 


2-77 

/Xl^ 

VLC 4L2 


(p. 338), which reduces to ZttVLC 


when R is small. We are now in a position to interpret this 
process in terms of the Faraday tubes and their motion in the 
surrounding dielectric. If the circuit consist of two conductors 
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A and B separated by a small air gap, and A have a negative 
and B a positive charge, the distribution of the electrical field 
will be somewhat as shown in Fig. 355 (i), the lines indicating 
Faraday tubes of induction, the tubes on one side only being 
drawn. On increasing the charges upon A and B, the difference 
of potential between them will rise until a certain limit is reached 
depending upon the length of the gap, the nature of the electrodes, 
and the pressure of the air. As soon as this limit is reached, the 
gap suddenly becomes conducting, and the negative ends of the 
tubes situated upon A move downwards, those upon B moving 
upwards, both constituting a positive electric current flowing 
upwards. 

If the tubes did not possess inertia they would all in turn 
collapse in the gap, those at the outside shrinking to fill the space 
previously occupit'd by those which have disappeared, and there 
would be no oscillation. But the Faraday tubes in motion are 



<i) (li) (iii> 


Fig. 355. 


accompanied by a magnetic field, and, as was shown by Sir 
J. J. Thomson (p. 422), the magnetic field at right angles to 
their length and to their direction of motion being given by 
H==47rDz; sin 6, where 6 is the angle between the tube and its 
direction of motion. 


Now, the magnetic field H is associated with an amount of 
energy equal to per unit volume, 

OTT 


that is, 


l&n^D^v^fx sin^ 0 
8tt 


ZiTfiD^v^ sin* 0 


and this is consequently the energy of the Faraday tubes due to 
their velocity v. By analogy with the expression for the 

kinetic energy of a moving body of mass m, we may imagine the 
tubes to be endowed wath mass 47 t/xD“ sin^ 9 per unit volume, and 
their momentum would therefore be sin* 0 when moving 

with velocity v at an angle 6 to their length. Thus the mass per 
unit volume is zero when moving in their own direction, for 9~0, 
and 47 tmD2 when moving at right angles to their length. 
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The conception of the Faraday tube has been developed for 
the purpose of explaining the attractions and repulsions between 
electrical cliarges, the tension along the tube tending to pull 
together the oj)posite charges at the ends, and the lateral pres¬ 
sures between contiguous tubes pushing like charges apart. 
These lateral pressures, however, can only exist when the neigh¬ 
bouring tubes have the same direction. To account completely 
for the phenomena, we must imagine that oppositely directed 
tubes attract each other and may even coalesce on meeting. 
Thus if two pairs of charges AB and CD be placed at a distance 
apart upon two conductors as in Fig. 356 (i), although a few 
Farada}^ tubes may exist between A and C, and B and D respec¬ 
tively, yet the greater number will exist betw’een A and B, and 
C and D. Let the charges A and C approach and neutralise each 


other, as will B and I). The process may be looked at from two 
p)oints of view. Either the few^ tubes betw^een A and C pull the 


charges together, shrinking 
in the process and event¬ 
ually disappearing, as also 
do those between B and iJ, 
in wEich case the tubes 



from A to B, and from D 
to C eventually coincide in 
position and have a zeio 
resultant; or w^e may con¬ 
sider that the tw^o sets of 



---B • *0 

Fig. 356. 


tubes, being oppositely 

directed, attract each other. When the approaching tubes meet 
they coahcsce and break up into tubes joining AC and BD 
respectively, as at e and / (Fig. 356 (ii)) ; these then shrink and 
eventually disapfK^ar. The result is the same on either supposi¬ 
tion ; the charges have met and neutralised each other, there 
having been no metallic connection at any time between the 


two conductors. 


If, however, the charges approach each other with the velocity 
of propagation of an electromagnetic wave, the slate of affairs is 
different. Each moving set of tubes has its accompanying 
magnetic field, and since the tubes are oppositely directed and 
their velocities are also opposite, their magnetic fields coincide 
in direction, being directed through the plane of the paper from 
front to back in lug. 356. The energy still exists in the form of 
the magnetic field even at the instant that the charges and 
Faraday tubes are neutralising each other. Thus each still has 
its owai momentum, and the tw^o will cross and then recede from 


each other with undiminished velocity. 

If two sets of Faraday tubes having the same direction are 
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approaching each other, their magnetic fields as the two waves 
approach will be opjx)sitely directed and give zero magnetic field 
at the instant of coincidence. But the electrical charges and 
displacements are in this case doubled at this instant owing to 
the coinciding of the two sets, and the energy in this case persists 
in the form of the electrical field. This gives rise to two equal 
waves which recede from each other with equal velocities, and 
we may to all intents and purposes say that the two waves have 
crossed each other and passed on, each unaffected by the other. 
Hence we may consider that when travelling, the Faraday tubes, 
having inertia on account of their accompanying magnetic fields, 
can cross each other, each passing on unaffected by the other. 

Returning to the consideration of Fig. 355, we see that when 
the gap becomes conducting, the lateral pressure on the tubes 
near the gap due to those lying outside, will cause them to travel 
inwards, the ends lying upon A travelling downwards, and those 
upon B upwards, but every part of the tube, since it arrives at 
the gap with velocity, and therefore momentum, will continue to 
travel onwards, and the ends will cross each other at the gap, 
the positive end will travel up A, and the negative end down 
B, the tube meanwhile spreading out on the other side of AB. 
The state of affairs when half the tubes have crossed the gap is 
shown in Fig. 355 (ii), and all the tubes there drawui are at this 
instant travelling from right to left. The process will continue 
until all the tubes have crossed. They will come to rest as in 
Fig. 355 (iii) when their momentum has been reduced to zero by 
the stresses in the tubes, which will now tend to drive them to 
the right. A is now positively charged and B negatively ; in 
fact, the current has flowed from B to A until this reversal has 
been effected. The current then ceases, and is ready to begin 
the reverse flow if the gap is still conducting. For the purpose 
of clearness only half the field has been drawn in the diagram, 
but it will readily be seen that the actual state of the field will 
be obtained by revolving the figure about AB. In (ii) the tubes 
which at the start were on opposite sides of AB are now half on 
each side, and the value of D, or the resultant number of tubes 
per unit area, is zero, since the tubes have reversed their direction 
on passing the gap. The resultant electrical charge and displace¬ 
ment at this instant are everywhere zero ; but it must be remem¬ 
bered that the two sets of tubes at any point have opposite 
velocities as well as directions, and therefore the magnetic fields 
corresponding to them are coincident in direction, and their 
resultant is obtained by adding the two together. They are 
therefore circles surrounding AB, and the energy of the charge 
is now in the form of the magnetic field. The direction of the 
magnetic field is that due to the current flowing upwards in AB. 
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As the current surges backwards and forwards between A and 
B the energy of the system alternates between the electrostatic 
and magnetic forms, and if the former be compared to potential 
energy the latter is kinetic, and the energy of the system, like 
that of a mechanical vibrating system, alternates between the 
static and the kinetic forms. 

The presence of the air gap is not essential to the above dis¬ 
cussion ; if positive and negative charges be simultaneously given 
to two ends of a conductor, or even if only one charge be given 
at a point of it, the redistribution of the charge will be accom¬ 
panied by surgings backwards and forwards, wLich wall be even¬ 
tually damped out on account of the resistance of the conductor 
itself to the passage of the current through it, and the energy of 
the vibration will gradually be dissipated in the form of heat in 
the conductor. 

Rapid Oscillations and Radiation. —Provided that the oscilla¬ 
tions are sufficiently slow, the energy is entirely transformed into 
heat in the conductor, none of it passing permanently into the 
surrounding dielectric, but with rapid oscillations this is no 
longer true. 

Starting with a shorter conductor, which will of course have 
less capacity and inductance, the lines on one side of it at the 



moment at which the gap begins to be conducting will be repre¬ 
sented by Fig. 357 (i). When the discharge begins, the ends of 
the tubes near the gap will cross; the tubes become reversed, 
exactly as in the previous case. A tube such as ABC (Fig. 357 (i)) 
will be reversed on reaching the gap, and will spread out upon 
the other side, on account of its own inertia and the pressure of 
the tubes behind it, whereas the ends L and N of a tube such as 
LMN will reach the gap before the equatorial part M, and will 
cross, as at K (Fig. 357 (ii)). A stage in the process will be 
reached when the branches LKM and NKM at the point of inter¬ 
section, are moving parallel to their own directions, and they 
have then no momentum to carry them past each other and 
coalescence occurs, the tube separating into a closed loop PM 
and a half loop LKN (iii) with ends upon the conductor, which 
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continues to grow, owing to the momentum of the parts of the 
tube at L and N. This part of the tube will cease to grow when 
its own tension and the pressure of the neighbouring tubes have 
exhausted its momentum. 

There will be some limiting tube EFG, such that those within 
it cross to the other side of the conductor, while those lying out¬ 
side it will form loops and will not pass the conductor. 

We are now in a position to understand the processes going on 
when radiation occurs. 

Starting with the Faraday tubes as shown in Fig. 358 (i), those 



to the right of AB at the start are drawn in full line, and those 
to the left dotted, A has a negative and B a positive charge at 
the moment at which the gap becomes conducting. In (ii) the 
first two tubes have crossed the gap and will afterwards continue 
to expand until the first half-oscillation is complete. At (iii) the 
ends of the third tube have met at the gap before the equatorial 
part reaches it, and the ends cross, forming a loop, as at (iv). 
At (v) the third line has broken into two parts forming the closed 
loop, and the fourth line is in the act of breaking. In (vi), (vii), 
and (viii) the process is continued, and the remaining tubes form 
closed loops. 

As each tube breaks, the tension in each part of it causes a pull 
which brings the closed part into the space between the two 
tubes which have crossed from the other side and the loop imme¬ 
diately inside it, and the remainder which has its ends upon the 
conductors is similarly pulled to the inside of the adjacent tube. 
Whether the tubes are supposed to cross each other, or whether 
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they reach their final state by frequent coalescences between 
neighbouring tubes with reseparation in their new form, is 
immaterial, as we saw on p. 433. 

The closed loops, immediately after their formation, are pushed 
outwards by the expanding tubes behind them, and when the 
condition represented in (viii) is reached, the loops are travelling 

outwards and will now continue to travel with the velocity 

In the next half-oscillation a second set of loops of reverse sign 
will be pushed outwards ; the whole set will, as they spread out¬ 
wards, become cylindrical sheets which on expanding, continually 
approximate to planes of electrical displacement normal to the 
line joining them to the middle of the oscillator. Those parts of 
the loops that travel away from the equatorial plane need not 
here concern us. 

Relative Phases of Electrical and Magnetic Fields. —We have 

already seen (p. 423) that in an electromagnetic wave, the 
magnetic field is in phase with the electric displacement, that is 
they both reach their maximum values and their zero values 
simultaneously. Thus at points such as b (Fig. 358 (viii)) the 
magnetic field and the electric displacement have their maximum 
values, at c they are both zero, and at d they again have maximum 
values, but of opposite sign to those at b. At the oscillator the 
magnetic field and the electrical displacement are 90® apart in 
phase ; that is, one has its maximum value when the other is zero, 
as we saw on p. 434. Hence between the oscillator and the 
point b one of them has been displaced 90® in phase relatively to 
the other. It will be seen that the phase of the electrical dis¬ 
placement is the same at b as at the oscillator, and therefore in 
calculating the phase of the electromagnetic wave at a distant 
point at any instant, the distance of the point from b must be 
used, and not the distance from the oscillator. This fact bears 
a remarkable analogy to the quarter wm^e-length discrepancy that 
occurs when calculating the phase of the light vibration due to a 
plane wave of light, at a point in advance of the wave-front. On 
splitting up the wave front into Fresnel's zones, it is found that 
the resultant effect of the wave is that due to half the first 
Fresnel's zone at the pole of the wave, but to get the correct 
phase, the w ave-front must be imagined to be displaced forward 
by a quarter of a wave-length. The analogy between this case and 
that of the electromagnetic oscillator was pointed out by 
Professor F. T, Trouton,* and he calculated from Hertz's equa¬ 
tions that the phases of the magnetic field and electric displace¬ 
ment at a distance from the oscillator are correct, if the distance 


» F. T. Trouton, Phil. Mag. (Ser. 5). 29, p. 268. 1890. 
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be measured from the point b and not from the oscillator, when 

the distance from the oscillator to h is A being the wave- 

4*4 

length of the disturbance at a distance from the oscillator. 

We may get some idea of the reason for this change in the 
relative phases of the field and displacement by drawing a curve 
for each, for the positions a, b, c, d in Fig. 358 (viii). At the 
oscillator the displacement has reached its negative maximum 
value, and is for an instant stationary, and from O to some point 
between a and b the Faraday tubes are on the point of beginning 
to return for the second half-oscillation, but at b they are moving 
outwards. At c there is zero, and at d the maximum positive 
displacement. The full-line curve D in Fig. 359 represents the 
distribution of displacement. The magnetic field is zero where 
the tubes are at rest ; but increases in value between a and b, 
reaching at 6 a maximum. At c it is zero, and at d again a 

maximum. Its distribution is 
represented by the full-line 
curve H. 

A quarter of a period later 
the condition is represented by 
the dotted curves D' and H' in 
Fig. 359. Near the oscillator 
there is a magnetic field due to 
the motion of the Faraday 
tubes towards it, while at b the field is zero. The maximum pre¬ 
viously at b has reached r, and is in phase with the displacement. 
The succeeding oscillations then produce a train of electro¬ 
magnetic waves of the ordinary type travelling outwards from b. 

Reflection of Plane Waves. —In the case of the oscillator, we 
have seen that some of the Faraday tubes of the surrounding 
field, instead of passing the conductor when they collapse upon 
it, are reflected. A similar reflection occurs when plane electro 
magnetic waves meet a conducting surface. For simplicity we 
will consider a plane electromagnetic wave of the type described 
on p. 420, falling normally upon a perfectly conducting surface. 

Let the equation of the electric intensity be 

R=Ro sin 277(1+,^). 

From p. 420 we see that this is a wave travelling towards the 
origin with velocity 

The magnetic field is then obtained from the relation 

dt dx 

(p. 418) ; i.e.— 
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^ —-V cos Ztt 


and, 


dt 


/xA 

TR, 


fiX 

= —jSo sin 27r 


(A+t)- 

(a+t) 


» sin 2^^- 

(x+f)- 


where /3o=-,Ro- 

jJLA 

The curves for R and jS are drawn in Fig. 360 for the instant 
T 

when /=-, and the wave is completely represented by the motion 
of the curves A and C from right to left with velocity 

Vkji 

If then YOZ be a perfectly conducting plane, the electric inten¬ 
sity in this plane must always be zero. lienee in the plane itself 



some electric intensity is brought into play which is equal and 
opposite to R at every instant, for otherwise there would be a 
resultant intensity differing from zero. The electric intensity at 
the plane is obtained by putting ;r=0 in the equation for R, whence 

R=Ro sin 277--, and this opposite intensity created in the con¬ 


ducting plane is therefore R==~-Ro sin 277-. 


A harmonic disturbance such as this gives rise to two sets of 
waves, one travelling to right and one to left from the point. 


The one to the left is R = —R^ sin 277 



and is in the 


direction of the incident wave, and by comparing the equations 
for the two, we see that the two waves entirely cancel each other 
out, and there is no effect beyond the conducting plane. This 
is just as we should expect, for a perfect conductor is opaque to 
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electromagnetic radiation. The other wave, travelling to the 
right, has the equation R = Ro ^^(a~t)' reduces to 

R=—Rq sin 277^, at the plane, and has the form of a wave 


travelling to the right. 

The instantaneous intensity R at the conducting plane wiU 
give rise to a current in it, whose accompanying magnetic field 
is jS, and is in the direction given by lug. 351. It must be 
remembered that in Figs. 350 and 360, Ihe direction of the axis 
OY is arbitrarily chosen, but whatever direction for the axis is 
chosen, the actual positive direction of the magnetic held must 
always be in accordance with that in Fig. 351. 

In a similar manner, the magnetic field /?, meeting the plane, 
gives rise to an electric intensity R in it. For a strip of unit 
width parallel to OZ will, for every unit length of the strip, be 
cut by magnetic induction at the rate fi^v units per second, and 
this is equal to the electromotive force in it. 


But, 


T 


R. 


Now, r, and E.M.F. 


/xA 


. t;/xR=R. 


Another way of looking at the process of reflection is to con¬ 
sider that as the Faraday tubes arrive at the conducting filane, 
their ends on reaching the plane travel together, and the tube 
becomes reversed on account of its inertia. The magnetic field 
is not reversed, so that by Poynlirig's llieorem (p. 425) the 
direction of propagation of energy is reversed ; that is, the wave 
now travels away from the plane. The reflected wave is repre- 

T 

sented at the instant t= by the curves C and B (Fig. 360), the 


curve C at the given instant being the same for both incident 
and reflected waves, for the accompanying magnetic field ^ to 

(x t 


the wave R=Ro sin Itt 


Ca-t) 

^=j3o sin 27r(*— 


as we have seen on p. 421— 


and is in phase with the magnetic field of the incident wave at 
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the plane, since here :x=:0. For ^his reflected wave which is 
travelling to the right, jS and R have the same sign, and it may 
be noticed that for the incident wave which is travelling to the 
left, /S and R have opposite signs ; this also gives us a means of 
determining the direction of propagation of the wave, and is in 
accordance with Poynting's theorem. It should be remembered 

T 

that Fig. 360 is drawn for the epoch 


If the conducting plane be divided into strips by a number of 
parallel non-conducting lines, the reflection of the wave is un¬ 
affected when these strips are parallel to the direction of R, since 
the conductivity in the direction of R is unchanged, but when at 
right angles to R, the wave as it meets the plane cannot produce 
any current. In fact, it is now non-conducting in the direction 
of the electromotive force, if the strips are sufficiently narrow, 
and reflection will not occur. We shall see later that Hertz used 
a metallic grating, and found that when the metallic strips are 
parallel to the electric displacement, reflection occurred, but not 
when they are at right angles to it; the waves in this case are 
transmitted. It will be seen that such a grating behaves towards 
an electromagnetic wave exactly as a NicoFs prism behaves 
towards light. Two such gratings may be used as polariser and 
analyser respectively. 

Stationary Oscillation. —We should expect, from analogy with 
the case of sound waves and waves in stretched strings, that the 
two waves, the incident and the reflected ones described above, 
would combine to produce a condition of steady oscillation. 

If we find the resultant electric intensity due to both incident 


wave R=Rq sin In j, and reflected wave R == Ro s 

R,=Ro|sin 27r(^+{)+sin 


we have— 



= 2 Ro sin 2ir- cos Ztt 

A 


t 

T 


This represents a state of steady oscillation in electrical 
condition, for at any given point, x is constant and the oscillation 

is harmonic of the type Rj—A cos and it will be seen that 

the phase is now independent of x. The amplitude A itself varies 

with X according to the equation A=2Rfl sin It is therefore 

zero at the reflecting surface, and reaches its maximum value. 
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2Ro, at a distance - from the surface. 

4 


The successive values of 


R during half an oscillation are indicated by curves 1, 2, 3, 4, S 
in Fig. 361 (i). 

The value of jS at any point is similarly obtained by adding the 
values for the incident and reflected waves— 




= 2^0 

A 


sin Itt. 


i 

T* 


This is also the equation of a stationary oscillation, whose amplh 
tude is 2pQ, where x^O, thnt is at the reflecting surface, and also 



at points 


A 

2 * 



etc., whereas it is zero at points 


X 3A 
4’ 4' 


SA 

4 


, etc. 


The curves in Fig. 361 (ii) indicate the variation in Pi 


during a half-oscillation ; but it must be remembered that the 
direction of Pi is at right angles to that of R^ ; the ordinates in 
the diagrams merely represent to scale the respective values of 
Pi, By comparing (i) and (ii) we see that for points where the 
fluctuation in R is a maximum, the fluctuation in p is zero, and 
vice versa. 

Parallel Wires. —On connecting one end of each of a pair of 
parallel wires to the terminals of a condenser in which an oscilla¬ 
tion in electrical condition is occurring (see p. 436), electro¬ 
magnetic waves are produced which travel down the wires. The 
waves are not in this case plane, the ends of the Faraday tubes 
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being confined to the wires in a manner similar to that for the 
parallel planes described on p. 422. Although the actual shape 
of the wave is not easily determined, the process of propagation 
is like that which we have been considering, and if the far ends 
of the wires are joined together, reflection will occur there. If 
the ends are not joined by a conductor, a discharge may occur 
with production of brushes or sparks, the effect being to produce 
a reflected wave, although in this case some of the energy of the 
wave is lost at the point of reflection. Sir Oliver Lodge ^ has 
shown, by means of two such parallel wires with their near ends 
connected respectively to the inner and outer coatings of a 
Leyden jar, that, taking the length of the wires when maximum 
spark occurs at the free ends to be half the wave-length of the 
electromagnetic oscillation, the velocity of propagation obtained 
by multiplying this wave-length by the frequency of oscillation 
of the jar as calculated from its dimensions, is about that of light¬ 
waves. 


The arrangement of parallel wires was afterwards improved by 
Lecher, and is described on p. 459. 

Velocity of Propagation. —The velocity of propagation of an 
electromagnetic disturbance has been directly determined by 
Blondlot,^ who used two pairs of cylindrical 
condensers in parallel, one pair being short ^ 
circuited by an air-gap, and the other dis¬ 
charging through the same air-gap, but the 
charge having to pass on the way through 
two long wires, PiX and QMD (Fig. 362). 

The insides of two glass cylinders are com¬ 
pletely covered with tinfoil, and on the 
outsides are two pairs of rings of tinfoil, AB 
and CD, These are joined by moistened 
threads of high resistance shown by dotted 
lines in the diagram. Wlien a spark passes 
at S, A and B immediately discharge, giving 
a spark between the points P and Q. C 
and D also give a spark, but the charges Pig. 262. 

have to pass through the long wires CLP 
and DMQ, each of length 1029 metres, the spark therefore 
occurring later than that due to A and B. The interval between 
the sparks is obtained by measuring the distances between their 
images upon a photographic plate, produced by a rotating con¬ 
cave mirror, and is the time taken for the electromagnetic wave 
to travel a distance of 1029 metres along the wire. In this way 
the velocity of propagation was found to be 2*96x10^0 cm. per 



» O. J. Lodge, Phil. Mag. (Ser. 5), 26. p. 217. 1888. 

2 R. Blondlot, Comptes R$nduSt 117, p. 543. 1893. 
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second, and a second set of experiments with wires 1821-4 metres 
long gave 2-98 X 10*^ cm. per second. 

Hertz’s Experiments. —The prediction by Lord Kelvin in 1853, 
from mathematical reasoning, that the discharge of a Leyden jar 
would under certain conditions be oscillatory (p. 338), was 
followed in 1857 by the demonstration of such oscillations by 
Fedderscn on examining the spark in a rotating mirror. In 1865 
Maxwell published his theory of electromagnetic radiation, but 
it was not until 1888 that Professor LI. Hertz ^ proved the 
existence of such radiations in the space surrounding a Leyden 
jar in which electrical oscillations were occurring. 

The variety of oscillators used for the production of electro¬ 
magnetic waves is very great, but one of the earliest forms, used 
by Hertz himself, consists of two square sheets of metal, having 



Fig. 363. 


sides 40 cm. in length, placed about 60 cm. apart, and having 
two gilt and highly polished balls 2 or 3 cm. apart and connected 
to the plates by light metallic rods (Fig. 363). The plates are 
connected to the terminals of an induction coil, and every time 
the difference of potential between the balls reaches a sufficient 
value to render the air in the gap conducting, an oscillatory dis¬ 
charge occurs, with radiation of electromagnetic waves. The 
balls must be kept highly polished, or the beginning of the 
discharge will not be sufficiently abrupt for the production of 
radiation. 

The period of oscillation (T) of this apparatus is about 1 -8 x 10“® 
second, and the velocity of propagation (c) being 3x 10^^ cm. per 
second, we see that the wave-length (A) given by A—d, is 5-4X 10^ 
cm., or 5-4 metres. 

In order to detect the radiation. Hertz employed a circle of 
wire 35 cm. in radius, with a gap at one point, and here sparks 

1 H. Hertz, Nature, 89, pp. 402, 450, 547 (1889); and Wied. Ann., 1, 1889. 
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occur when the radiation is falling upon the detector in a suitable 
manner. The detector itself has a proper period of its own for 
oscillation of charge between the knobs. If opposite charges are 
given to the two knobs of the detector, the Faraday tubes will 
contract, the two ends travelling round the circular conductor to 
meet each other. They will therefore, on account of their inertia, 
cross at the opposite end of a diameter to the gap, and then 
grow in the reverse direction until the charges on the ends have 
become completely reversed. If the period of oscillation for the 
detector is equal to that of the electromagnetic waves falling 
upon it, the Faraday tubes of the next half-wave will, on reaching 
the gap, cause the knobs to be oppositely charged ; or we may 
use the alternative explanation that the magnetic field at right 
angles to the gap, as it travels across it, will produce an electro¬ 
motive force between the knobs. Then the reversal of the charge 
is just completed at the instant when the next half-wave of 
radiation arrives, and this wiU assist the reversed charging of the 
knobs, and the next half-oscillation will be more violent than the 
last. Or, to borrow an expression from acoustics, the detector 
resounds to the waves, or resonance occurs. This type of 
detector is therefore called a resonator. 

In using a given detector, the position of the knobs is adjusted 
until maximum sparking between them occurs. The period of 
its proper oscillation is then the same as that of the incident wave. 

The orientation of the resonator is of importance, since the 
electromagnetic wave is polarised, that is, the electrical displace¬ 
ment is, for points in the equatorial plane, in one direction only 
—parallel to the gap of the oscillator. The gap of the resonator 
must be parallel to this direction, and thus the resonator will 
detect the oscillations when in positions (i) and (iii), but not 
when in position (ii). 

Refraction of Waves. —Using a reflector consisting of a metal 
sheet bent into a parabolic form with the oscillator in the focal 
line, the waves may be restricted to a comparatively narrow beam 
in which the wave front is plane. A similar reflector with 
resonator in its focal plane is used as a detector. The beams 
consist of polarised waves, as may be shown by placing the 
reflectors first with their focal lines parallel, and then with them 
at right angles. In the former case sparking of the resonator 
occurs, but not in the latter. With such an arrangement 
Professor Trout on repeated many of the ordinary optical experi¬ 
ments, using prisms of pitch or paraffin wax, and determining the 
index of refraction for these materials. Using a paraffin wall 
3 feet in thickness he showed ^ that reflection takes place for all 
angles of incidence, provided that the electric displacement in 
* F. T. Trouton, Nature, 38, p. 391. 1889. 
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the beam is perpendicular to the plane of incidence, but when the 
electric displacement is in this j)lane, there is some angle o^ 
incidence for whicli rellection does not occur. Hence the electric 
displacement is perpendic'ular to the plane of polarisation, 
according to its optical definition. 

Determination of Wave-Length by Stationary Oscillations.—By 
means of apparatus of the kind described on p. 444, Hertz 
demonstrated the existence of stationary oscillations of the type 
described on j). 442. The radiation was allowed to fall on a larg( 
plane sheet of zinc, at which rejection occurs, and tlie incident 
and rellectcd waves together form a steady vibration. It w^as 
found that as the resonator is moved outwards from the sheet, 
it goes through a series of maximum and minimum excitation, 


the maxima corresponding to points at distances 


A 3A 
4’ 4 


, etc., from 


the sheet, and the minima to ]X)ints 


A 

r 


A, 


3A 

2 ^ 


etc. (Fig. 361 (i)). 


In this way the wave-length of the emitted waves could be 
determined, and knowing the frequency of oscillation, the velocity 
of propagation was found. With a periodic time of about 
1*8 X 10~^ seconds, the minima are about 2*7 metres aj)art. This, 
being half the wave-length, gives a vidocity of propagation of 
about 3-0X 10^^ cm. per second. 

The interpretation of these experiments is not quite satis¬ 
factory. It was pointed out by Sarasin and l)e la Rive ^ that 
the distance between the nodes in Hertz’s experiments depends 
rather upon the time of natural oscillation of the detector than 
upon that of the oscillator. The oscillator being of the “ open ” 
type, the oscillations are highly damped, only a very few com¬ 
plete weaves being emitted at each discharge. Hence no inter¬ 
ference between the incident and retlected weaves could be 
expected ; but these waves serve to start oscillations in the 
detector, which, being of the '' closed ” type, will emit waves very 
slightly damped, and if the distance from the detector to the 
reflecting wall be an odd number of quarter w^ave-lengths the 
reflected w^ave will be in the right phase to reinforce the vibration. 
The distance between successive points of maximum disturbance 

or of minimum disturbance (nodes) will therefore be Wlien 

the detector is turned to the oscillator, the effect will be as 
found by Hertz. 

Various Oscillators. —Many other forms of oscillator have been 
used. Sir Oliver Lodge 2 tuned two Leyden jars to the same 


^ Sarasin and De la Rive, Comptes Eendus, 112, p. 658. 1891. 

» O. J. Lodge, Nature, 41, p. 368. 1890. 



XIII. SIGNALLING BY ELECTROMAGNETIC WAVES 447 


period of oscillation by altering the position of the slider S, which 
makes contact with the parallel wires connected respectively to 
the inner and outer coatings of the Leyden jar B (Fig. 364). 
When sparks occur between 
the knobs of the jar A the 
electromagnetic waves emitted 
set up surgings of the charge in 
B, which, since B is sliort-cir- 
euited by means of S, will 
grow until the alternating dif¬ 
ference of potential between 
the coatings is sufficient to 
cause minute sparks to occur 
at the short air gap C. 

Lodge 1 has also obtained oscillations in a single metallic sphere 
5 cm. in diameter ; they may, however, be much more easily 
obtained in the case of larger spheres. Minute sparks may be 
obtained from a similar sphere several yards away, on bringing a 
conductor into contact with it at the ends of a suitable diameter. 

Signalling by Electromagnetic Waves. —The work of Hertz and 
Lodge has been followed by a number of applications of the prin¬ 
ciples of electromagnetic waves to signalling, or, as it is commonly 
called, Wireless Telegraphy or Telejdiony. Amongst the gmeat 
number of the principal forms in which tlu^ waves have been 
employed, we shall only trace the history, the student being 
referred for a comprehensive treatment 
to the various works on this subject. 

By means of the induction coil, a 
series of discharges takes place between 
the knobs S (Fig. 365), and at each 
discharge, oscillations occur in the cir¬ 
cuit consisting of the condenser C and 
one winding of the transformer T. 

The other winding of the transformer 
is in series with the long ve^rtical con¬ 
ductor A, called the antenna or aerial, 
in which it produces an oscillating 
electromotive force. When the natural 
period of oscillation for the aerial is 
the same as that of the condenser cir¬ 
cuit, the amplitude of the oscillation 
in it will be very great. Hence the contact P is adjusted in 
position until the inductance in series with the aerial is such 
that the two circuits are in tune. The antenna A is then the 
seat of radiation of a type similar to that from a Hertzian 
1 Ibid., p. 462. 1890. 
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oscillator, but since its lower end is earthed, only the upper 
half of the wave of Fig. 358 is produced. A series of such waves 
IS given in Fig. 366. 

At the receiving station, the electromagnetic weaves meet a 
similar antenna, and electric surgings in them are set up. 



l-iG. 366. 

Radiation from an Aerial in the Form of a Wire connecting 
the Two Plates of a Condenser.- -The aerial of Fig. 366 is not the 
most elficient form of radiator, for tlie current at the top is 
obviously zero and increases to a maximum at the bottom. For 
this reason the practice is now adopted of placing a capacity at 
the top, in the form of a cross wire or network of cross wires. If 
A (Fig. 367) is such a capacity and the wire of vertical length h 
connects A and the earth B, the oscillatory current will flow 
betw'een A and B, and if the capacity of A is sufficiently great, 
the current will be constant throughout h. 

Let the current i consist of a movement of charge q per centi¬ 
metre with uniform velocity v, all measured in absolute electro- 

magnetic units. Thenf—t/zi. Let 
^ T E, ^ Cl) be an electric line of force, 

I > D which is also moving, at right 

B . . ■■■ i i . . . . ^ angles t o itself, with velocity v. At 

1 1 ^'- 367. any point at distance from h, 

let the electric intensity be E, 

then where f[x) is a geometrical factor connecting q and 

E, and involving amongst other things the shape and size of the 
aerial. 

Electric displacement D==--- (p. 128) 

47r 

^nk 477 

But the motion of the electric field is the magnetic field H (p. 422), 
whose value is given by— 

H=47t . D . v 
=qv/(x)=i/{x). 
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If X is great compared with h, 

(p. 48) 

•■•/W==“2- 

X* 

The deduction of the radiation which follows when the current 
changes is suggested by the treatment of the radiation of an 
accelerated charge by Sir J. J. Thomson.^ 

Let the current vary, that is, the charge q have an acceleration 
(a), positive or negative, for a very short time 8L In this short 
interval the velocity changes by amount 8v=a . 6/. The relative 
velocity of the line LM (Fig. 368) with respect to the old velocity 
is 8v, and in the interval of time 
t, large compared with 81, the q 
separation of the portions LM and 
NG occurring after the acceleration 
at CD is FL=NP=f.Si;. The [ 
pulse MN which changes the old 
line to the new, travels outwards Fig. 368. 

with the velocity of Ughtand at the bend there is a 

V^oMo 

component PN of the electric field, perpendicular to the direction 
of the line. The shape of the pulse MN is immaterial. Now 
the separation of the two positions of the line takes place in the 
time the pulse travels over the distance MP=c . 8/, 

• • MP c . 8/ 

and if MP represents the electric displacement D at distance x 
from the oscillator, 

477 

/. displacement NP=^-^ . 

c . 8/ 477 

Now, ^i;=LM=c/, the distance the pulse travels in time /, and 
8v 
Bt 

A displacement NP=^^^(a;). 

The displacement NP travelling with velocity c is equivalent 
to a magnetic field H=477(NP)c (p. 422), 

A 

1 J. J. Thomson, Phil. Mag.. 46. p. 172. 1898. 
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Again, the current in the aerial is i^qv, and in the case where 
this is oscillating, i=i(i sin pi, 

qv=:io sin pi, 

and q^ ~pH cos pi, 

at 

But 

cos pi 

c * 

Remembering that /(;r) = --, 

cos pt 
xc 

a result which is in accord with other methods of treatment. If 
time be reckoned from the moment at which the disturbance 
leaves the aerial, 

hi^p cos 277 

H=:- 

xc 



and the corresponding displacement may be found as on p. 422. 

It should be noted that the magnetic field is in the same 

x^ 

direction as the above, but does not correspond to radiation from 
the aerial because the corresponding electric displacement is 


radial, whereas the magnetic field 


hi^p cos 077^^ — -^ 


is radiated. 


owing to the fact that its corresponding electric displacement is 
paraUel to the aerial, and Poynting's theorem (p. 425) then 
indicates a radial velocity. 

Detection of Electromagnetic Radiation. —In order to detect 


the current produced in the receiving aerial, the coherer, the prin¬ 
ciple of which was discovered by Sir Oliver Lodge, was used in 
the early experiments. Lodge ^ found that when electrical 
oscillations occurred between two metallic surfaces in poor con¬ 
tact, the resistance of the contact at once fell to a very small 
amount, but was immediately restored to its original value by 
any mechanical disturbance, such as tapping. Branly used for 
the same purpose a tube containing metallic filings, and this was 
again improved by Marconi, who used a mixture of nickel and 
silver filings (95% nickel) in a small gap between two silver plugs 


» O. J. Lodge, Journal 19, p. 346. 1890. 



XIII. 


DETECTION OF WAVES 


451 


in an exhausted and sealed glass tube (Fig. 369). A battery in 
series with the coherer produces a 
resistance of the coherer drops, to 
close a relay which actuates a 
Morse inker for recording the 
signals. A tapper of the form used 
with an electric bell gives a slight 
blow to the coherer to restore it to 
its original high resistance. 

An arrangement of a receiving 
station is given in Fig. 370. By means of an inductance and 
sliding contact, P, the antenna circuit is tuned to resonance 
with the arriving electromagnetic waves, a and b are the primary 
and secondary coils of a transformer, and, the circuit C^a being 
tuned to the antenna, oscillations are set up which induce oscil¬ 
lations in the coherer, the drop in whose resistance enables the 
cell B to produce sufficient current to attract the armature of 
the relay R, and actuate the Morse recorder M. Owing to the 


sufficient current, when the 





Fig. 369. 



presence of the condenser C 2 , which bisects the secondary coil 
of the transformer, there is no appreciable steady current in 
the battery and relay circuit, except when the coherer S has 
its low resistance due to the arrival of the electromagnetic waves. 

Other methods have also been employed for the detection of 
electromagnetic radiations, amongst which we should note the 
employment of the heating effect in a fine wire, of the oscillatory 
current, the effect upon the hysteresis in iron and steel, and the 
oscillation valve. The triode valve displaced all the earlier 
forms of detector. 
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The Fleming Oscillation Valve (see p. 585) has also been used 
for detecting radiations. When the filament of the incandescent 
lamp (Fig. 371) is glowing, a current will only pass in the galvano- 



Fig. 371. 


meter circuit in such a direction that a 
negative charge flows from the filament to 
the plate P. Hence when the oscillatory 
current is brought in by the terminals A 
and B, it is unilateral in the galvanometer 
circuit, one-half of each oscillation being 
quenched by the lamp. A galvanometer 
deflection is then produced by the oscil¬ 
lations. The galvanometer may be re¬ 
placed by a telephone, in which case each 
train of oscillations produces a sound in 
the telephone. Marconi has modified the 


arrangement by placing the telephone in 
series with the secondary circuit of a transformer, the primary 
of which is in the valve circuit. For the three-electrode valve 


see p. 585. 

Crystal Detector.—A similar rectifying action is found in the 
case of certain crystals such as zincite, silicon, galena, carborun¬ 
dum, hertzite, etc. The crystal is fixed in a metal mount, and 
one of the sharp angles of the crystal bears against a metal plane, 
or a fine metal point bears upon the crystal. The conductivity 
of the contact depends upon the direction of the current. 

Propagation of Waves in Wires and Cables.—The inductance 


and capacity of a single wire, although very small, become of 
importance when the currents in it vary with great rapidity, as, 
for example, when high frequency oscillatory currents are flowing 
in them, or when they are carrying fairly rapidly alternating 
currents, as in the case of those used in telephony. 

Let L be the inductance per unit length of the cable, and R its 
resistance, then hdx and ^dx are the inductance and resistance of 


- dx — >. 



A B 

Fig. 372. 


length dx. If V is the potential at the mid-point of the element, 
then V —^ ~ is the potential at the end A of the section 

(Fig. 372) where the current enters, and V-f^ . ™ at B, where 

dx 2 
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the current leaves. It may be noted that if x is measured from 
left to right, that is, in the direction of the current, then, if the 


cable has resistance 


only 


' dx 


is an essentially negative quantity. 


dW 

The p.d. between A and B is then —^r- dx. If the mean current 

dx 

in the element is I, the equation on p. 307 becomes 


or. 


hdx^4-\-^xl = -^dx 
at dx 




dx 


(i) 


Again if the insulation of the cable leaks, the charge passing 
from the cable to the outer earthed sheath in time dt is VK.dx dt, 
where K is the conductance of the insulation from core to sheath 
for unit length of cable, and V is the mean positive potential of 

the section. K is sometimes called the leakance. If I—^ ^ 

dx 2 

is the current entering the section at A, and 1+^ ^ that leaving 

it at B, the excess of charge leaving the section over that entering 

in time di is dx dt. The two losses together will involve a 
dx 

drop in the potential of the section by the amount 

VK dx dt+‘^ dx dt 
dx 

where C is the capacity of unit length of the cable. In time dt 

dV 

this drop in potential may be represented ^ Thus, 


VK dx dt+~ dx dt 
dx 


k. 


Qdx 


= -^dt 


dt 

dl 




(ii) 


Equations (i) and (ii) determine the current and potential and 
their variations at all points of the cable. 

The case of most importance is that in which V and I vary 
harmonically, so that V=Vo cos pt is the real part of and 

I=Io cos {pt+d) is the real part of Nc^*. The periodicity is the 
same for both, but the phases of V and I are not necessarily the 
same because M and N may be complex quantities (p. 378). 
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Equations (i) and (ii) may now be written 

hi (Ne«‘) +RN£^'^=- ^ (Mejf) 
at ax 

at ax 

or, ^ (M£^J’‘) =—(;'L/>+R)Ne^J’' 

Qf% 

^(Ne<P') = -(;C^+K)M€^J’» . . 


(iii) 

(iv) 


Differentiating (iii) with respect to x and substituting from (iv), 
we get— 

^^^(Meii-*) = _(;T^+R)^^(N£*>‘) 

=(;X^+R) (;'C/>+K)M«*^ 

or, ?o(Me^‘'’‘) =P2(M£^»^) 

ax^ 

where is written for (jLp+R){jCp+K), 

This equation determines the manner in which the quantity 
varies with the distance of the point considered from the 
end of the cable. 

A solution may be found as on p. 23 in the form 
On differentiating twice and substituting 

and a=d:;P 

The most general form of the solution is therefore 

Similarly on differentiating (iv) and substituting from (iii) 

where A, B, Aj and Bj are arbitrary constants. Suppose that 
the values of V and I at the origin of the cable are the real parts 
of and N€^^ Then A and Aj must both be zero, or the 
potential and current would become infinite at a great distance 
from the origin. But from the dissipation of charge and energy 
it follows that they must die away in travelling along the cable. 

Thus, B==M€^, and, Bi-Nc^ 

and, N€^=N€“^*€^, 
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The quantity P, or V {fLp +R) {jCp+K ), is itself complex, and 
may be written in the form a-\-jb. 

Whence, 

or, .(v) 

.(vi) 

Now V and I are the real parts of and They are 

therefore given by the equations, 

V=V^> cos cos {pt — bx) . . (vii) 

and, I=fo cos {pt-\-(f))=l€~*^ cos {pt—bx-\~p) (viii) 

where V and I are the amplitudes at the origin and p is their 
difference of phase, unknown at the moment. 

We therefore see that their amplitudes Vq and Iq at any point 
are Ve*"®* and and their phases are bx behind those at the 

277 

origin. Hence, points for which x differs by the amount y are 

2rr 

in the same phase at the same time, and may be looked upon 

as the wave-length of the disturbance. _ 

Further, we see that the amplitude Vc-®^ diminishes exponen¬ 
tially as we pass away from the origin. 

277 ‘b 

Again, the wave-length being ---, and the frequency w, 4- 

b Ztt 

(p. 342). 

velocity =wave length x frequency 

=J 

b’ 

The values of V are drawn in Fig. 373, for the instant at which 



that at the origin is V. As each point goes through a harmonifc 
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change in the value of V, the points of zero value will now travel 

to the right with velocity This is the rate at which any given 

phase of the disturbance travels along the cable. 

The relation between N and M may be obtained from equation 

d 


for. 


dx 




But from equation (iii)— 
d 


dx 


(M =— (fLp +R) N 


N= 


^ Me 


jLp+R 




or, 

and since. 

Now, 

where, 

and, 

where, 

and. 


p 

j?L/>+R 

P:^V( ;L>Ti W<¥+K). 


VjLp+R 
jCp +K=\/C^+K2 e^^i 


(see p. 377) 


tan ^1 


J^P 

K’ 


jhp +R=\/L2^2+R2€^^*, 
■R ' 


tan 0, 


jCp+K_/a p^+Ky ^,e,-e.y 


"jLp+R \L2^2+RV 


\L2^2 + R2/ 


The current amplitude is therefore \ and leads 


the potential, in phase, by the angle (f> — 


\L2/)2 + R2j 

0i — 02 


This is positive 


if the capacity effect predominates and negative if the inductance 
effect predominates. Thus, from equation (viii) the current leads 
the potential if p is positive, and lags behind it if p is negative. 

The dotted curve in Fig. 373 indicates the current at every 
point of the cable. Its equation is— 
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The quantity a is called the attenuation factor, since it deter* 
mines the rate of decay of the amplitude of the oscillation as we 
pass along the cable ; while b is called the wave-length factor, 


2tt 

since — is the distance between points at which the phase at 
b 

any instant is the same. 

To determine a and b in terms of the constants of the conductor, 
we must remember that 


P==\/jLp-\-RVjCp-{-K==a-{-jb, 

Squaring and multiplying out, we have— 

—LC/>2 KR -\-j (KLj^+RC/>) —a^ — b^-\-2jab, 
a^^b^ =KR~LC/>2, 

and, 2ah =^(KL+RC) (see p. 377). 


Substituting in the first, the value of b found from the second, 
we have— 


, J>2(KL+RC)2 
4a2 


=KR-~LC^^ 


a quadratic in a^, the roots of which are given by 

2^2 =± VWpH^W^T^^) + (KR -LC P^) . 

Since a^ must be positive, a being a real quantity, the positive 
sign is taken. Similarly we may solve for 6. 

Then— 

2a2=V'(L^24rR2)(C2^2_pK2) +(KR~LC^2) ^ . (ix) 
262=V(X2^2+R2) (C 2 /~q:K 2 ) -(KR-LC/> 2 ) . . (x) 

The problem of the propagation of electrical currents in cables 
was first solved by Lord Kelvin,* but the inductance and leakance 
were there left out of account. The matter was rectified by 
Oliver Heaviside, who obtained the equations (i) and (ii). 

When L and K are omitted. 


2 fl 2 =.RC/>= 262 , 

A from (vii) and (viii), V=V€ * cos 


cos 


Hm- 

Hm 


and, I=Ie 

\ 

The velocity of propagation is in this case 
attenuation constant 


and the 


* Sir W. Thomson, Mathematical and Physical Papers, vol. 2. 

15 * 
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Telephone Circuits.—The frequencies of oscillation used in 
telephony are limited by the range of the human voice. Thus 
several hundred per second is the order of frequency of most 
importance. If, in transmitting a complex wave such as that 
produced by the human voice, the simple waves into which it 
may be resolved are not all transmitted with the same attenua¬ 
tion, the quality of the wave received at the end of the cable will 
differ from that transmitted. Since the attenuation depends upon 
the frequency, the distortion produced may have a more dis¬ 
turbing effect than the actual dying away with distance of the 
amplitude of the wave. 

In the case of submarine and underground cables, where the 
conducting wire is surrounded by a conducting sheet, and 
separated from it by some insulating material, the capacity is 
relatively great and the inductance small. 

Then, 2^2=R VC^p^+K ^+(KR - LC/>2). 


In this case it is an advantage to increase K, the leakage from 
the cable, for this will make the attenuation constant less depen- 

dent upon the frequency --. A reduction in R will in all cases 

Ztt 


reduce the attenuation factor. Hence the advantage of making 
the cables to have as low a resistance as possible. We may con¬ 
sider the attenuation to be the result of the loss in energy of the 
wave on account of the ohmic resistance of the conductor in 
which the current is flowing. 

It has been suggested by O. Heaviside that a distortionless 
cable might be constructed by increasing to a suitable extent the 
amount of leakance, 

R K 

Amongst other suggestions we find that of making = in 
which case equation (ix) becomes 


and (x) becomes 
and. 


_CR2_LKg 
L C 


=KR, 


lb^=LC.2p\ 

b=pVIZ. 


In this case the attenuation factor is constant, and the velocity 
1 

r is —r=^. The waves in this case are transmitted without dis- 

b VLC 

tortion. 

In cables, R and C are the most important terms, and it is 
therefore necessary to increase L and K. The latter is easy, for 
it is only necessary to diminish the insulation. To increase L, 
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the method of adding inductances at intervals by introducing a 
number of turns surrounding an iron core is commonly adopted, 
and E. Soleri ^ and M. Miniotti ^ have suggested the use of a 
strand of iron wire in the cable, the high permeability of which 
produces the desired increase in inductance. 

High Frequency Circuits.—When the frequency of oscillation in 
a circuit is of the order occurring in the case of Hertz s oscillators, 
the quantities and C2/)2 are so great in comparison with R2 
and K2, that the latter may be neglected. The equations to the 
waves of potential and current are then very much simplified, 
for equations (ix) and (x) become 

2fl2=KR 

and, 2b^==2LCp^ 

since in the equation for 6, KR may be neglected in comparison 
with 2 LC^ 2 ^ Then from (vii) and (viii), 

V=Ve cos (pt-VlZpx), 

and, 1—le * cos {pi —VLC/’^a;), 

from which we see that the velocity of propagation is now — T ., 

V 

that is, it is the inverse of the oscillation constant (VLC) of the 
cable. 

Lecher’s Wires. —^The method of employing the steady oscilla¬ 
tions set up in a wire to find the velocity of propagation was first 
used by Sir Oliver Lodge (p. 443), who succeeded in showing that 



Fig. 374. 


the velocity of propagation of the wave is equal to that of light. 
This method was also used by Hertz and afterwards modified by 
Sarasin and de la Rive, while E. Lecher 3 gave it the form shown 
in Fig. 374. 

One coat of the condenser Ci is connected to the wire AX, and 
one coat of C 2 to BY, the remaining coats being connected to 
the spark balls and to the induction coil. The variations of 

* E. Soleri, Atti dell’ Assoc. Elettr. Ital., 12. p. 181. 1908. 

• M. Miniotti. Atti dell' Assoc. Elettr. Ital., 12, p. 193. 1908. 

> E. Lecher, Wied. Ann., 41. p. 850. 1890. 
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potential at start waves which travel down AX, and those at 
C 2 start similar waves in opposite phase down BY. It should be 
noted that in this case the wires are electrostatically coupled to 
the oscillator, in distinction to the magnetic or transformer 
coupling more frequently employed. There will consequently be 
a point of maximum variation of potential at each end of the 
wires, which therefore behave in an analogous manner to the 
open organ-pii)e in the acoustical problem. Remembering that 

the wave along AX starts in 
opposite phase to that along 
X BY, we may represent the 
fundamental steady vibration 
Y by the full-line curves in Fig. 
375, and we see that nodes are 
Fig. 375. situated at C and D. The first 

harmonic is given by the dotted 
curves, the nodes occurring at EF and GH. The nodes are found 
by placing a vacuum tube across the wires ; this glows most 
brightly at the antinodes and ceases to glow at the nodes. A 
neon tube is most eflective. If the conducting bridge PQ be 
placed across the wires, the variations in potential between X 
and Y will be a maximum when the bridge is situated at one 
of the nodes, in which case the wires may be looked upon as two 
circuits XPQY and C 1 APQBC 2 , having a common part PQ (Fig. 
374). 

Wave-length or Frequency Meters. —There are now many 
forms of apparatus for measuring the frequency of oscillations or 
the wave-length of electric waves. The general principle is that 
a variable calibrated condenser is in series with a coil which 
serves as inductance and at the same time serves as a coupling 
with the circuit in which the oscillations occur. When the 
natural frequency of the meter is the same as that of the oscilla¬ 
tions under investigation maximum resonance occurs. In order 
to detect the oscillations in the wavemeter a thermomilliammeter 
(p. 221) in its circuit may be employed, or a sensitive discharge 
tube of helium or neon may be connected across the condenser, 
as above. 

Determination of Dielectric Constant by Oscillations.—The 

natural period of oscillation of a circuit, since it depends upon 
the capacity in the circuit, affords a means of determining the 
latter when the period of oscillation can be found. Sir J. J. 
Thomson ^ employed a parallel plate condenser, A (Fig. 376), 
near the plates of which are two fiat conductors, E and F, to 
which the parallel wires EG and FH are connected. At each 
spark discharge at S, oscillations occur, and the periodic difference 
‘ J. J. Thomson, PhU, Mag,, 80, p. 129. 1890. 
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of potential between E and F originates waves which travel down 
EG and FH. One of the spark knobs at S' is connected to the 
wire EG at L, and the other to a movable contact M such that 
no spark occurs at S'. Then M is always in the same phase as L. 
Similarly, a neighbouring point N is found for the same condition 



to be fulfilled. The distance MN is therefore one wave-length, 
since the phases at M and N are always the same. 

The space between the plates A is now filled with the dielectric 
to be examined, and a new length M'N' found, to correspond to 
the new wave-length A'. Since the velocity of propagation of 
the wave in the wires is constant, 

nX^n'X —c. 


But, 


n = —, and, n' —-, 

lirVLC iWlc 



and since C| =/eC, 


A^ 1 

A' \/ k* 


where k is the dielectric constant to be found. If the capacity 
Cj of the rest of the circuit is also to be taken into account, 

A' V kC+Ci 

Also, using parallel wires, Lecher ^ found the length of the wires, 
which, together with the condenser, form a circuit which is in 



Fig, 377. 


tune with a given source of oscillations. When the tube A 
containing a rarefied gas is laid across the Lecher wire it glows, 
unless the conducting bridge is laid upon the wires. It then 
ceases to glow, but for one particular distance, BC, the wires and 
» E. Lecher, Wted. Ann., 42, p. 142. 1891. 
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condenser form a circuit which resounds '' to the given oscilla¬ 
tions and A again glows. The plates of the condenser C are 
adjustable, and on introducing the dielectric between them, A 
ceases to glow, but the plates are pushed together through a 
known distance until the initial value of the capacity is restored, 
as will be indicated by A again glowing. The dielectric constant 
of the medium may then be calculated as on p. 165. 

The Heaviside and the Appleton Layers. —A problem in wireless 
telegraphy presented itself at an early date. It is the difficulty 
of seeing why electromagnetic waves should follow the curved 
surface of the earth. That the lower ends of the lines of force 
are anchored to the earth (p. 427) is a partial explanation. But 
it is not sufficient because there would still be attenuation in the 
upward direction. It was suggested by Heaviside that there is 
a conducting region in the atmosphere and that the waves are 
confined to the space between this region and the ground, very 
much as they are between Lecher wires (p. 459). Or the waves 
may be reflected one or more times from such a layer and so 
travel round the earth like the sound waves in a whispering 
galley. By observing reflections of impulses directed obliquely 
upwards, Appleton and others have shown clearly the existence 
of such a conducting region, the ionosphere, within which there are 
layers of maximum ionisation at different heights, of the order 
80 to 300 km. I'he first layer discovered was named the Heaviside 
layer ; there is also an Appleton layer, I'he heights of these layers 
and the intensities of the reflections have a marked diurnal varia¬ 
tion, which points to their origin in electrons liberated by ultra¬ 
violet radiation (p. 473) from the sun. In corroboration of this, 
polarisation of the reflected waves can be explained in terms of the 
effect of the earth's magnetic field on the motion of the electrons. 

Applications. —The uses of electromagnetic radiation in com¬ 
munication (wireless telegraphy and telephony) and in broad¬ 
casting (radio) are too widely known to require emphasis. The 
reflection of pulses of short-wave radiations from objects, such as 
aircraft, is the basis of radio-location or radar, invented in Great 
Britain originally for defence purposes. It is used eilso for navi¬ 
gational purposes and it is used to detect meteor streams, even in 
daylight, by means of the intensely ionised wake left by a meteor 
traversing the upper atmosphere. 
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CONDUCTION IN GASES 

Spark Discharge. —The passage of an electric current across an 
air gap between two metallic conductors has been mentioned 
several times. At the atmospheric pressure, the difference of 
potential between the conductors required to start the current is 
quite different to that required to maintain it, and depends upon 
the shape of the electrodes employed. A spark point facilitates 
the discharge, as we should expect from the fact that the poten¬ 
tial gradient in the neighbourhood is usually very great (p. 135). 
It is therefore necessary, when making measurements of sparking 
potential, to use for electrodes, polished spheres of diameter 
which is considerable in relation to the length of the spark-gap. 
The low resistance of the gap found in the experiments on oscilla¬ 
tions bears no relation to the potential difference required 
to start the discharge, for when the current has passed for a 
short time, the gap is occupied by a quantity of highly conducting 
material derived partly from the gas and partly from the metallic 
electrodes. 

It is therefore evident that Ohm’s law is not applicable to the 
discharge ; we must leave until later an examination of the 
relation between electromotive force and current. 

The difference of potential between the electrodes required to 
start the discharge, and known as the spark potential, is inde¬ 
pendent of the metal of which the electrodes are made, except in 
the case of aluminium and mag¬ 
nesium, which metals have, under 
similar conditions, a less spark 
potential than the others, and for 
moderately great spark lengths the 
equation represents fairly 

well the relation between spark 
potential V and spark length^. For 
the measurement of d, some form 
of spinterometer (Fig. 378) is em¬ 
ployed, in which one of the knobs is made to travel by means 
of a micrometer screw. The potential difference is measured by 
means of an electrostatic voltmeter. The apparatus requires 
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modification when the spark potential in a gas other than air is 
required. 

As the spark becomes very short, the spark potential again 
increases, and has therefore a minimum, which occurs at some 
particular spark length whose value varies inversely as the gas 
pressure. At the atmospheric pressure this critical spark length 
is about 001 millimetre, and is therefore difficult to measure; 
but by lowering the pressure to about a millimetre of mercury, 
the critical spark length becomes of the order of 8 mm., and may 
then be easily measured. The curve in Fig. 379 indicates roughly 
the relation between V and d for very short gaps. The fact of 
the existence of the critical spark length may be shown by 
bringing the spark knobs together until their nearest points are 
at less than the critical distance apart. The spark will not then 
take place between the nearest points, but will move to a place 
where the distance apart of the spherical surfaces is the critical 
distance. 

As the pressure is varied, the spark potential at first falls and 
then rises, a minimum occurring at some pressure called the 



Fig. 379, Fig. 380. 

critical pressure. The mode of variation of potential difference 
and pressure for a moderate spark length of 3 mm. is shown in 
Fig. 380. 

Paschen’s Law.^ —^According to Paschen, the spark potential 
is proportional to the amount of gas between the knobs, that is, 
to the product of spark length and gas pressure. His measure¬ 
ments were all made at pressures above the critical pressure. 
Carr 2 has shown that the law holds good also at pressures below 
the critical pressure. Hence, if the relation between spark 
potential and pressure be known for one spark length, it may be 
calculated for all others. 

Discharge at Low Pressure. —^The measurements concerning 
the electric spark which are described above, do not involve 

‘ F. Paschen, Wied. Ann., 87, p. 69. 1889. 

* W. R. Carr. Proc. JRoy. Soc., 71, p. 374. 1903. 
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any detailed knowledge of the processes going on, and we should 
probably still be in ignorance as to their nature if it were not for 
the Sprengel air-pump, the first to allow the attainment of very 
low pressures in glass bulbs. For very low pressures the mercury 
molecular pump is now used, and charcoal cooled by liquid air 
is used for absorbing most of the residual gases. 

If the discharge between two conductors is maintained by 
means of a source of suhiciently high electromotive force, while 
the air pressure is continually reduced, the crackling nature of 
the discharge will after a time cease, and the path broadens out, 
giving a silent streamer whose colour varies with the gas employed, 
but generally changing from the white of the discharge at atmo¬ 
spheric pressure. At this stage a difference between the two ends 
of the discharge is noticeable, a discontinuity near the catliode 
being observable. The diherence between the two ends becomes 
more accentuated as the pressure is further decreased, and the 
main part of the discharge wall soon be seen to become stratified, 
and consist of layers of luminosity, separated by dark spaces. 
At a pressure of about OTl mm. of mercury, the discharge in 
hydrogen has the typical form shown in Fig. 381 (i), after De La 
Rue and Miilier,! but the actual appearance of it cannot be 
described ; it must be seen to be ajipreciated. 

The discontinuity already observed near the cathode has in¬ 
creased considerably in size, and is called the Faraday dark 
space. Between it and the cathode is a luminous space called 
the negative glow, and betw^een this and the cathode may now 
be seen a sharply defined dark space called the Crookes or cathode 
dark space. I'he positive column consisting of the striations 
extends from the Faraday dark space up to the anode. 

On further reduction of the pressure, the scale of the pheno¬ 
menon is enlarged, the growth taking place from the cathode, 
the positive column getting shorter and shorter and eventually 
disappearing as the Crookes dark space and the cathode glow 
expand. Fig. 381 (iv), shows the condition of the tube when 
there are still eight striations remaining, the p- essure being then 
reduced to 0*037 mm. The phenomena at the cathode appear to 
be essential to the discharge, the positive column being accessory. 
At high pressures the separate parts of the discharge are so minute 
that their structure cannot be observed, but as the pressure is 
reduced, the mean free path of the molecules of the gas is larger, 
and the phenomenon of the discharge occurs on a larger and 
larger scale. 

The boundary of the Crookes dark space is always luminous. 
When the boundary lies within the gas, we get there the cathode 
glow, but on reducing the pressure until the Crookes dark space 
1 W. De La Rue and H. W. Muller, Phil. Trans., 169. p. 155. 1878. 
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extends to the glass walls of the tube a bright phosphorescence 
is seen, the colour of which depends upon the nature of the glass 
of which the tube is made. It is a bright yellow-green in the 
case of soda glass, and a grey-blue for lead glass. Many minerals 
exhibit brilliant phosphorescence of various colours, when 
situated in this dark space. 

The whole of the time that the pressure has been falling, the 
resistance of the tube has been decreasing. The fall of potential 
required to produce the discharge gets less and less, until the 
Crookes dark space reaches the walls of the tube ; but an increase 
in the discharge potential then begins, and at the highest vacuum 
attainable it is almost impossible to get a discharge through the 
tube. 

Cathode Rays.—The phenomena occurring in the cathode dark 
space appear to be produced by something emitted by the cathode 
and travelling with great velocity, to which the name of cathode 
rays has been given ; they were investigated systematically by 
Sir William Crookes. We 
will here note, in addition 
to their power of exciting 
phosphorescence, some im¬ 
portant properties. 

(i) The cathode rays travel 
in straight lines ; which fact 
may be observed by placing 
an obstacle in their path. 

Crookes placed a mica vane 
in the shape of a cross in the 
tube (Fig. 382), which will 
produce a dark shadow of its own shape upon the wall of the 
tube. By shaking down the cross after the phosphorescence has 
been produced for some time, the shape will still be seen, but it 
is now brighter than the surrounding parts of the glass, showing 
that after a time the glass surrounding the shadow has become 
“ fatigued by exhibiting the phosphorescence. 

(ii) A body placed in the path of the rays experiences a 
mechanical force acting in a direction away from the cathode. If 
the rays impinge upon the upper face of the little mica mill 
wheel (Fig. 383), which is mounted upon an axle running upon 
horizontal rails, the wheel is rotated and may be driven from one 
end of the rails to the other. Sir J. J. Thomson has shown that 
the effect is not a purely mechanical one, the momentum of the 
rays being insufficient to produce the observed effect, but is 
probably due to the heating of the side of the mica upon which 
they impinge, the phenomenon being similar to that in the 
Crookes radiometer. 



Fio. 382. 
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(iii) The rays produce heat when falling upon matter. If the 
cathode be concave in form, the rays being emitted normally 

from it are brought to a 
focus, and a thin piece of 
platinum or other sub¬ 
stance may be raised to 
incandescence if situated 
at this point. 

(iv) Cathode rays are 
deflected by a magnetic 
Fig. 383. field exactly as an electric 

current would be ; that is, 
they are moved in a direction at right angles to their own path 
and to the magnetic field. This effect may be exhibited by using 
a tube such as that shown in Fig. 386, where the beam of 
cathode rays may be deflected up or down by means of a 
magnetic field, the motion being observed by watching the 
position of the phosphorescent patch where the rays fall on the 
wall of the tube. On bringing the pole of a bar magnet near the 
tube, the beam becomes curved upwards or downwards according 
to the sign of the pole employed. The direction of deflection is 
such that it may be determined by the left-hand rule given on 
p. 240, tf the sign of the curre^tt from the cathode be taken as 
negative. 

(v) The rays are accompanied by a negative charge, Perrin ^ 
allowed the beam of cathode rays (Fig. 384) to pass into a hollow 

metallic cup. A, con¬ 
nected with an electro¬ 
meter or electroscope. 
The instrument rapidly 
receives a negative 
384. charge ; but a limit is 

soon reached owing to 
the gas in the discharge tube becoming conducting. If the sheath 
B be the cathode, and D the anode, A then acquires a positive 
charge, showing that positively charged bodies are moving in the 
opposite direction to the cathode rays. This point will be dealt 
with later. 

The above effects are explicable on the assumption that the 
cathode rays are streams of electrically charged particles, which 
acquire a very high velocity in the electric field maintaining the 
discharge. These bodies were called negative corpuscles by Sir 
J. J. Thomson, and subsequent investigation has shown that they 
are of very wide occurrence. 

Wehnelt Cathode. —By substituting for the platinum electrode, 

* J. Perrin, Comptes Rendus, 121. p. 1130. 1895. 
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lime or one ol the alkaline earths at high temperature, Wehnelt * 
showed that copious cathode rays can be obtained by means of 
comparatively low voltages. The lime or other oxide which is to 
form the cathode is placed upon a strip of platinum which is 
heated by means of an auxiliary current. Negative corpuscles 
are emitted by the oxide, which render it possible to send currents 
of OT ampere through the tube with a p.d. of 100 volts. The 
corpuscles emitted have, on this account, comparatively low 
velocities of the order of 10® cm. per sec. (compare p. 472). 

Rbntgen or X-Rays.—It was observed by Rontgen that a fluor¬ 
escent substance, situated near a discharge tube of high vacuum, 
exhibited luminescence as though exposed to ordinary light. 
Investigation showed that the emission which produced this effect 
proceeded from the walls of the vacuum tube upon which the 
cathode rays fell. Owing to their unknown nature Rontgen 
called them “ X '' rays. The name Rontgen rays has also been 
given to them. 

For exhibiting luminescence, a sheet of cardboard covered with 
a layer of barium platino-cyanide forms a convenient arrange¬ 
ment. This renders the presence of the rays obvious. In addi¬ 
tion to exciting luminescence in many substances, notably, the 
platino-cyanides, the Rcintgen rays affect a photographic plate. 

An important characteristic of the Rontgen rays is their 
penetrability for ordinary matter. The absorption of the rays 
by matter is dependent upon the density of the body upon which 
they fall, and hence the well-known application of the rays for 
producing shadows of the bones in the human frame, the flesh 
and portions of less density being the more transparent for them. 

The rays produced in different vacuum tubes differ in character, 
the penetrating power being greater when the vacuum is higher. 
The highly penetrating rays from the tube of high vacuum are 
often spoken of as hard '' rays, and the relatively less pene¬ 
trating rays from a tube of not 
so high a vacuum, as '' soft 
rays. 

That the Rontgen rays arise 
at the point where the cathode 
rays strike a solid obstacle may 
be seen from the fact that the 
shadows cast by the rays arising 
where the cathode rays strike 
the walls of a vacuum tube are 
blurred ; but if a concave cathode be used, and the cathode ra3rs 
thereby focussed on a platinum plate A (Fig. 385), and a photo¬ 
graph obtained by placing a sheet of tinfoil, C, having a niunber 
» A. Wehnelt, Phil. Mag., 10. p. 80. July, 1905. 
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of pinholes made in it, over the photographic plate D, then, on 
developing D and replacing it, it will be found that the lines fe, 
hg, etc., when produced backwards, converge upon some point A, 
showing that the Rontgen rays proceeded from this point. The 
tube shown is of the original type employed for producing 
photographs, as the smallness of the source of the Rontgen rays 
renders it possible to produce shadows having extremely good 
definition. 

Secondary Radiation. —When the Rdntgen rays fall upon any 
material, other rays arise, to which the name of Secondary 
Radiation has been given. This secondary radiation is com¬ 
plex in character, and consists for the greater part of secondary 
X-rays. The secondary X-rays are of two distinct types, namely, 
scattered X-rays and characteristic X-rays. Scattered X-rays 
are of the same nature as the original beam, and may be con¬ 
sidered as rays which have been deflected by the substance upon 
which they fall. Different substances do not scatter X-rays to 
the same extent, and there is no simple relation between the 
atomic weight of a substance and the amount of scattering it 
produces. With the lighter elements, the amount of scattering 
depends upon the mass present rather than the atomic weight, 
but the heavier elements scatter more than the lighter elements. 
The characteristic X-rays, as their name implies, vary in nature 
with the substance from which they arise. Their nature is of 
such great importance that it will be dealt with separately. 
Professor Barkla ^ found that all gases, upon which the Rontgen 
rays fall, emit secondary rays of the same penetrating power as 
the primary rays, and that the secondary rays from solid sub¬ 
stances are sometimes polarised. 

In addition to the scattered and the characteristic X-rays, it 
was found by Curie and Sagnac 2 that the secondary radiation 
consisted in part of negatively charged corpuscles moving with 
high velocity. It has been found that the intensity of emission 
of the corpuscular rays is greater the higher the atomic weight of 
the material. They are not emitted uniformly in all directions, 
being most freely emitted in a direction perpendicular to that of 
the X-ray beam. Their velocity does not appear to depend 
much upon the nature of the metal from which they arise, nor 
upon the distance of the X-ray tube from the material. For a 
number of different metals, including zinc, platinum and lead, 
the velocity of these negative corpuscles ranges between 6*0 x 10® 
cm. per sec. and 8-3 x 10® cm. per sec. It is thus about twice as 
great as those for the cathode rays given on p. 472. 

» C. G. Barkla, Phil. Mag., 6, p. 685 (1903); 11, p. 812 (1906); and P. Ray. 
Soc., 77, p. 247 (1906). 

2 P. Curie and G. Sagnac, Joum. de Physique, 1, p. 13, Jan. 1902. 
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Innes ^ established the fact that the velocity of the corpuscular 
rays emitted by a body is independent of the ^stance of the body 
from the X-ray tube from which the primary rays arise. Further, 
the experiments of Beatty 2 and Sadler 3 show that the velocity 
of the corpuscular rays is equal to that of the cathode rays in the 
X-ray tube which gave rise to the primary X-rays. 

Determination of Velocity and Ratio of Mass to Charge of the 
Corpuscles constituting the Cathode Rays. —On the assumption 
that the cathode rays consist of negatively charged corpuscles 
moving with high velocity, it becomes necessary to determine the 
three quantities, velocity, mass and charge associated with the 
corpuscle. The velocity and the ratio of mass to charge may be 
determined without great difficulty, but the determination of the 
actual mass and charge is more troublesome. 

If e be the charge associated with the corpuscle, and v its 
velocity, we may consider it to constitute a current of strength 
ev. In a magnetic field of strength H, at right angles to the 
direction of motion, the force acting at right angles to both field 
and current is Hev. A body which experiences a force always at 
right angles to its direction of motion describes a circular path, 

and the normal acceleration being ~, where r is the radius of the 

path, the force is —m being the mass of the body. Hence the 
equation of motion for a corpuscle in a magnetic field is 


mv^ 

r 


or. 


mv 

e 


==Hr. 


If, then, the stream of cathode rays produced by the cathode 
K (Fig. 386), and limited by the metal blocks A and B having 


P 

Q 

Fig. 386. 



horizontal slots, pass through a magnetic field restricted to the 
circular space MM, then in passing through the field they will 
describe arcs of circles, the radius of which may be determined 
from the difference in position, PQ, of the luminous patch on the 

* P. D. Innes, Proc. Roy. Soc., A, 79, p. 442. 1907. 

» R. T. Beatty, Phil. Mt(.. 6, xx, p. 320. 1910. 

• C. A. Sadler. Pktl. Mag.. 6, xix, p. 337. 1910. 
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phosphorescent screen when the magnet field is on and when it 

Tfl-V 

is off. Thus H and r being known, the quantity — can be found. 

e 

Again, if the rays in their path have to traverse an electrostatic 
field due to the plates E and F maintained at a high difference of 
potential, the corpuscles experience a force eV while in the field, 

V being the electric intensity between the plates. If this electric 
field be at right angles to the magnetic field of the last experiment, 
and its intensity be arranged so that the force on the corpuscles 
is equal and opposite to that of the magnetic field, eY=^liev, or 

V 

; the corpuscle will now be undeviated so long as it is 
H 

passing through the two fields. The fields are arranged to occupy 
the same part of the path, and are so varied in strength that the 
phosphorescent patch occupies its undisturbed position at the 

V 

end of the tube. We then have and the velocity of the 

H 

corpuscle is known. From the first experiment with the magnetic 

field alone, — is known, and therefore - can be calculated. 
e e 

By this method Sir J. J. Thomson, ^ to whom the method is 
due, obtained the following results :— 


Gas. 

V 

m 

$ 

Gas. 

V 

m 

Air .... 

2-8x10* 

1*3x10-’ 

Air* 

2-8x10* 

1-1 X10-’ 

Air .... 

2-8x10* 

1-1 xlO-’ 

Hydrogen 

2-5x10* 

1-5x10-’ 

Air .... 

2-3x10* 

1-2x10-’ 

CO, . . . 

2-2x10* 

1-5x10“’ 

Air* 

3-6 X 10* 

1-3x10-’ 





* Platinum electrodes, the others being of aluminium. 


The values of v vary, as would be expected, since v depends upon 

fYl 

a number of conditions, but the values of ~ do not differ very 

much from the mean, 1-3x10"’^, which indicates that the 
corpuscles are of the same kind whatever the gas employed, or 
the metal used for electrodes, 

fyi 

This ratio -* given by this method, or the mass associated 
c 

with unit charge, plays a part similar to that of the electro¬ 
chemical equivalent in electrolysis. Remembering that the same 
quantity for hydrogen is 0*0001045, we see that for the cathode 
rays the electro-chemical equivalent is of the order of xifezF of that 
» J. J. Thomson. Phil, Mag., 44. p. 293. 1897. 
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for hydrogen. Three possibilities then present themselves: 
(i) there may be no simple relation between the mass of the 
hydrogen atom and of the corpuscle of the cathode rays on the 
one hand, or between the charges carried by them on the other ; 
or (ii) if the masses are of the same order, the charge carried by 
the corpuscle is of the ordei of 1000 times that carried by the 
hydrogen ion in electrolysis ; or (hi) if the charges are of the 
same order, the mass of the corpuscle is of the order of ygVo fhat 
of the hydrogen atom. The question can only be settled by 
further experiment (see p. 482), but we may anticipate so far as 
to say that (iii) ultimately turned out to be near the truth. 
There is every reason to believe that the electric charge met 
with in the case of the electrolytic monovalent ion and in the 
corpuscle of the cathode rays is the ultimate and indivisible unit 
of electricity. Whether the corpuscle of the cathode rays is a 
small portion of ** matter with this charge associated with it, 
or whether it merely is the charge, is a question that we cannot 
enter into now. The name of Electron was suggested by Dr. 
Johnston Stoney for this fundamental unit of electrical charge 
first met with in the cathode rays, and the name is now universally 
adopted. We shall see presently that electrons are constituents 
of ail matter, and play an important part in phenomena where 
their presence was unsuspected until after their discovery in the 
vacuum tube. 

Method of Leakage in Ultra-violet Light. —It was found by 
Hallwachs ^ and others, that when ultra-violet light falls upon 
the negatively electrified surface of a sheet of zinc, the surface 
rapidly loses its negative charge ; but if it be positively charged, 
there is no loss. This is explained if negative corpuscles are 
detached by the ultra-violet light from the surface, their repul¬ 
sion from the negatively charged surface constituting the loss 
which is observed to take place. When the surface is positively 
charged the corpuscles are not driven away, and there is of course 
no loss. 

Sir J. J. Thomson ^ made use of this phenomenon to determine 
fn 

the value of - for these corpuscles, and found it to be of the 

same order of magnitude as for those in the cathode rays, which 
makes it presumable that the two are identical in kind. 

A magnetic field, H, parallel to the negatively charged surface 
is maintained, and the paths of the corpuscles are thereby 
modified. Taking the value of the electric intensity due to the 
charge on the surface as V, the force on each corpuscle due to 
this field is \e and is directed away from the surface, since the 

1 W. Hallwachs, Wi§d. Ann., 33, p. 301. 1888. 

^ J. J. Thomson, Phil. Mag., 48. p. 517. 1899. 
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charge of the corpuscle is negative. If the magnetic field H be 
directed from front to back (Fig. 387), the force on the corpuscle 
^ is Hev and is directed downwards. After 

y j leaving the surface the velocity will no 

^ t y longer be normal to it. 

; Taking the axis of x normal to the 

\ i surface and the axis of y parallel to it 

i \ ; perpendicular to the magnetic field, 

i \ \ r the component of velocity parallel to Oa: 

i / is and that parallel to Oy is and 

j j ; at at 

y j 

y\ H • corresponding accelerations are — 


and 3 If m be the mass of the cor- 
puscles, the forces parallel to Ox due to 
the fields are Ye and He . and these 


Fig. 387. 


are together the resultant force w---~ acting on the corpuscle in 

the X direction. Applying the left-hand rule of p. 240, and 
remembering that the moving corpuscle corresponds to a negative 
current, we see that the corpuscle when moving downwards 
experiences a force directed towards the plate, due to the mag¬ 
netic field. The force equation for the components parallel to 
Ox is— 

d^x ^ dy 

dt^ dt 

Again, since there is no component of V parallel to Oy, we 
have for this direction the equation— 

d^y 

m—^ 

dt^ dt 

The solution of these two simultaneous equations is— 

V 

y = ~ ~ sin wt) 

V 

cos tot) 

wH 


where ai= 


These are the equations of a cycloid formed by a circle rolling 
on the axis of y ; for if P be the point on the circle when in the 
axis of y, and P' the position of the point when the circle has 
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rolled through angle 0 (Fig. 388), the length AP and the arc AP' 
are equal, and the co-ordinates of P' are therefore x—a{l —cos 6) 
and y^ad-^-a sin 6, But if the circle roll with uniform angular 
velocity a>— 

0—oyt ‘ 

then, x=a{l--cos wt) 

y=a(colsin col). 


We see, then, that the moving corpuscle will describe a path 
similar to that of the point P upon the rolling circle, and its 
distance from the metallic surface will therefore never be greater 
than the diameter of the circle. By comparing the two sets of 
equations, we see that— 



tn V 
7 * IP* 


The conductor Oy is a zinc plate illuminated with ultra-violet 
light, for the liberation of the corpuscles. A parallel plate G 
(Fig. 387), connected to an electrometer, rapidly 
receives a negative charge when there is no trans¬ 
verse magnetic field, but with the field the cor¬ 
puscles return to the plate Oy, and G does not 
receive any charge. In the position G', the 
magnetic field does not affect the rate at which 
the charge is received. The limiting position is 
found, for which the field affects the rate at 
which G receives charge, and the distance between 

w V 

the plates is then 2a—2~ . . The limiting 

e 

position is not so sharply defined as the equations Fig. 388. 

fjt- 

indicate, but the mean value found for — in this way is 

1*4 X ICh*^, which is in fair agreement with the result given on 
p. 472. 

Ionisation.—Under ordinary circumstances, gases are very 
feeble conductors of electricity, a charged body situated in a gas 
retaining its charge for a very long time. Many agencies, how¬ 
ever, render the gas a comparatively good conductor, amongst 
which may be mentioned, cathode rays. X-rays, hot bodies, 
flames and radio-active substances (Chap. XV). Further, the 
conductivity persists for a time, but does not last indefinitely. 
Sir J. J. Thomson and Lord Rutherford ^ showed that this 
conductivity may be removed in a variety of ways. 

If the conductivity in the neighbourhood of the funnel A 

^ J. J. Thomson and £. Rutherford Phil. Mag,, 42, p. 392. 1896. 
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(Fig. 389) be produced by means of an X-ray tube enclosed in a 
box covered with lead sheet to screen its direct effect from the 
electroscope, and provided with a window B, then the air drawn 
through the tube CD, into the electroscope by means of an 
aspirator will cause the leaves to collapse, whether the sign of 
the charge upon them be positive or negative. 

A plug of glass wool placed in the tube at C will remove the 
conductivity from the air. The same result is produced if the 
conducting air be bubbled through water. Whatever it is that 
renders the air conducting is therefore filtered from it by these 
processes. The conductivity also disappears when an electric 
current passes through the air, which was shown by using for C 
a metallic tube having a wire stretched along its axis, a high 
potential difference being maintained between the tube and the 
wire. The leaves of the electroscope in this case do not collapse, 
showing that the cause of the conductivity has been removed. 



It is concluded from this experiment that the cause of the con¬ 
ductivity consists in charged particles, since they are driven to 
the sides of the tube or to the wire by the electric field, and 
further, that since the conducting gas as a whole does not exhibit 
electrification, the charged particles have opposite signs, and are 
in equal electrical quantities. These electrified particles are 
called tons, and the process of their production ionisation. It is 
now known that the ionisation of the gas is not the direct result 
of the X-rays, but of the corpuscular rays emitted by the gas 
(p. 483). 

Conduction in Ionised Gas. —The conductivity of the ionised 
gas may be determined by bringing two parallel plates between 
which the gas is situated, to a known difference of potential, and 
the rate of change of potential of one of the plates determined by 
means of the quadrant electrometer. 

If the capacity of the plate A (Fig, 390a) and the electrometer 
be known, the rise in potential per second enables the current 
passing from B to A to be determined. It is found, on gradually 
raising the applied difference of potential, that at first the current 
increases almost in accordance with Ohm's law, but the value of 
the current for further rise of potential difference falls below that 
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indicated by Ohm's law, and eventually a value is reached for 
which the current does not further increase. This current is 
known as the saturation current (Fig. 390 b), and it is not exceeded 
until the electrical field is strong enough to produce ionisation in 
the gas. When this stage is reached the current begins to increase 
rapidly. 

Saturation Current. —The saturation current depends upon the 
total number of ions between the plates, which in its turn depends 
upon the rate of production of ions and upon the volume of air 
between the plates. For the current i to pass from one plate to 

i . . i 

the other - positive ions are driven against one plate, and - 
c c 

negative ions against the other per second, and if q positive and 
q negative ions are produced by the Rontgen rays in one cubic 



Fig. 390a. Fig. 390b, 


centimetre per second, the total number of each kind produced 
per second in the space between the plates is qKl, where I is the 

i 

distance apart of the plates and A the area of each, then - cannot 
exceed qhl, and for the saturation current 

,A/J 

or, qhle=i. 

The saturation current is therefore proportional to the distance 
apart of the plates, and we have the remarkable result that for 
the same difference of potential between the plates, the current 
increases if the plates are drawn farther apart. In their experi¬ 
ments on ionisation, Sir J. J. Thomson and Lord Rutherford ^ 
showed that when the ionisation is produced by Rontgen rays, 
this condition is realised. 

Charge upon Negative Ion. —^The problem of the determination 
of the charge of the negative ion produced in gases was successfully 
solved in 1898 by Sir J. J. Thomson. The current maintained in 
the gas by a known electrical intensity is measured. If U be the 

* J. J. Thompson and E. Rutherford, loc, cit. 
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velocity of drift of the ions in electrical field of unit intensity, 
and E the actual electrical intensity, EU is the velocity of the 
ions. When the number present per c.c. is N and e the charge 
of each, N^EU is the current per sq. cm., which can be measured. 
To determine N, a discovery by C. T. R. Wilson * was used, which 
consists in the fact that in supersaturated, dust-free air, con¬ 
densation takes place upon the ions, and a cloud of minute drops 
is formed. These drops fall through the gas at a constant rate, 
from which their size can be found, and knowing the total 
quantity of moisture condensed, from tlie work done in producing 
the adiabatic expansion necessary for the supercooling, N the 
number of drops can be found, and consequently e the charge 
associated with each ion is known. 

Several methods have been employed for the determination of 
U, the velocity of drift of the ions produced by an electrical field 

of unit intensity, but that of Ruther¬ 
ford 2 is probably the most interesting. 
The ions are liberated from the zinc 
plate A (Fig. 391) by ultra-violet light 
from the source S, the plate being con¬ 
nected to a quadrant electrometer. 
The light passes through a window 
covered by a sheet of gauze B, and 
between A and B an alternating electro¬ 
motive force is applied. During half a 
period of alternation the negative ions 
are driven away from A towards B, 
and during the next half-period they 
are driven back again. Whether they 
reach B or not depends upon its dis¬ 
tance from A. If they do not reach B 
they will return to A, which will not 
lose a negative charge, and the electrometer deflection will not 
change, but if they do reach B they will not return, and A will 
continually lose negative charge. The distance between A and 
B is therefore adjusted until A begins to lose charge, and measured 
by the micrometer screw. This is the distance travelled by the 
negative ions during one half-period of the alternating electro¬ 
motive force. 

If d is the distance between A and B, and sin pt the alter¬ 
nating electromotive force between them, ——^ is the poten- 

d 

tial gradient, or electric intensity at any instant. U being the 
velocity of the ions for unit electric intensity, their instantaneous 

* C. T. R. Wilson, Phil. Trans., A, 189, p. 265. 1897. 

2 £. Rutherford. Proe. Camb. Phil. Soc., 9, p. 401. 1898. 





♦s 
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velocity is — 


U^o sin pt 


. Taking a; as the distance of any ion from 


A, -y is its velocity, and we have— 
at 

dx_\JcQ sin pi 
It 

/. .r = —^ . -y cos pt-\-C. 
p a 

If x~0 when ^=0, this means that the ion starts from the 
plate A, 

cJ^. 

Jlr 

^ _ A\4\ 


so that. 


^(1—cos pi). 


Now cos pt varies between the values +1 and —1, and a: is 
evidently a maximum w'hen cos pt^-—\ ; and the greatest 
distance that the ion travels is— 


. TT 

pd‘ ’ fd’ " Ico' 

Rutherford found the following values for U when is less 

a 

than 1 volt per cm. For air, U = l-4 cm. per sec. ; for hydrogen, 
3*9 cm. per sec., and for CO 2 , 0*78 cm. per sec. 

Other methods both for the ions liberated from zinc by ultra¬ 
violet light and for those produced by R(hitgen rays give practi¬ 
cally the same result; which fact helps to establish the identity 
of the ions produced in these various ways. 

The Condensation Experiments of C. T. R. Wilson ^ showed that 
if air saturated with w^ater vapour and free from dust be suddenly 
cooled by causing an expansion exceeding 1 : 1*25 in volume, the 
vapour condenses upon the negative ions, but if the expansion 
exceeds 1 : 1*3 the condensation takes place upon the positive as 
well as the negative ions. 

The explanation of the condensation upon the ions was given 
by Sir J. J. Thomson.2 It is showm in text-books on the Pro¬ 
perties of Matter that the maximum vapour pressure of water 
over a convex surface is greater than that over a plane surface 

2X 

by the amount hp, where hp— ■ ■■■ ^ ^ , T being the surface tension 

a[a—p) 

of the liquid surface, a its radius of curvature, a the density of 
1 C. T. R. Wilson, Phil Trans,, A, 193, p. 289. 1899. 

• J. J, Thomson, “ Applications of Dynamics to Physics and Chemistry/* 
p. 165. 
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the liquid, and p that of the vapour. This change in the maximum 
vapour pressure is only significant if a is very small, but if such is 
the case the rise in maximum vapour pressure causes rapid 
evaporation of small droplets even in space that is saturated with 
respect to a plane surface. Formation and growth of a droplet 
is only possible when there is available a speck of dust or other 
suitable nucleus which presents a surface of sufficiently large 
radius of curvature to allow condensation with the degree of 
supersaturation present. 

This change of vap^our pressure with curvature can be attri¬ 
buted to the effect of the inward pressure 2T/a due to surface 
tension. Sliould a drop) contain a charge e, there is an effective 
surface density of charge— 

e 

and the electrification will produce an outward pressure (p. 131) 
of— 

277(712 ^2 

k 


Subtracting this from the inward pressure due to surface tension 
gives the equation 


a—p 



%7rka^j 


This gives the excess vapour pressure present, and hence the 
degree of supersaturation at a given temperature, in equilibrium 
with an ion of charge e and radius a. The presence of the charge 
is seen to reduce considerably the degree of supersaturation 
required to produce condensation for a given initial radius. 

In the original apparatus used for these experiments, a quad¬ 
rant electrometer was used as in Fig. 390a to measure the ionisa¬ 
tion current flowing between the surface of some water in a bulb 
and the aluminium top cover of the bulb, in the presence of a 
Rontgen (X-ray) tube or other suitable ionising agent. Using the 
symbols of p. 478, this current, deduced from the rate of rise of 
potential dWjdt of the electrometer, of capacity C, is 


C-^=AN^EU, 


where A is the horizontal cross-sectional area of the ionised 
column. From this can be found the produce N^;. 

To find N, the number of ions per c.c. present, a cloud was in¬ 
duced to form on the ions by suddenly withdrawing air from the 
bulb through a side-tube, so that cooling occurred by adiabatic 
expansion. In the more modem apparatus of Fig. 392, the 
working chamber has as its floor the piston P, operated by a cam 
or similar device from a rotating handle, but in the original 
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arrangement the piston descended suddenly because the pressure 
below it was suddenly reduced. To prevent condensation occur¬ 
ring also on dust particles, the air was first cleared of dust by 
preliminary expansions, the dust being carried down by the 
droplets. 

The cloud settled in a very regular manner, implying that the 
droplets were uniform in size, and the rate of fall of each droplet 
was deduced from observation of the rate of fall of the well- 
defined top of the cloud. It was shown by Sir George Stokes that 


the rate of fall of a spherical drop is j 


ga^ 


, where g is the accelera¬ 


tion due to gravity, a the radius of the drop, and rj the coefficient 
of viscosity of the medium, here air, in which the drop falls. 
Thus the radius and therefore the volume of one drop is deduced. 

The calculation of the low^est temperature attained in the adia¬ 
batic expansion requires a knowledge of the ratio in which the 
volume has increased, and this was deduced by applying Boyle s 
law, the pressure to which the gas 
finally rises after re-attaining the 
room temperature having been 
noted. After attaining this 
minimum temperature, condensa¬ 
tion sets in. This ceases when the 
latent heat liberated has warmed 
the gas so far that the water still 
remaining in the vapour state just saturates the space. If K 
is the thermal capacity of 1 c.c. of the gas in these conditions, 
nil is the mass of water per c.c. in the supersaturated gas at the 
lowest temperature 6 i, and is the mass still as vapour at the 
subsequent temperature $ 2 , —Wo must have condensed, 

evolving heat L(wi—Wg) where L is the latent heat of vaporisa¬ 
tion at this temperature, so that K( 02 ““^i) "“^ 2 )- is 

deduced from the original vapour content of the air, which was 
just saturated at the start, and m 2 must equal the saturation 
vapour density for temperature 62 . Since m 2 is a function of 62 , 
the solution of this equation, which is accomplished by trial, 
gives the required condensed mass mi—m 2 . As the mass of a 
single drop is now known, the number N of drops per c.c., and 
hence also of ions, is deduced. The electrical measurements had 
given N^, whence e is known. 

In his first experiments Sir J. J. Thomson obtained ^ the value 
^==6*5 x10~i^ electrostatic units for ions in air, and 6-7 
for ions formed in hydrogen. These expansions had not been 
enough to cause condensation on the positive ions as well as the 
negative (cf. p. 479), and in later experiments,^ using radium as 
ionising source in place of the X-ray tube, which was in those 




Fig. 392. 


^ J. J. Thomson, Phil, Mag,, 46, p. 528. 1898. 

• J. J. Thomson, Phil, Mag. (6th series), 5, p. 346. 1903. 
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days somewhat unsteady in action, and using greater expansion 
ratios, he obtained <?=34x e.s.u. or T33 X e.m.e. 

The Wilson Cloud Chamber. —From his studies of the con¬ 
densation of droplets on ions, C. T. R. Wilson developed the 
Cloud Chamber to a stage wlierc it yielded information of the 
utmost importance in Atomic Physics. Using strong illumina¬ 
tion, instantaneous photographs were taken through the trans- 
jxirent top of the chamber, one example being reproduced in 
Fig. 393. This sliows the appearance when the chamber just 
before or during the expansion is traversed by a narrow beam of 
X-rays, The droplets have formed on ions which are strung 
along the paths of swift particles wdiich have been released from 
the gas molecules b}^ the X-rays (p. 470); these particles are in 
fact electrons. The Wilson Cloud Chamber has been extensively 



Fig. 393. 


used in the study of the swift particles involved in radioactivity 
(Chapter XV) and in the investigation of cosmic rays (p. 509). 

Charge of the Electron. —Professor Millikan modified the con¬ 
densation method in such a way ^ that single charged drops could 
be observed and a number of the uncertainties of the cloud 
methods WTre removed. By using a liquid of low vapour pressure, 
usually an oil, evaporation from the drop during observation is 
prevented. 

A fine spray of uniform droplets, produced by an atomiser, is 
blowm into the air space above two parallel plates AB (Fig. 394). 
Five fine holes in the middle of the top plate admit drops to the 
space between the plates. An arc C illuminates the drops, which 
are observed by means of a long-focus microscope, an individual 
drop being singled out for observation. The drop is seen as a 
bright point of light, and the time it takes to fall under the action 
of gravity for a known distance is observed, from which its 
velocity Vi is found. 

1 K. A. Millikan, PhiL Mag., 84, p. 1. 1917. 
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from Stokes' law (p. 481), where a is the density of the drop and p 
the density of air. The effective weight of the drop is 

4 

w=;^7ra^{a—p), allowing for the buoyancy of the air. 

2 g{a—p)/ 3w \s 


-p) ( y 

■P)( y^., 

\2g((7~D)} * 


X-rays are used to ionise 
the gas and battery D pro¬ 
vides an electric field E 4 
between the plates. If the q~ 
drop acquires a charge ^ it -4^ 
will experience a force E^, rjl 
up or down according to 
the sign of the charge. ^ A|| 
The resultant force is now C ^ ~ 
wg±:Eg. The resulting . 

velocity V 2 is measured as 
before. The ratio of the 
velocities Vi : V 2 is the ratio 
of the forces wg : {wg±Eq), whence 





Fig, 394. 


Substituting for w, 




The velocity V 2 is found to change abruptly, corresponding 
evidently to the drop picking up or losing ionic charges, but the 
values found for q are all small integral multiples of one unit, 
which is therefore assumed to be the charge of a single electron. 

Millikan found ^=4*774 x electrostatic unit. Subsequent 
work, with a better value for the viscosity of air, gives 

^=4-802 e,s.u.=T602xl0'"2O e.m.u. 

Combining this value of e with the value 1*759 x 10*^ for e/m (in 
e.m.u.) gives m=9*ll xlO^^s gm. e/m for the hydrogen ion in 
electrolysis is 9571 e,m.u./gm., and if the charge is the same, the 
ratio of the masses is 


H ion 
electron’ 


1-759x10^ 


=1835, 
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and the neutral hydrogen atom has a mass of 9T1 Xl0“28xl836 
= T674 X gm. 

As the mass of 1 c.c. of hydrogen at 0° C. and 76 cm. pressure is 

8-987 X 10“^ 

8*987 X10”® gm., this quantity contains 

atoms, or 2*69 x 10^® molecules. By Avogadro's hypothesis, this 
applies to any gas under the same conditions of temperature and 
pressure. 

Electron Optics. —The paths of electrons in electric and mag¬ 
netic fields may be likened to rays in optical systems. An arrange¬ 
ment of electrodes or coils which ensures that electrons passing 
through one point are then “ focused on another point, the 
'' image of the first, may be called an electron lens or lens system. 
Because the electron is so very small compared with the wave¬ 
length of light, a much higher resolving power is possible with an 
electronic system than with an optical one. 

An electron of charge — e, starting with zero initial velocity from 
a cathode in a vacuum, will subsequently have a velocity v when 
at a position where the potential is V if \mv‘^^eN, since its kinetic 
energy is acquired by virtue of the work done by the field. If it 
passes from a region of potential Vj to one of Vo, the velocity 
changes from Vi to V 2 where — 2 !^\)- involve 

in general a change of direction, i,e. a refraction. Assume that 
the change occurs abruptly, a case which may be closely approxi¬ 
mated when an electron passes through an aperture in a wire-grid 
electrode. Let 0 ^, 9o be the angles made respectively by the path 
of the electron with the normal to the surface separating the two 
regions. The only change of velocity will be at right angles to 
this surface, so resolving parallel to the surface, 

Vi sin 01=^2 sin 62 
or, 

sin di V 2 ^ //X_2\ 
sin \Vi/' 

closely analogous to optical refraction, the refractive index being 
'v/(V 2 /Vi). In the more usual case, the effective refractive index 
varies continuously from place to place. 

By use of suitably curved equipotential surfaces, usually coaxial 
cylinders and perforated discs of metal, a lens system may be 
simulated, as in Fig. 395a. Here the electrons emanate from a 
heated filament and the broken lines indicate typical paths, while 
some equipotential surfaces are shown. Relative to the filament 
or cathode, G is negative in potential and AB is positive. The 
combined effect of the repulsion of the electrons by G and their 
attraction by the nearer end of A is equivalent to the action of a 
converging lens. C is at a higher potential than AB; the effect 
here is that of a further converging lens followed by a weaker 
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diverging lens. The final image is formed on D, which may be a 
fluorescent screen or a photographic plate. 

A magnetic field H, parallel to the axis of the system, will have 
effect only by virtue of any component velocity an electron may 


C 



Fig. 395a. 


have transverse to the field. For an electron leaving point A 
(Fig. 395 b) with velocity v at an angle a to the field, there is a 
force Hev sin a always at right angles to its path (p. 471). In the 
absence of the longitudinal component of its velocity, the electron 
would describe a circle of radius r where mv sin a~Her, In fact 
it moves in a helical or screw¬ 
like path, completing one re¬ 
volution round the cylinder 
on which the helix may be 
imagined to be wrapped in 
time T —Ittv/v sin a^lTTm/eli. 

In this time it moves a distance 
lz=,Tv cos a—27Tfnv cos a/ell 
parallel to the axis. Thus 
the field brings through D all 
electrons which pass through A and at A have the same com¬ 
ponent velocity parallel to the axis. This condition is attained 
if all the electrons have been accelerated by the same potential. 

As in the compound microscope, two or more images may be 
formed in succession. In the electron microscope the second image, 

or even the third, 
formed in this way, is 
received on a fluorescent 
screen or a photographic 
plate and very great 
magnification is possible 
and detail down to less 
than 10'"’^ cm. may be 
resolved. 

Fig. 395c shows the 
principle of the elec¬ 
trode system used to deflect the focused spot on the screen of a 
Braim or cathode-ray tube from its central position at C. A 
potential difference between plates A moves the spot horizontally 
to D, while one across B produces a resultant deflection to E. 
Thus the spot traces out a graph connecting the two potential 



H 



^ - / - > 


Fig. 395b. 
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differences, even when these vary rapidly. Many gauges and in¬ 
struments are adapted to yield varying voltages as their output so 
that this technique may be used. 

Absorption of X-rays. —It has already been seen (p. 469) that 
X-rays differ greatly in penetrating power, those from a hard '' 
tube being in general less absorbed by matter than those from a 
'' soft '' tube. This difference is associated with the greater 
velocity with which the cathode rays strike the anticathode, 
having been accelerated by the higher potential drop across a 
'' hard (high-vacuum) tube. 

To discuss quantitatively the absorption, consider a beam of 
X-rays of intensity I to become I-f^I after traversing a thickness 
dx of a material: d\ will of course be negative. The absorption 
may be written. 

~-dl=^Aldx, 

in which the quantity A, the absorption coefficient, is the fraction 
absorbed per unit length of path. If this coefficient is constant, 
we may integrate, and 

log I = —yljT-fC. 

Thus if I=Io for zero thickness, C=log Iq and the intensity after 
a thickness d is 

I=l0€-^^. 

The intensity I is conveniently measured by the ionisation pi'o- 
duced by the rays. To measure the absorption coefficient A, 

an ionisation chamber of the form 
shown in Fig. 396 may be used. A 
sheet of aluminium A hangs inside 
the chamber between parallel 
aluminium walls BB. A potential 
difference of several hundred volts 
is maintained between A and B, 
sufficient to produce the saturation 
current in the gas in the chamber. 
The rate of change of potential of 
A, which is a measure of the inten- 
Fig. 396 . sity I, is estimated by means of 

an electrometer or electroscope. 
Measuring Iq, without screen S, and I with the screen, yields A. 
If the medium scatters the rays appreciably however, the scatter¬ 
ing must be measured and allowed for. 

The mass absorption coefficient, the ratio of the absorption co¬ 
efficient to the density p, is in many ways a more useful quantity 
to use than the absorption coefficient itself, because it varies less 
on passing from one substance to another. 

The al^rption coefficients are only definite if the X-rays used 
are homogeneous, all of the same quality, which will be in- 
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terpreted later as implying that they must all have the same 
wave-length. 

Characteristic X-rays. —By a study of the absorption of X-rays 
excited in different ways, it was found by Barkla and Sadler * that 
most substances emit one or more kinds of homogeneous secondary 
X-rays, characteristic of the substance and not of the quality of 
the primary rays, but that these rays cannot be excited by primary 
rays softer than themselves. They can in turn produce character¬ 
istic rays, of lower penetrability, from other substances. 

Barkla,2 using absorbing screens of aluminium, deduced from 
measurements of mass absorption coefficients for many substances 



I I _ 1 _ I _I_» t » I - i I_I 

1*5 20 2-5 

Log,o Atomic Weight 

Fig. 397. 


that the characteristic X-rays could be grouped into two distinct 
series, which he called the series K and series L fluorescent radia¬ 
tions. In some cases (Ag, Sb, I and Ba) a single substance emitted 
rays belonging to both series and in such cases the K radiation 
has a penetration (measured by the reciprocal of the absorption 
coefficient) some 300 times that of the L radiation. The mass 
absorption coefficient A/p, plotted against atomic weight of the 
absorbing element, gives two curves, but the data are better 
represented as in Fig. 397 where the logarithms of both quantities 
are plotted, for then two straight lines are obtained. 

The lighter elements give very soft L radiations, absorbed 

» C G. Barkla and C. A. Sadler, Phil, Mag,, 16. p. 550, Oct. 1908. 

* C. G. Barkla. Phil, Mmg„ 6. xxii. p. 396. 1911. 
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heavily even in air, and the K series of the heavier elements could 
not be excited at the time of these experiments, there not being 
sufficiently hard primary radiation available, but it was later 
established that the characteristic radiations from the atoms of 
all elements can be classified in this same general way, into K, L, 
M, . . . series. 

Direct bombardment of a substance by cathode rays excites, in 
general, homogeneous characteristic rays mixed with other rays, 
but Kaye^ showed that subsequent passage of the radiation 
through a “ filter '' of the same material caused the absorption 
of most of the other radiation or its conversion to characteristic 
radiation so that an intense nearly homogeneous beam could be 
obtained. 

Whiddington showed ^ that the minimum velocity V of the 
cathode rays required to excite the characteristic radiation of an 
element is given in cm. per sec. for the K and L radiations by the 
formulae —2(Z—2) . 10^ and —15) . 10^^, where Z is the 

atomic number,’’ or ordinal number of the elements when they 
are arranged in a sequence, nearly the order of ascending atomic 
weights, to be discussed later (p. 496). 

Interference and Reflection of X-rays. —X-rays are now known 
to be electromagnetic waves of very short wave-length, but a 
decisive proof of this was difficult to find until Prof. M. Laue sug¬ 
gested 3 that the atomic structure of crystals might form a suffi¬ 
ciently fine diffraction grating ” for this purpose. Friedrich 
and Knipping^ interposed in turn various crystals (copper sul¬ 
phate, rock salt, diamond, zinc blende) in a fine beam of X-rays 
falling on a photographic plate. Around the central spot there 
was in each case a pattern of spots, confirming Laue’s theory. 
Fig. 398 shows the Laue diagram ” for quartz, the central heavy 
spot having been deliberately avoided. 

The mathematical treatment by Laue of the production of the 
spots is very complex, but a much simpler procedure was soon 
introduced by W. L. (now Sir Lawrence) Bragg. Consider first 
the wave-front AB (Fig. 399a) meeting a plane CD cont«nining 
regularly spaced particles. We assume, as in the Huyghens con¬ 
struction of ordinary optics, that some radiation is scattered from 
each particle, spreading out as a spherical wavelet. When the 
incident wave-front reaches D, the wavelet from C will have 
reached E and the wavelets from intermediate particles will at 
this instant all touch the plane DE, which is thus the refl.ected 
wave-front. 

The penetration of X-rays is such that many such layers will be 
involved, and in general the waves from these will be out of phase 

1 G. W. C. Kaye. Phil, Trans. Roy. Soc., A, 203, p. 123. 1908. 

* R. Whiddington, Phil. Mag., 89, p. 694. 1920. 

® M. Laue, Pi^s. Zeit., 14, p. 421. 1913. 

* W, Friedrich, P. Knipping, and M. Laue, Le Radium, 10, p. 47. 1913. 
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and will interfere. In Fig. 399b is shown an advancing wave- 
front AB which meets parallel planes rich in atoms at B, C and E, 
and all the reflected waves travel in the direction EFG. If the 
path-difference between waves reflected from successive planes is 



[By courtesy of the Besearch Lcibinalories, G.E.C. 
Ftg. 398 ^ 


an integral number of wave-lengths, these waves will reinforce 
and intense reflection will occur, but in all other cases the set of 
successive waves will give more or less complete cancellation. 




The condition for reinforcement is 

KL+LF-HF-/^A, 

where n is integral. Produce KL to N making LN—KL=::=LF 
(which makes KFN a right angle) and draw FM perpendicular 
to LN. 

Then KL+LF-KN 

and, KM=HF. 

^ X-rays from molybdenum target, incident on quartz crystal parallel to the 
trigonal axis. 
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Hence 

difference of path=MN 

=FN sin 9 
= 2 d sin d 

where d is the perpendicular distance between the planes of 
scattering particles. Thus intense reflection occurs if 

2d sin 0—nX, 

a result known as Bragg s equation. Note that d here is the 
glancing angle ” between the incident beam and the surface, not 
the angle made with the normal. 

On allowing a homogeneous beam of X-rays to fall at a glancing 
angle upon a face of a crystal, there is in general no reflected beam, 
but on rotating the crystal slowly, it is found that for certain 
angles 6 i, O 2 , ^ 3 , ... a reflected beam may be detected. Then, 

^=2 sm ^i=sm ^ 2=3 sm ^ 3 =etc., 

from which either A or may be found if the other is known. 
Other values for the ratio X/d may be obtained by turning the 
crystal so that new sets of planes are employed. These planes 
are distinguished solely by the pro})erty of being rich in scattering 
particles (atoms, ions, etc.) and in general many such exist in a 
crystal. These planes need not be parallel to any particular face 
of the crystal and indeed the latter may even be an irregular 
fragment. 

Refraction of X-rays.— The derivation given above of Bragg's 
equation assumes that the wave-length is unaltered within the 
crystal. It was found by Stenstrom ^ that the wave-lengths cal¬ 
culated from the observed deviations in the spectra of different 
orders, i.e, different values of n, did not agree exactly and he 
deduced that the rays are bent away from the normal when enter¬ 
ing a crystal. Thus the refractive index is slightly less than 
unity, and may be written /x=l—S. 

Total internal reflection should therefore occur at a sufficiently 
large angle of incidence i (or small glancing angle 0 , 0 -f-^== 7 r/ 2 ), 
the critical glancing angle being given, as in optics, by sin 
=cos 0, and this in turn—1—as 0 is very small. Hence 
=2(1—/It) =28, 0='\/28. Compton 2 found for crown glass a 
critical glancing angle of 11 minutes, giving 8=5 X lO*"®. 

Correction of Bragg’s Equation. —Owing to refraction of X-rays 
on entering a crystal, it is the angle 0' (Fig. 400) inside the crystal 
which obeys the Bragg equation, but the external angle 0 is the 

‘ W. StenstrSm, Dissertation, Lund. 1919. 

• A. H. Compton, Phil. Mag., 46, p. 1121. 1923. 
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one measured. The law of refraction in optics, translated into 
glancing angles, gives 

V A cos ^ 2 g 

where v and A are the velocity and wave-length in air, v' and A' 
in the crystal. Then nX^ld sin which may be written 

A 

n 


/Il 

COs2 6 1 

/V 



1-8 

nX =2d{{ 1 -8)2-(1 -sin 2 
=:2ti{sin2 0-28-f82p 

=2<;sin4l 



sm 2 e\ 

approximately 

—2d sin oil —. (i) Fig. 400. 

\ sin2 6 ) ^ ' 

assuming 8 to be very small. 

Let measurements be made with one fixed wave-length A but 
in two orders and let the apparent wave-lengths derived 

from the uncorrected Bragg equation be Aj, A 2 , deduced from the 
glancing angles Oi, 0^ respectively. Then 

niXi—2d sin 0 ^ .(ii) 

while (i) becomes nyX^ld sin 0 i ^1 ^ j 


so that 


Likewise 


+ ^2 gJ approximately. 


so that Ai —A2 =:As(- vb — ~ U )- 

\sm20j sm202/ 

As Aj and A 2 differ very little from A, we may write 


and 

Thus 


1 

t-H 

N 

1 

sin2 0 ^~ 

\A/ ‘V 

U Ms 

A,-A2/A\2 

W 

A \2d) ■ 


A) —A 2 sin2 $1 


■ A 

Ai—A 2 


^2 


n 


—X - 2 . Sin2 0,, 

^2^—ni2 


a result known as Stenstrom's equation. 
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Once S is known for a material, the true glancing angle 9' can be 
calculated for each observed angle 9 and the wave-lengths in the 
crystal and in air can then be evaluated, assuming d to be 
known. 


X-ray Spectrometer. —The intensity of the beam reflected in 
various directions from a crystal may be measured by an X-ray 
spectrometer. Fig. 401 illustrates the original form due to Sir 
William (Prof. W. H.) Bragg. Slits B, B' in metal screens limit 


the beam coming from the target 
A. The position of the crystal 

C, mounted in wax on a table 
rotating about a vertical axis, is 
shown by vernier V. 'I'he arm 

D, rotating about the same 
vertical axis, carries the ionisa¬ 
tion chamber E and a second 
vernier (not shown). The adjust¬ 
able slit F can be used to limit 
the width of the reflected beam, 
which enters the chamber through 
a thin aluminium window. The 
chamber is insulated and raised 
to a high potential by a battery 
of cells, and the electrode inside 
it is connected to the gold leaf of 
a tilted electroscope (see Chapter 
XV), so that the motion of the leaf 
is a measure of the ionisation in 
the chamber and hence of the in¬ 



Fig. 401. 


tensity of the reflected X-ray beam. To increase absorption of 
the X-rays, the chamber is usually filled with a suitable dense 
gas: sulphur dioxide gives about ten times the absorption of 
air, while with highly y)enetrating rays, methyl bromide, 
which absorbs still more, may be used. 

- ^ - In plotting a spectrum start- 

1 ‘ ing with zero glancing angle, the 

S crystal is turned at half the rate 

c ^ ^2 of the chamber and at each new 

-'Ul-setting the leaf of the electro- 

lO** , 5 “ ao** 25 ° 30 ” 35 ° 40 ° scopc is initially earthed and its 
Pig. 402. motion then observed for a few 

seconds to estimate the intensity 
of the reflected rays. A typical plot of ionisation against angle 
is indicated in Fig. 402. The maxima A] and Bj correspond to 
two characteristic radiations in the incident beam, which arise 


15 20 25 30 

Fig. 402. 


from a rhodium anti-cathode, the reflecting crystal being sodium 
chloride. The maxima A 2 B 2 and A 3 B 3 are produced by second- 
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and third-order reflections. Such a curve is called an X-ray 
spectrum. The maxima Aj, A 2 and A 3 occur at angles which are 
nearly 11-8^ 23-5" and 36°, 

sin 11*8° : sin 23*5° * sin 36°=0*204 : 0-40 : 0*63: 2 : 3 nearly. 


Wave-length of X-rays and Crystal Structure. —The halogen 
salts, which crystallise on tlie cubic system, provide a simple 
illustrative example of the Bragg method. The investigation of 
these salts was of great importance, because it established the 
dimensions of certain crystalline structures and enabled the 
wave-lengths of certain characteristic X-rays to be determined in 
absolute measure. Using these distances and wave-lengths as 
reference standards, others could then be determined by com¬ 
parative methods. 

The simplest of arrangements conceivable for a crystal of the 
cubic system is that in which one atom is situated at each comer 
of a cube (Fig. 403a, p. 494). This structure repeated in all 
directions is called a space-lallice, and in this simple case there are 
three systems of planes rich in atoms, which may be easily 
recognised. 

Let di be the separation of planes such as ABCI) and EFGH : 
this distance is the length of one edge of the basic cube. Planes 
parallel to AEGC are separated from one another by distances 
d2=dil\/2. A third set of planes is parallel to ACF, which has a 
perpendicular distance from B (wliich lies in the next plane of the 
set) of d^. Triangle ABK is drawn in true shape at (ii) in Fig. 
403a, and it will be seen that 

d^ d^ 

di '\/{di‘^-\~d2^) 


di 1 

-V2 + 

_ d, V2 
“”V2 


dj^ —(^3'y/3, 

.■11 1^1 : V 3 . 

di ^2 ^3 

Bragg obtained 5*22°, 7*30° and 9*05° for the respective reflections 
from a given crystal of potassium chloride. Using X^2d sin 6, 


1 : T : T=sin 5 - 22 “ : sin 7 - 30 “ : sin 9 - 05 ° 

Ui U2 ^3 

1 1 : 1 = 0-0910 : 0-1272 ; 0-1570 
*2 1 : ^2 : V3 


in agreement with the assumption of a simple cubic lattice. 
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It should be noted that the atomic weights of potassium (39) 
and of chlorine (35*5) are not very different, so that the scattering 
powers of the two kinds of atoms may be expected to be similar. 
Thus in the above accounts no distinction has been made between 
them. 

Sodium chloride gives different results, which may be in¬ 
terpreted by assuming that the sodium (Na=^23) and chlorine 
atoms alternate in the lattice, as in Fig. 403b, where the sodium 
atoms are represented by black dots and the chlorine by white. 
Each set can be regarded as forming a lattice with an atom at 
each comer of a cube and one in the centre of each face. Writing 
d 2 ~dil\/ 2 \ and both the corresponding planes contain 
atoms of both kinds. On the other hand, planes parallel to ACF 
contain atoms all of one kind, and the separation between planes 
of the same kind is Idij^Z instead of dil^?>. The first-order 



Fig. 403a. Fig. 403b. 


reflections from these two sets of planes will occur at the same 
setting but the two reflected wave-trains will be out of phase and 
the resultant intensity will be much reduced. This fluctuation 
can be observed. With KCl the odd orders practically disappear 
owing to the matching of the scattering powers of the two kinds 
of atom and the treatment given above, based on the simple cubic 
space lattice of Fig. 403a, is justified. 

Reference to Fig. 403b will show that the lattice is a repetition 
of small cubes and each atom lies at the junction of eight cubes. 
Since also each cube has an atom at each of its eight corners, the 
whole structure, considered as continued indefinitely in all 
directions, has one atom, or half a molecule, per cube. Thus if 
M is the molecular weight of the salt and m is the mass of an 
atom of hydrogen, namely 1*64 x 10“24 gramme, one cube has the 
mass JMm. For NaCl, M=58-5, and each cube has a mass of 


XIV. REFLECTION BY RULED GRATING 495 

Jx58-5xl•64x10-2* gm. As the density of the crystal is 2*17 
gm. cm.“2, this mass is also equal to whence 

^i= 2 * 81 xl 0“8 cm. 

Thus for X-rays giving a glancing angle of 11*8® in the first order, 
since X=2d sin 9, 

A=2 X 2-81 X 10-8x0*204 
=1*15 xl0“8 cm. 

Reflection by Ruled Grating. —The great penetrating power and 
the very short wave-lengtli of X-rays make the use of mechanically 
ruled diffraction gratings impracticable except at nearly grazing 
incidence. Fortunately then, however, the reflection is very 
high. Indeed total reflection can be obtained owing to the fact, 
already mentioned (p. 490), that the refractive indices of many 
materials are less than unity for X-rays. Moreover, the effective 



spacing between rulings for such extremely oblique incidence is 
very small and matches the short wave-lengths to be measured. 

For incident grazing angle 9 (Fig. 404) there will be maximum 
intensity in the direction 9-{-a if. the wave-front QS is in advance 
of PR by a whole number of waves, i,e. QR—PS=wA, where n is 
integral. Thus 

nX=b{cos 9—cos (0+a)} 

—2b sin 1(20+a) sin Ja 
and for very small angles, 

nX—2b{9~\-\a) . 

=&(0a+ia2), 

a quadratic for a with one root given by 

a + 0=y(02 + —). 

The dispersion is 
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Unlike the normal optical case, the dispersion depends on the 
wave-length A. 

The grating space b between successive rulings may be measured 
with a microscope or found by using light of known wave-length. 

This method of measuring X-ray wave-lengths has the great 
merit over crystal methods of avoiding uncertain assumptions 
about refraction and about the perfection of the reflecting layers 
of the crystals used. The values of wave-length found by using 
gratings tend to be higher (by some OT to 0*3 per cent.) than those 
found by crystal methods, presumably because the value deduced 
for d is in fact too small. 

X-ray Spectra and Atomic Number. —A comprehensive study 
of the spectra produced by the reflection of X-rays at the surfaces 
of a crystal of potassium ferrocyanide was made by Moseley.^ 
He used the metal, whose radiations were to be examined, as the 
target in the X-ray tube, in the manner suggested by Kaye 
(p. 488). The metals were mounted upon a carrier, which could 
be moved along so that each metal in turn could be used as 
target, thus obviating the necessity of exhausting the tube for 
the employment of each metal. Great care was taken in 
measuring the glancing angles with accuracy, a spectrometer 
being modified for the purpose. The reflected rays fell upon a 
photographic plate calibrated by check observations. Owing to 
the variable j)enetrability of the different X-rays used, the 
aluminium window by which the rays escaped from the tube, 
when hard rays are examined, was replaced by a window of 
varnished gold-beater’s skin for the examination of the soft rays, 
and, in addition, the chamber containing the photographic plate 
was exhausted to reduce absorption by the air. 

Characteristic radiations from metals, varying from aluminium 
to gold, were examined, and the series has since been extended 
by later workers with results concordant with the earlier results. 
It was found by Moseley that the spectra from the metals from 
aluminium to silver consisted of tw^o lines belonging to the series 
K, the stronger (Ka) having a greater wave-length than the 
weaker (K^), but the lines form a continuous series. On plotting 
the square root of the frequency of the radiation against the 
atomic weight of the clement, a line, nearly straight, was obtained 
for each series. But on employing the number of the element in 
the periodic table, instead of the atomic weight, the lines became 
almost exactly straight, as shown in Fig. 405. On using the 
metals zirconium to gold, it was found that the scries L radia¬ 
tions each consisted of a series represented by five lines (La, L^, 
etc.), but the same linear relation exists. For each series an 
equation v~a[Z—b)‘^ is found to fit the experimental results, v 
being the frequency of the characteristic radiation, and Z a 
1 H. G. J. Moseley, Phil. Mag., 26. p. 1024, 1913 ; and 27, p. 703. 1914. 
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number which represents the position of the element in the 
periodic table, and called by Moseley the atomic number of 
the element. There are three exceptions to the position in the 
periodic table being given by the atomic weight, namely, in the 
cases of argon, cobalt and tellurium, but the new arrangement 
places these elements in a position corresponding to their 
chemical properties. 

For the series Ka, 6 = 1, and for the series La, 6=7*4, which 
indicates a regular progression in the character of the emission 
with increase in atomic number. From the value of the constant 



Fig. 405. 


a Moseley showed that the results are consistent with the fact, 
known from other considerations, that Z is the number of posi¬ 
tive units of electric charge in the atomic nucleus, the positive 
unit being the amount which, with one electron, gives a neutral 
body. Tfius the atomic number of hydrogen is 1, helium 2, 
lithium 3, etc., up to uranium 92. 

Canal Rays. —In the cathode dark space, negative ions or cor¬ 
puscles are driven away from the cathode with a velocity of the 
order of 10® cm. per second (p. 472). If, then, there are positive 
ions in the cathode dark space we should expect that they would 
be driven towards the cathode, but since they meet the cathode 
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itself they would be undetected. The faint glow at the surface 
of the cathode is due to these positive ions, and, further, these 
rays carrying a positive charge have been noticed by Perrin 
(p. 468). If, however, the cathode consist of a thin sheet with 
perforations in it, the positive ions might then pass through these 
spaces and give rise to streams behind the cathode. Goldstein ^ 
observed such rays and called them Kanalstrahlen,” or Canal 
Rays. They can produce phosphorescence, and are deflected in 
a magnetic field, but the deflection is much less than in the case 
of the cathode rays. 

Using the method of the combined magnetic and electrostatic 

tn 

fields (p. 471), W. Wien 2 determined the values of — and v, and 

c 

found that -=1*3 X and i;=3*6 X10*^ cm. per second. The 
e 

magnetic deflection is much more difficult to obtain than in the 
case of the cathode rays, and much stronger fields were used. 
The velocity is only about of that of the cathode rays, while 

fft 

the value of — is of the order of that of the hydrogen atom dealt 
e 

with in electrolysis. The value of is not so constant as in the 

case of the cathode rays, but the smallest value found is 1*3 x 10~®. 

Positive Ray Analysis. —The streams of positively charged 
bodies first noticed in the case of the canal rays (above) and 

afterwards in the a-rays from radio¬ 
active substances (p. 516) are usually 
grouped under the name of positive 
rays, which name indicates the nature 
of the electric charge carried by them. 
V The positive rays in the discharge 

tube are of a complex nature. By 
using large vacuum vessels so that 
the discharge could be obtained at 
very high p.d. without injuring the 
tube. Sir J. J. Thomson 3 found the 
existence of positive rays whose 
nature depended upon the gas present in the tube. 

The method employed was that of the application of an electric 
and a magnetic field coincident in position and direction. In 
Fig. 406 consider the electric and magnetic fields to be both 
parallel to the axis OZ, and the particle to be moving with 

^ Goldstein, Berl, SUm, Ber,, p. 691. 1886. 

* W. Wien. Wied. Ann., 65. p. 440. 1898. 

• J. J. Thomson, Phil. Afag., 21. p. 225. 1911. 




XIV. 


POSITIVE RAY ANALYSIS 


499 


dx 

velocity v parallel to OX. Then the force on the 

particle due to the magnetic field is YLev (p. 471) and acts in the 
direction OY. The acceleration of the particle in this direction 


being 


dt^' 


^^3' TT 




dx 

dt 


Integrating with respect to we have. 


m 


dy _ 


dt 


f r 

Jo d.t Jo 


emx 


But, 


dy _jiy dx ^ dy 
dt dx * dt dx 


dy f* 
/. mv-f= i 
dx Jo 


cHdx 


If y is the displacement after traversing a distance I in the field, 
so that x^l, 

mvy=J eHdx^dx 
Then integrating by parts, 

eYid^dx=^ \x\ f eUdx — f xeUdx 


OJO 


=ej\l-x)Kdx 

If now A {l—x)'H.dx, A depends only upon the distribution 

of the magnetic field and the path of the particles in the field, and 
is the same for all particles. 


or. 


fnvy=eA 

^ 1 A 

y=— . - . A 

m V 


(i) 


In order to find the deflection of the particle due to the electric 
field of strength E, note that the force on the particle is ^E. 
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VT dz dz dx dz 

Now, = . 

di dx dt dx 

d^z _ d^z dx dv dz 

di^ ^ * dx^ ' dt dt * dx 

- . 

dx^’ 

dv 

neglecting the term in , since the change in velocity is negligible 
dt 

to a first order of accuracy for small displacements, 

nd^Z -r^ 

mv^^^=^eE 

mv^ . f Edx 

dx Jo 

mv^z—ej Edxjdx 

where B depends only on the distribution of electric field along 
the path of the particle, and is the same for all particles* 

2 = - • ^. 

m 

From equations (i) and (ii) 

V A ..... 

.<■“> 

and. . 

Z fH s5 


If a photographic plate be placed to receive the particles, the 

plate will be affected where 
the particles strike it. Any 
particle which is neutral as re¬ 
gards electric charge will not 
be deviated by the electric and 
magnetic fields, and will pro¬ 
duce a spot upon the plate 
which marks the original direc¬ 
tion of motion of the particles. 
After exposing and developing 
the plate it may be placed in 
the position shown in Fig. 407, 
so that the axis Oy is parallel 
to the displacement due to the magnetic field, and Oz parallel to 
that due to the electric field. A straight line such as OG passing 
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through the origin is the locus of the points of striking of all 

particles having some particular velocity, for ‘^=constant, and 

from equation (iii) above this corresponds to a constant value of 
V, for A and B are the same for all the particles. On the other 
hand, the points on the plate produced by particles having the 
c 

same value of —, will be upon parabolas ™~=constant, from 
m z 

equation (iv). 

The apparatus used by Sir J. J. Thomson is illustrated in 
Fig. 408. B is a large bulb in which a sufficiently high vacuum 
to use very high 
potentials for the 
production of the 
positive rays can be 
maintained. The 
cathode is an iron 
tube A having a very 
fine axial channel, 
and the electromag¬ 
net M supplies the magnetic field. The surface layers of the poles 
of M are insulated and on being connected to a battery produce 
the electric field. The fine beam of positive rays subjected to 
the combined effects of the two fields falls on the photographic 
plate or other receiving apparatus E. 

Mass Spectra.—Very great increase in the sensitiveness of the 
method of positive ray analysis, and in the ease of interpreting 
the results, has been attained by Aston,^ by means of his mass 
spectrograph. The positive streams do not pass through the 
fields simultaneously, but first through the electric field and 
afterwards through the magnetic field. The former produces a 
dispersion, which is annulled by the subsequent passage through 
the magnetic field. 

The parallel slits A and B (Fig. 409) reduce the stream of 
positive rays to a very thin beam which enters the electric field 
between the plates C and D, slightly inclined to the beam. For 
simplicity the beam may be considered to undergo a bending 0 
and a dispersion hd on arriving at the point E. From equation 
(ii), p. 500, the displacement of the particle being z, if its length 
of path in the field is /, then 

I I m 

=C.-.i 

m 

* F. W. Aston, Phil. Mag., 88, p. 709. 1919. 
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where C depends upon the distribution of electric field only, and 
is the same for all the particles. 

Similarly the bending (f> of the beam in the magnetic field is 
given by 


.A 

I m V 



1 

V 



where D depends only on the distribution of magnetic field. 
Then, 




dv 





Similarly, 


dd 2dv 
J + - ^ 


and on combining these two equations we have 

e ^ 

provided that — is constant. 
m 

The width of the beam at the point O, whose distance from E 
is equal to a, is add ; and if the beam had travelled a further 
distance b without meeting the magnetic field the width of the 
beam would have been {a+b)d9. But if this divergence is 
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annulled by the magnetic field, so that the beam comes to a 
focus at F, where OF= 6 , 

(a+ 6 )rf 0=6 . 

or a-^b _d^_ tf> 

b de 2d 

and, b{(f>—26)=a. 26 

On placing the photographic plate in the position HF in the 
line EPF, the position of the image at F is fixed. EF is parallel 
to OG, making 4>=2d. 

The image produced in the direction OG would be at infinity, 
for 

b_ 26 
a <l>-26 

and 6=00 when <f>=26. 

For <f>—46, b=a, which would give a focus on HF. 

With the small values of <f> and 6 employed, the images for 

beams of rays having different values of ~ are in focus upon the 

ffi 

plate. Also the ratios — for the particles are proportional to the 

c 

distances of the images from some ** fiducial spot'' which is 
never far from P. 

In practice the deductions are entirely empirical, the positions 
of the images for substances known to be present serving to fix 

fH 

the values of ~ for the other substances. 
e 

In Fig. 410 various mass spectra are shown. The lines for 
carbon (atomic weight 12), oxygen (16), CO (28), and CO 2 (55) 
serve to fix the scale for the other hnes. The series C (l2), 
CH (13), CH 2 (14), CH 3 (15), and CH 4 (16) are clearly shown in 
spectrum V. With argon (40) present, the line is clearly marked 
in VI, and the second and third order lines (A++) and (A+ + +)> 
that is, the argon atom with two or three electronic positive 
charges are seen as 20 and 13*3 in V. The atomic weight of neon 
is 20 - 20 , and with this gas the lines 20 and 22 are obtained 
(spectrum I), the 20 line being the more intense. This indicates 
that ordinary neon is a mixture of two constituents of atomic 
weights, 20 and 22, present in the proportion 9:1, which gives 
the average atomic weight 20 - 20 . 

Substances sudh as the two constituents of neon which have 
identical chemical properties, but different atomic weights, are 
called isotopes. It is now recognised that isotopes have the same 
atomic number and the same electric charge in the nucleus of 
the atom (p. 539). The isotopes of any substance, owing to their 
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identical chemical properties, cannot be separated by any 
chemical means. Aston has shown that in the case of elements 
whose atomic weight is a fractional quantity, the ordinary sub¬ 
stance is a mixture of two or more isotopes whose atomic weights 



are whole numbers, that of oxygen being taken as 16. This is 
very well illustrated in the case of chlorine, whose atomic weight 
is 35-46. In spectrum III, four lines, 35, 36, 37 and 38, are seen. 
The lines 36 and 38 correspond to HCl and do not give second 
order lines, since a molecule does not, as a rule, acquire two 


Fig. 410 . 

(By kind permission of the Editors of the '* Philosophical Magasine.'*\ 
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fundamental units of positive charge. The chlorine atoms, how¬ 
ever, do acquire two units of charge, as shown by the second- 
order lines 17-5 and 18*5 in spectrum IL The lines 63 and 65 in 
spectrum IV are for COCl, and are further evidence of the presence 
of the two isotopes 35 and 37 of chlorine. Krypton, which has 
an atomic weight of 83-7, is found to consist of 6 isotopes, 78, 80, 
82, 83, 84 and 86 (spectrum VIII). The isotopes of a few of the 
lighter elements are listed below, the masses being on a scale 
which assigns the value 16*000 to the commonest oxygen isotope, 
denoted by the symbol Z is the atomic number (p. 496). A 
chart giving in graphical form the well-established isotopes of all 
the known elements is given at the end of the book (pp. 628-9). 

Examples of Isotopes Occurring in Nature. 


Z-1 


Hydrogen 

iH-1-0081 (99*98%) 
211=2*0147(0*02%) 


Z=2 

Helium 

4He =4*0039 
3He (very rare) 


Z=3 

Lithium 

7Li=7*0182(92*5%) 

6Li=6*0169(7*5%) 


Z=6 


Z=8 


Z=ll 


Carbon 

120=12*0040(98*9%) 
i3C = 13*0076(M%) 

1 (very rare) 


Oxygen Sodium 

1 GO = 16*0000 (99*76%) 2 3^a=22*9961 
180 = 18*0037(0*20%) 

170 = 17*0045(0*041%) 


Thus in nature 92*5 per cent, of all lithium consists of atoms 
with mass close to 7, the remaining atoms having the mass 6. 
All the atomic masses on this scale are very nearly integral. 
About 30 per cent, of the elements up to bismuth (Z=83) have 
only one known stable isotope, but many elements have several 
isotopes. Tin has no less than 10 (masses 112, 114, 115, 116, 117, 
118, 119, 120, 122 and 124). 

Deuterium, the Isotope of Hydrogen. —After allowance has been 
made for the presence in water of oxygen atoms of masses 17 and 
18, the ratio of the mass of hydrogen to that of oxygen in a sample 
of water betrays the presence of a hydrogen isotope of double the 
normal mass. The presence of this isotope in hydrogen gas 
should give rise to faint lines accompanying the ordinary lines of 
the spectrum but displaced to the red (long-wave) side. These 
were sought and detected by Urey, Brickwedde and Murphy.* 
It was then found by Washburn and Urey 2 that water in old 
electrolytic cells contained a high percentage of heavy water. 
This arises because of the lower velocity of migration (p. 177) of 


^ H. C. Urey, F. G. Brickwedde and G. M. Murphy, Phys. Rev., 39, p. 164. 
• E. W. Washburn and H. C. Urey, Proc. U.S. Nat. Acad. Sci., July, 1932. 
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the more massive ions containing the heavy isotope, to which 
the name deuterium, symbol D, has been given. Thus pure 
heavy water is DoO. Production is chiefly by electrolysis of 
sodium hydroxide with nickel electrodes. 

Heavy water is not radically different in physical properties 
from ordinary water, but has a higher freezing point (3*8'' C.), 
boiling point (101-42*^ C.), viscosity and density (1T04). It has 
a maximum density at 11*6° C. 

The ordinary charged hydrogen ion of the mass spectrograph 
is a hydrogen nucleus or proton \ the corresponding particle of 
double mass is called a deuteron. 

Ionisation by Collision, —Many facts point to the conclusion 
that the ions which take part in the passage of currents through 
geises are to a large extent produced by the impact of ions already 
present, with the neutral atoms of the gas. An examination of 
the curve in Fig. 390 b shows that when a certain electrical inten¬ 
sity of the field is reached, a large and rapid increase in the 
current takes place, and it is reasonable to suppose that this 
happens when the velocity of the ions due to the electric field is 
sufficient for them to ioni.se the neutral molecules of the gas on 
impact. The conditions for this to take place are complicated; 
at high pressures the collisions are so frequent that the ion will 
not have acquired a sufficient velocity before impact to enable 
it to produce ionisation, but on the other hand, if the potential 
gradient be very great, a much shorter path is required for this 
critical velocity to be produced. This is in accordance with the 
fact that at high pressures a much greater potential difierence is 
required to produce a spark than at low pressures, the length of 
spark gap remaining the same. 

If I be the mean length of path of the ion between colli.sions, 

eEl^\m . 

since the work done on the ion by the electrical intensity E is 
equal to the kinetic energy acquired by the ion. We therefore 
see that the negative ion, having a much smaller mass than the 
positive ion, will acquire the ionising velocity in a much shorter 
path than the heavy positive ion, and therefore at the beginning 
of the discharge the negative ions will be the more important in 
producing ionisation. But the phenomenon is complicated by 
the fact that the positive ion may not require the same velocity 
to produce ionisation as the negative ion, and, further, the 
collisions do not take place under the same conditions. 

Process of Electric Discharge. —The process of the electric dis¬ 
charge may now be accounted for on the theory of ionisation by 
collision. When there is an electric field in the gas between two 
conductors, the current will be infinitesimal (although never 



XIV. PROCESS OF ELECTRIC DISCHARGE 507 

actually zero), unless ions are produced by some external cause, 
such as Rontgen rays or ultra-violet light. When, however, the 
electric intensity reaches a certain value, any ions in the gas will 
acquire a velocity sufficient to produce ionisation by collision. A 
few ions are always present, for no gas is a p(‘rfect insulator. 
C. T. R. Wilson^ found that at the atmospheric pressure, the 
rate of leakage of charge from a body in an enclosed space is 
10 “^?; electrostatic units per second, where v is the volume in 
cubic centimetres of the enclosure. When the electric intensity 
reaches such a value that ionisation by collision begins, the 
number of ions present will rapidly increase, and it is found that 
a very much smaller electric intensity is required to maintain 
the current in the gas tlian to start it. 

Prof. Townsend- found in one case, with air at 4*31 mm. 
pressure, between parallel electrodes 8 mm. apart, that the gas 
acted as an insulator when the difference of potential between 
the plates was 601 volts, but on increasing this to 603 volts a 
current of 0*0052 ampere passed between the electrodes, the 
difference of potential between which dropped to 350 volts. 

The lag in the establishment of the spark that has been noticed 
by many ol:)servers is also accounted for, the gas acting as 
insulator, for a very short time, to an electromotive force which 
would produce the discharge if continuously applied. The set¬ 
ting u]) of the steady condition of ionisation requires time, since 
the initial number of ions present in the gas is exceedingly small. 

The high-voltage spark and the lightning discharge have been 
extensively studied in recent years. The actual form of the dis¬ 
charge path may be photographed by a device due to C. V. Boys^ 
in which rapidly moving lenses and a stationary film are used, or 
stationary lenses and a film secured to a drum rotating at high 
speed. By this and other means it has been shown that the main 
discharge is preceded in general by a “ leader stroke '' which 
makes progress in a series of steps, heavy ionisation of the gas 
being built up until a conducting path is formed, whereupon the 
main discharge passes. The phenomena are clearly very com¬ 
plicated. The interested reader may consult an article on the 
lightning discharge by J. M. Meek and F. R. Perry.^ 

Cosmic Rays. —The conductivity of the atmosphere, which was 
at first attributed to radioactive products diffused in the air, took 
on a different aspect when it was discovered by Gockel^ that at 
a height of 4500 metres the conductivity is greater than at the 
earth's surface. Subsequent investigation established that the 

‘ C. T. R. Wilson, Proc, Poy. Soc., 68, p. 151. 1901 

• J. S. Townsend, Phtl. Mag., 8, p, 738. 1904. 

• C. V. Boys. Natufe, 118, p. 749 (1926) and 124, p. 54 (1929). 

• Reports on Progress in Physics, Vol. X. The Physical Society, 1946. 

» A. Gockel, Pkys, Z$U., XI, p. 28. 1910. 
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conductivity increases with altitude and that there is little differ¬ 
ence in the values between day and ni| 2 :ht. There is now no 
doubt that this conductivity is mainly due to exceedingly pene¬ 
trating radiation coming from outer space and accordingly called 
cosmic rays. 

Using ionisation chambers to measure the intensity of the 
cosmic radiation, Otis, Cameron and Millikan determined the 
absorption coefficient for cosmic rays in the water of high- 
altitude lakes, finding the rays to be 18 times as penetrating as 
the most penetrating terrestrial source available to them, the 
y-rays emitted by radioactive substances, described in the next 
chapter. They immersed electroscopes to various depths in the 
lakes and they also made measurements at high altitudes by means 
of balloon-borne recording electrometers. They concluded that 
the whole atmosphere, regarded as an absorbci, is equivalent to 
about 10 metres of water, which is the height of the water baro¬ 
meter, and also that the radiation contains constituents of different 
degrees of penetrability. 

The incidence of the rays is not quite uniform all over the eartli, 
and the variations are connected with the terrestrial magnetic 
field. Thus there is a reduction in intensity (of the order 10 per 
cent.) on passing from high magnetic latitudes to the vicinity of 
the magnetic equator, a phenomenon knowm as the latitude effect. 
This is to be expected if the radiation contains electrically charged 
particles, for a charged particle approaching the earth experiences 
a transverse force which depends on the component oi the mag¬ 
netic field at right angles to its path (cf. pp. 240 and 471). This 
component is, for rays directed more or less vertically down, 
greatest near the magnetic equator. Unless the incident energy 
of such particles is very high, they may be deflected away from 
the earth altogether. 

The same considerations show that there should be an East-West 
effect, a preponderance of particles arriving from one side or the 
other, depending on their sign. To investigate this, use has been 
made of the Geiger tube discussed more fully in the next chapter. 
This is in essence an ionisation chamber which is used very near 
the limit of stability so that a very little extra ionisation will 

trigger off'' a discharge (cf. p. 507). The surge of charge so 
produced gives an audible signal (by amplification and use of a 
loud-speaker) or it can be made to operate a counter. If two 
such tubes are so connected together that discharges and therefore 
signals are only given when simultaneous ionisations occur, the 
device is virtually responsive only to radiation coming along, or 
very close to, the direction defined by the line passing through the 
centres of the two tubes. This direction may be called the axis 
of the cosmic-ray telescope." By using pairs of tubes in this 
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way, and comparing the rates of receipt of signals from units with 
axes pointing in different directions, the intensities associated 
with different directions of arrival may be deduced. There is 
found to be a preponderance of arrivals from the westerly side 
of the local magnetic meridian, which implies, as the reader may 
verify, that the incoming radiation contains predominantly 
positively charged particles. 

The ionising radiation at ground level contains many fast 
particles and these may give tracks in a Wilson Cloud Chamber 
(p. 482) if an expansion is made very soon after such a particle 
has passed through the chamber. Condensation of minute water 
droplets gives under low magnification the appearance of a 
continuous trace. Blackett and Occhialini designed a cloud 
chamber arrangement in which an expansion automatically oc¬ 
curred whenever a signal was received by a pair of Geiger tubes 
connected so that the axis of the pair passed through the chamber. 
In this device, a photographic exposure is also automatically made 
and in this way great numbers of tracks of particles have been 
recorded and examined. 

The tracks in some of the photographs are forked, indicating 
that a violent collision has occurred with a gas molecule in the 
chamber, both the original particle and the struck molecule giving 
tracks. A collision of this kind is clearly quite different from the 
less violent impacts which the particle must be supposed to be 
making in great number along its track, to account for the trail 
of ionised molecules on which condensation occurs. As will 
appear later, an atom contains an extremely small charged nucleus, 
accounting for nearly all its mass, and the forked tracks denote 
a more or less direct hit on a nucleus. 


The Positron, —In order to study the energy of the electrons 
liberated by cosmic rays, Millikan and Anderson in 1929 con¬ 
structed a vertical closed chamber of the Wilson type (p. 482) 
of very large dimensions. By means of an electromagnet a 
strong magnetic field could be produced. In this way it was 
possible to produce a nearly uniform field over an area of 17 cm. 
Xl7 cm. Since the photographs of the cloud tracks are taken 
in a plane at right angles to the magnetic field, the radius of 

curvature, r, of the track 


fHV 

will be given by equation Hr= — 

€> 


(p. 471) where w, v and e refer to the particle causing the track. 
The kinetic energy \mv^ of the particle may be expressed in 
electron-volts, V, where \mv^—eiY, Ci being the electronic charge. 


Then, Hr= 


m /: 


2m^iV 


Thus if the mass and charge of 


a particle are known, its energy in electron-volts may be found 
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from the strength of magnetic field and the radius of curvature 
of the cloud track. It was found that when the y-rays from 
Th C" of maximum energy 2-6x10^ e.v. are passed through the 
expansion chamber, the electrons liberated were caused to move 
in spirals wliose radius indicated an energy of 2x10^ e.v. On 
the other hand, cosmic rays liberated, in one case, an electron of 
energy 8xl0^‘ e.v. At this time many instances occurred of 
tracks appearing in pairs, one having its curvature in such a 
direction that the eJectric charge of the particle must be positive. 
At first these positive particles were considered to be protons. 
This, however, was definitely ruled out by a photograph obtained 
by Anderson^ in which one of these bodies traversed a plate of 
lead 0-6 cm. thick. The curvature must be greater where the 
velocity is less, which, as the curvature was greater on one side 
of the plate than on the otlier, sliowed the direction of travel. 
Since the charge was positive and the ionisation of the type pro¬ 
duced by electrons, it was concluded that the body was a positive 
charge of mass equal to that of the electron. It has been named 
the positron. Amongst the high energy rays it is now known 
that positrons are as common as electrons. 

Amongst others, Chadwick, Blackett and Occhialini^ showed 
that when the rays from a mixture of polonium and beryllium 
fall on a lead plate in an expansion chamber positrons are pro¬ 
duced whose direction is fixed by the loss in energy in traversing 
the lead plate. 

Positrons are also emitted by substances which exhibit induced 
radioactivity. 

Cosmic Ray Showers. —By employing the large cloud chamber 
(p. 509) it has been found tliat two or more tracks starting from 
the same point are of frequent occurrence. These associated 
tracks constitute a shower, and consist of both electrons and 
positrons. The chance of obtaining a shower in the chamber is 
increased by placing a lead sheet in the chamber. The device of 
the pair of Geiger tubes, already described on p. 509, is used to 
select many-track showers. There may be many hundreds of 
particles in a shower and the total energy of the whole may exceed 
2 x 10® e.v. 

In many of the photographs small circular tracks appear. The 
strong curvature in the magnetic field shows that these are due to 
charged particles of comparatively low energy. They are pre¬ 
sumed to be liberated by radiation emanating from atoms of the 
gas on being struck by other particles in much the same way as 
X-radiation is emitted when the atoms of the target of an X-ray 
tube are struck by electrons. 

^ C. D. Anderson, Science, LXXVI, p. 238, 1932. 

■ J. Chadwick, P. M. S. Blackett and G. Occhialini, Nature, 131, p. 473. 1933. 
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Origin of the Cosmic Rays.— There has been much speculation 
about the origin of the cosmic rays. It was held for a long time 
that the primary radiation must be photons, i.e. radiation, because 
the most likely alternative appeared to be electrons or protons 
and it seemed difficult to explain how such particles could carry 
the immense concentration of energy displayed in a shower. 

R. A. Millikan suggested that the cosmic rays were radiation 
created by the annihilation of matter. According to Einstein, 
mass is a form of energy, and the energy-equivalent of a mass 
m gm. is mc^ ergs, where c=3 x 10'^ cm. per sec., the velocity of 
light in a vacuum. An electron of charge e electromagnetic units, 
accelerated by a potential difference of V volts, acquires energy 
eV X10* ergs, and equating this to mc^ to find the energy- 
equivalent of the electronic mass in electron-volts, 

c2 9x1020 

m 

=512,000 volts. 

Annihilation of an atom of hydrogen would yield 1835 times as 
much, or 9-397 x 10* e.v. Dividing by 1-0078, the atomic weight 
of hydrogen, a fall of 1 in an atomic weight would liberate 
9-32 X10* e.v. per atom affected. Union of four hydrogen nuclei 
to form a helium nucleus would cause a loss of atomic weight, 
known as the packing effect, of some (1-008x4—4-004) =0-028, 
which is equivalent to some 3-2 x 10* e.v. Many other “ nuclear 
reactions ” can be conceived which involve higher energies. 

Nuclear reactions are believed to occur in the interiors of the 
sun and other stars and to account for the enormous output of 
radiated energy from these bodies, but it is not now thought that 
photons liberated in such transmutations constitute the primary 
cosmic radiation. Experimental studj? of the phenomena at high 
altitudes, discussed at the end of Chapter XVI (p. 622), .shows that 
the primary radiation is corpuscular, consisting mainly of protons 
accompanied by the nuclei of various light atoms moving at very 
high speed. The origin of these primary particles is still obscure. 
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RADIOACTIVITY 

Becquerel Rays. —While investigating the relation between phos¬ 
phorescence and the production of rays able to produce a photo¬ 
graphic effect after transmission through opaque material, 
Becquerel ^ found, that in the case of the double sulphate of 
uranium and potassium, a photographic effect was produced even 
when the salt had not been exposed to sunlight. In fact, it was 
subsequently found that the effect is the same after keeping the 
salt in a light-tight lead box for several years, or on dissolving it 
in water in the dark and recrystallising it, still in the dark ; and 
further, that the photographic effect is produced by the uranium, 
whatever the nature of the chemical combination in which it 
exists. 

The photographic effect is of a similar nature to that produced 
by the Rontgen rays, but is very much feebler than the effect 
produced by an ordinary X-ray tube. Whereas an exposure of 
a few seconds to Rontgen rays will produce a considerable photo- 
grapdiic effect on an ordinary sensitive plate, several days’ 
exposure is necessary in the case of uranium. 

Other substances have been found to emit rays similar to those 
emitted by uranium, and the name of Becquerel rays has been 
given to them ; but, owing to the complexity of these rays, 
other names for the several constituents have replaced the 
original name for general use. 

Ionisation. —The Becquerel rays possess the power of rendering 
the gas through which they pass conducting. Thus if the uranium 
salt be spread upon the plate A (Fig. 411) parallel to the plate B, 
which latter is in connection with the gold leaf of an electroscope, 
the charge given to the electroscope will leak away, owing to the 
gas between A and B being a conductor, and the rate of leak is a 
measure of the ionising power of the substance spread upon A. 
This form of the electroscope was used by M. and Mme. Curie in 
many of their investigations. 

Another extremely useful form of electroscope for the measure¬ 
ment of the ionisation produced by radioactive substances is due 
to C. T. R. Wilson. The rigid support B has a thin aluminium 
^ H. Becquerel, Comptes Rendus, 122, p. 501. 1896. 
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leaf A attached to it. When charged, the leaf stands as shown in 
Fig. 412, and its motion, as observed by a telescope with a trans¬ 
parent scale in the eyepiece, or by comparison with the reflected 
image of a linear scale, is a measure of the conductivity of the 
gas within the cubical brass vessel. In order to obtain good 
insulation, B ends in a metal block, C, carried by a tube of fused 
quartz, U, fixed by shellac to the brass tube E. I'his is sup¬ 
ported by an ebonite bush, F, in the upper and lower faces of 
which annular slots are turned and filled with sulphur to prevent 





leakage over the faces. In order to charge the leaf, the brass 
rod which carries the terminal J at its upper end and the light 
rod G at its lower end, is depressed until G touches C, and the 
charge is then given to the leaf. On releasing the rod, the spring 
H raises it, and B and A are again insulated. The lower window 
K is covered with a layer of thin tissue paper to exclude draughts, 
and the radioactive material is placed below it, the rays which 
produce ionisation thus entering the chamber of the electroscope. 

A more sensitive arrangement has also been devised by C. T, R. 
Wilson,* in which the gold leaf L (Fig. 413) is attracted by the 
plate P, which is charged to a constant potential of about 200 
‘ C. T. R. Wilson, Camb. Phil. Soc. Pfoc., 12, p. 135. 1903. 
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volts. The best form of the instrument, and the conditions for 
satisfactory working, have been found by G. W. C. Kaye.^ The 
gold leaf is first connected to the brass case, and the instrument 
tilted until the leaf is in the field of the observing microscope. 
The sensitiveness of the instrument can be altered by varying its 
tilt, and also the distance of the earthed plate P from the gold 
leaf, by means of the micrometer screw M, the maximum sensi¬ 
tiveness occurring when the leaf approaches instability owing to 
its proximity to the plate. The leaf is then connected by means 
of the conductor C to the body whose rate of change of potential 
it is required to know. With the plate at potential 207 volts, and 
the leaf inclined at 30°, a travel of about 5^ mm. was found for 
a variation in potential of the leaf of 1 volt. 

The quadrant electrometer also is extensively used for the 
measurement of the current in ionised gases. The radioactive 
material is spread upon the plate A (Fig. 414), the parallel plate 



VoUs 

Fig. 414. Fig. 415. 

B being connected to one pair of quadrants of the electrometer. 
One end of a battery is connected to A, the other end being 
earthed. To begin with, the plate B is also connected to earth 
by means of the key K. This is opened at a known instant, and 
the electrometer deflections observed after equal intervals of 
time. Then, as on p. 480, if c is the capacity of the electrometer 
and the conductors connected with it, and d the deflection at 
any time t — 


where k is the difference of potential between the quadrants for 
unit deflection. 

By varying the electromotive force of the battery used to 
produce the current, the relation between potential difference and 
current can be obtained. This relation is similar to that ob¬ 
tained in the case of the conductivity produced by X-rays ; that 
* G. W. C. Kayo, Proc. Phys. Soc., 28. p. 209. 1911. 



XV. 


POLONIUM 


515 


is, the current increases rapidly with the difference of poten¬ 
tial for small values but soon ceases to increase, the greatest 
value being the saturation current (Fig. 390 b). This depends 
upon the pressure, potential gradient and the distance apart of 
the plates and the amount of radioactive material present. The 
curves. Fig. 415, given by Lord Rutherford show the relative 
increase in the current with potential gradient for a thin layer of 
uranium oxide upon one of a pair of parallel plates, when the 
distance between the plates is 0*5 cm. and 2*5 cm. respectively. 

Thorium. —On searching amongst the other elements for the 
emission of Becquerel rays, it was found by Schmidt ^ that in 
the case of thorium the emission was about as strong as in that 
of uranium. Thorium is largely used in the manufacture of the 
Welsbach incandescent gas mantles, and on laying one of these 
mantles flat on a photographic plate for about a week, it is 
found when the plate is developed that the woven pattern of the 
mantle is seen upon it. 

Radium. —On examining a number of minerals for the emission 
of Becquerel rays, or for radioactivity, as it is now called, Mme. 
Curie found, using the leakage method, certain specimens of 
pitchblende to be more radioactive than uranium. The mineral 
pitchblende contains barium, and on separating out this sub¬ 
stance by precipitation as the carbonate, it is found that the 
radioactivity of the precipitate is very great. On converting 
into the chloride and employing the method of fractional 
crystallisation, the parts that separated out first were found to 
be, as the process was repeated, more and more radioactive. 
M. and Mme. Curie in this way separated from the barium 
another substance of enormous radioactivity which they called 
radium. The process of separation of the radium chloride from 
the ore is exceedingly tedious, a ton of ore yielding only a few 
decigrammes of radium. 

Polonium. —One of the processes in the separation of the metals 
in the pitchblende consists in the precipitation of the lead, anti¬ 
mony, bismuth group by means of sulphuretted hydrogen. The 
deposit produced is found to be radioactive, and a further separa¬ 
tion showed that the radioactivity is associated with the bismuth. 
By fractional precipitation by diluting a solution of the nitrate, 
a new radioactive element which Mme. Curie named polonium 
was obtained. The preparation of a specimen of reasonable 
purity is very difhcult. It has been found ^ to have a melting 
point of 246'' C. and a density between 9 and 10 grn. per c.c. 
Polonium is Ra F, one of the chain of disintegration products of 
radium (p. 538). 

Actinium. —Another radioactive material has been obtained 

^ G. Schmidt, Wied. Ann., 65, p. 141. 1898. 

* C. R. Maxwell, J. Chem. Phys., 17 , p. 1288. 1949. 
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by Dcbierne > from pitchblende in association with the iron group, 
and with difficulty separated out. It has been named actinium, 
and has an activity comparable with that of radium. 

Absorption.— a, p, y Rays. If a layer of radium bromide be 
placed in the tray (Fig. 411), and the rate of collapse of the leaves 
observed, it will be found on covering the radium with a sheet of 
tinfoil, that the rate of collapse of the leaves is very much less 
than without the tinfoil. The ionisation may be reduced to one- 
tenth by a sheet of ordinary foil. If the rays emitted by the 
radium are all of one kind, a second layer of tinfoil would produce 
a further proportionate reduction, and the radiation transmitted 
would be one-hundredth of the original amount. This, however, 
is not found to be the case ; the reduction produced by the 
second layer of foil is very small. Hence, there are at least two 
constituents in the original rays, one readily absorbable, and the 
other much less absorbable. Rutherford named the more 
absorbable rays the a rays and the more penetrating the jS 
rays. 

On continuing the above experiment with more layers of tin- 
foil, it wll be found that after a time the additional layers again 
produce less effect; or if sheets of lead be used, it is found that 
a sheet 2 mm. thick produces a large reduction in the ionisation, 
but a second sheet of the same thickness does not produce nearly 
so great a reduction as the first. This is due to the fact that in 
addition to the a and j8 rays, others of very much greater pene¬ 
trating power are present, which Rutherford called the y rays. 
The following table is given by him :— 


Rays. 

Thickness of aluminium which 

Relative 

reduces ionisation to one-half. 

penetrating power. 

a 

0 0005 cm. 

1 


0 05 cm. 

100 

Y 

8 cm. 

10,000 


a Rays.—The ionisation produced by the rays emitted by 
radium is chiefly due to the a rays, owing to the great quantity 
emitted ; the ionisation due to the jS and y rays has been noted 
above. 

Another property of the a rays is their power of producing 
fluorescence ; a diamond exhibits a blue fluorescence when 
brought near a small quantity of radium bromide. Other sub¬ 
stances, such as zinc sulphide, also are caused to fluoresce by the 
a rays, and hence the spinthariscope of Sir Wm. Crookes, in 
which a speck of radium bromide is placed behind a screen on 
^ A. Debierne. CompUi Rendus, 180. p. 906. 1900. 



XV, DEFLECTION OF a RAYS BY MAGNETIC FIELD 517 

which is spread a thin layer of zinc sulphide, the whole being 
mounted in a brass tube, at the other end of which is a lens, 
placed so that an enlarged image of the screen can be seen. It 
is then observed that the fluorescence is not a uniform glow, but 
has the appearance of a shower of sparks, no two following each 
other in the same place. That the fluorescence is due to the a 
and not the jS or y rays may be proved by interposing a thin 
sheet of mica between the radium and the screen, the fluorescence 
then ceasing. The cause of the luminosity is probably the 
rupturing of the crystals of zinc sulphide when struck by an 
a ray particle, as a similar luminosity may be produced by 
fracturing the crystals by mechanical means. 

Deflection of a Rays by Magnetic Field. —The a rays require 
a strong magnetic field for their deflection, but the fact that 
they can be deflected shows that they consist 
of moving charged particles, and further, the 
direction of the deflection proves them to be 
positively charged. Owing to the small amount 
of deflection, the method of p. 471 is not 
applicable. Lord Rutherford ^ measured the 
deviation in a magnetic field by the method 
illustrated in Fig. 416. The radium is spread 
in a thin layer underneath a system of parallel 
plates, P, placed vertically and at known dis¬ 
tances apart. With no magnetic field, the a 
rays pass vertically upwards between the 
plates, and passing through the extremely 
thin aluminium window A, enter the electro¬ 
scope chamber C and cause a collapse of the leaves at a rate 
which can be measured. On applying a magnetic field which 
is horizontal and parallel to the plane of the plate P, the a 
rays are deviated in such a way that they are driven against 
the plates, and will not then reach the chamber C. In the left- 
hand part of Fig. 416 the a rays are shown passing upwards as 
they do without the magnetic field being present, and those 
shown on the right hand are being deviated by the field. The 
field which just cuts off the rays from the chamber C is found, 
and then the dimensions of the spaces being known, Hr (see 
p. 471) is known. During the experiment a stream of gas passes 
downwards through the apparatus to carry away the emanation 
as it is formed (p. 531). 

The electrostatic deviation of the a rays was found by means 
of an experiment similar to the above, but with alternate plates 
connected together, the two sets being maintained at different 
potentials. The electrical field between the plates caused the 
^ £. Rotherfoid, Phil, Mag,, 5, p. 177. 1903. 
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a rays to be driven against one set of plates as before, with 
consequent reduction in the rate of ionisation in C. 

By reasoning similar to that on p. 471 it was found that for 
the a rays from radium— 

i>=2-5 X 10^ cm. per sec. 

and, ~ =6x103, 

m 

which is a quantity of the order of half that for the hydrogen 
ion in electrolysis. By arranging that the plates P have a pro¬ 
jecting ridge on one side at the upper edges in some of the ex¬ 
periments, so that the rays when deflected to this side were not 
allowed to pass, it was shown that the charges of the a particles 
are of positive sign. The value of ej^n now accepted is 4*78 X lO^. 

Absorption of a Rays. —Measurements of the absorption of a 
rays have brought to light the interesting fact that the power of 
producing ionisation possessed by them does not diminish 
gradually as their path in the absorbing medium increases ; it 
does not diminish at all up to a certain range, and then ceases 
abruptly. This discovery was made by Bragg and Kleeman,^ 
who used a small quantity of radioactive substance at A (Fig. 
417), and limited the a rays to a narrow beam falling upon the 



air situated between the gauze C and the metallic plate D. These 
are kept at constant distance apart, their distance from A being 
variable. The ionisation at any given distance is then measured 
by the rate of leak of charge between C and D when a constant 
difference of potential is maintained between them. The 
range of the a rays in air, that is, the distance travelled before 
their ionising power ceases, is then found by varying the distance 
of CD from A, until the rate of leak of charge is independent of 
the presence of the radioactive material. 

The layer of radioactive material at A must l:>e very thin, or 
some of the a rays will on emergence have already passed through 

1 W. H. Bragg and R. Kleeraan, Phil. Mag., 10, p. 318. 1905. 
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a layer of the material, and their range have been reduced, 
so that the beam is no longer homogeneous and the ceasing of 
the ionisation will not take place abruptly. The '' range for 
the a rays produced by radium is in air about 3| cm., and it is 
important to notice that the phosphorescent and photographic 
effect of the rays ceases at the same distance as their power of 
producing ionisation. Rutherford, by the method of magnetic 
deflection, found that the ionisation ceases when the velocity of 
the a particles falls below lT2xlO® cm. per second. Hence 
a rays with velocity less than this would be undetectable except 
for their charge, and thus many substances may be emitting 
a rays whose radioactivity is at present unsuspected. 

By interposing layers of different materials in the path of the 
a rays, their effect upon the range " was found, and the results 
showed that the stopping power of any substance is proportional 
to the square root of its molecular weight. 

Bragg and Kleeman also found that the a particle spends its 
energy in producing ionisation at a rate which is proportional to 
1/VV, where V is its velocity, until 
near the end of its path, when the 
drop in ionisation is rapid. The ^ 
curve connecting ionisation and range o 
is of the type shown in Fig. 418, in ^ 
which the saturation current due to ^ 
the ionisation produced by the a rays c 
at different distances from the radi- 5 
ating material is shown. They also 
found that the curve representing the 
end of the range is identical for the 
a rays from all substances. If the 
curve ABCD is that for an a particle 
of range OD, then the curve BCD is that for an a particle of 
range ED. 

Range and Velocity of a Rays. —Geiger ^ found that a very 
important relation exists between the range cf an a particle and 
its velocity of emission—that the range is proportional to the 
cube of the velocity, or, 

R=aV3. 

Taking the range in air at 15° C. and 76 cm., pressure to be 
6*9 in the case of the a ])articles from l^a C' (p. 538), and the 
velocity to be l*92x 10^ cm. per sec., it is then possible to calcu¬ 
late the velocity of emission for the a particles emitted by any 
of the other substances, using the value for the range given in 
the table on p. 538. 

^ H. Geiger, Roy. Soc. Proc., A, Ixxxii, 5. 1910. 
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p Rays. —The fluorescence produced by the j8 and y rays is 
brilliant in the case of barium platinocyanide, which is therefore 
a convenient substance for studying these rays. Many other 
substances exhibit fluorescence, the colour varying with the 
substance. 

The absorption of the rays by ordinary matter has been 
described on p. 516. They are very much more deviated in a 
magnetic field than the a rays, and in a direction which indicates 
that they are negatively charged particles. The beam of jS rays 
from a specimen of radium bromide is not deviated uniformly in 
a magnetic field, but is spread out, indicating that the beam 
itself consists of particles in different conditions. Becquerel 
made measurements upon the magnetic deviations in a number 
of cases, but the greatest interest attaches to some measurements 

of Kaufmann,^ in which the velocity of the rays and the ratio * 

m 

are obtained by causing the displacement produced by a magnetic 
field, and one by an electrostatic field, to take place simul¬ 
taneously, but in directions at right angles to each other. A 
thin beam of jS rays falls normally upon the photographic plate, 
giving rise to a small patch when there is no magnetic or electro¬ 
static field. The magnetic field alone, being at right angles to 
the rays, would spread them out into a spectrum " in a line at 
right angles to the direction of the field. The electrostatic field 
is in the same direction as the magnetic field, but since it pro¬ 
duces a deflection in its own direction, this is perpendicular to 
that produced by the magnetic field. The method is similar to 
that of crossed spectra used in optics, and has already been 
described in connection with positive ray analysis (p. 498). In 
this way it was found that the ions have velocities much greater 
than those in the cathode rays, but that the mass varies with the 
velocity, increasing as the velocity approaches the velocity of 
light, as the following table shows :— 


Velocity. i 

e 

m 

2 36 X 10^* cm. per sec. 

1*31x10’ 

248 

M7 „ 

2-59. 

0*97 „ 

2-72 „ 

0*77 „ 

2*85 

0*63 


The diminution of —, due to the increase in rn in the ratio 
m 

* Kaufmann, Phys, Zsitschr., 4, No. \h 1902. 
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when the velocity increases, is a consequence of the 
electromagnetic theory and of the theory of relativity, as we 
shall see on p. 546, where v is the velocity of the particle and c 
that of light. 

The distribution of velocity among the p particles emitted by 
a radioactive substance has also been investigated in an inter¬ 
esting manner by Rutherford and Robinson.^ The source of p 
rays is placed at A (Fig. 419) under a slit S, and the rays are 
bent into circles ABC, ADC, by means of a magnetic held at 
right angles to the plane of the diagram, and fall upon a photo¬ 
graphic plate, the vessel being exhausted. F'or p ray particles of 
a particular velocity, the circles have radii given by Hcr==)nv 
(p. 471). Thus P particles having the same velocity will move 
in circles which intersect at C. For a wide slit, a given velocity 
of ray corresponds to a line formed at C. For the mean circle 
ASGC, ASC is a right angle, and AC==2r, the diameter of the 
circle. If AS~2y and SC=2jr, The p rays from the 




material at A are therefore grouped in velocities on the plate, 
which velocities can be found. Rutherford and Robinson found 
the P ray spe^ra so obtained to be complicated. They recog¬ 
nised 16 groups for the P rays from Ra B, and 48 in the case of 
Ra C. The velocities of the former vary between 0-365 and 
0-823 of the velocity of light, and in the case of the latter between 
0-632 and 0-986. It was also observed that the energy of each 
line is nearly an integral multiple of the common difference in 
the energies of consecutive lines. 

Charge carried by P Rays. —That the p rays carry a negative 
charge has been shown by many experimenters ; notably by 
M. and Mme. Curie,^ who allowed the rays to fall on a plate con¬ 
nected to an electrometer, and observed the changing deflection. 
The chief difficulty arises from the fact that the rays render the 
air surrounding the body conducting, and they got over this 
difficulty by embedding the conductor P (Fig. 420), which absorbs 

• E. Rutherford and H. Robinson, Phil. Mag., 26, p. 717. 1913. 

® M. and Mme. Curie, Compies Rendus, 180, 647. 1900. 
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the rays, in a non-conducting material situated inside an earthed 
conducting sheath BB. The insulating material was in some 
cases ebonite, and in others paraffin, but it was always found 
that the presence of the radium salt R caused a negative charge 
to accumulate progressively upon P. 

Since the radium loses negative electricity on account of the 
p rays more readily than it does positive electricity carried away 
by the a rays, the rays being the more penetrating and escaping 
more readily than the a rays, it would appear that radiun) 
enclosed in a non-conducting vessel would acquire a continually 
increasing positive charge. Lord Rayleigh, then Prof. Strutt,^ 
constructed an interesting arrangement to exhibit 
this effect. The radium salt is contained in a tube 
A (Fig. 421) suspended in a vacuum tube, and 
therefore insulated from its surroundings. Attached 
to A is a pair of gold leaves. The walls of A are 
of such a thickness that the j8 rays can penetrate 
them and escape, but the a rays cannot. As A 
acquires a positive charge the gold leaves gradually 
diverge, until on touching the sides of the tube 
they are discharged, the process then starting afresh. 
Since the periodic time for the process is indepen¬ 
dent of external conditions, it is practically con- 

Fig. 421 . stant, and may be used to mark intervals of time. 

Such an apparatus would continue to act as long as 
the emission of p rays lasts, and this in the case of radium is 
measured in hundreds of years. 

y Rays. —These rays differ greatly from the two other kinds. 
They are non-deviable in a magnetic field, and do not carry an 
electric charge. Their chief characteristics are great penetrating 
power and ability to produce ionisation. Hence, the resemblance 
between the y rays and the X-rays from a hard '' vacuum tube 
is very strong. 

Of the fact that y rays are of the same nature as X-rays there 
is no longer any doubt. Their mass absorption coefficients in 
aluminium (p. 486) have been measured in many cases by Ruther¬ 
ford and Richardson,^ who found them to correspond to the 
series K and series L radiations for the metals of atomic weights 
equal to those from which the rays arise. The wave-length of 
the y rays has been measured by Rutherford and Andrade ^ in 
the case of Ra B and Ra C, using a rock-salt crystal, and employ¬ 
ing the X-ray spectrometer (p. 492). They also used a method 

1 R. J. Strutt, PhiL Mag., 6. p. 588. 1903. 

* E. Rutherford and H. Richardson, Phil. Mag., 26, p. 722 ; 26, pp. 324 and 

937. 1913. 

* £. Rutherford and £. N. da C. Andrade, Phil. Mag., 27, p. 854, and 88^ 
p. 263. 1914. 
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of transmission normally through a plate of the crystal, the 
rays finding their own appropriate reflecting planes. This gives 
concentration in certain directions in the transmitted beam, 
from which the angle of reflection could be calculated. The 
wave-lengths were found to lie between 1*365x10“® and 
7*1 X 10“® cm. 

In Fig. 422 is shown a diagram illustrating the deviability of 
a, jS and y rays in a magnetic field, first given by Mme. Curie. 
The y rays are undeviated, while the deviation of the a rays to 
one side indicates their positive charge, the negative charge of 
the rays being indicated by their devi¬ 
ation to the other side. The relative 
dispersions are also evident. 

8 Rays. —In addition to the a, j8 and 
y rays, slowly moving negative corpuscles 
have been detected by Sir J. J. Thom¬ 
son 1 by means of the charge they carry. 

They would thus be similar in character 
to the jS rays, but, owing to their lower 
velocity, they do not produce ionisation. Measurements of their 
velocity have shown this to be 3*25 x 10® cm. per second, whereas 
the limiting velocity for the production of ionisation has been 
estimated to be 3*6 x 10® cm. per second. 

The Curie. —The standard of radioactivity is the quantity of 
radium emanation in equilibrium with 1 gramme of radium (p. 532), 
and is called the curie. It has a volume of 0*59 cubic mm. at 
standard temperature and pressure. 

Radioactive Changes. —The emission of Becquerel rays by a 
radioactive substance is accompanied by a change or series of 
changes in the nature of the substance, changes both in its 
physical and its chemical properties, so profound and complex 
that their study has enormously increased our knowledge of the 
constitution of matter itself. I'he case of radium is typical. If 
a quantity of radium bromide be heated or dissolved in water, a 
new substance, gaseous in form, is separated from it, and imme¬ 
diately after the separation this new substance possesses very 
high radioactivity, while that of the radium is correspondingly 
reduced. If these two be examined after the lapse of a few days, 
it will be found that the activity of the radium has increased, 
while that of the other substance, known as its emanation, has 
fallen. The decay of activity of the emanation follows an 
exponential law, that is, the rate of decay is proportional to the 
activity ; and at the same time the activity of the radium has 
increased according to a similar law. After a sufiflciently long 
interval, the activity of the radium is completely restored, while 
* J. J. Thomson, Camb. Phil. Soc., Proc., 18, p. 49. 1905. 



Fig. 422. 
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that of the emanation, in fact the emanation itself, has entirely 
disappeared. 

Uranium X. —Sir William Crookes ^ precipitated uranium from 
solution by means of ammonium carbonate, and redissolved the 
uranium by excess of the carbonate. A slight precipitate 
remained, which he found was several hundred times more photo¬ 
graphically active than the original uranium. This substance he 
named uranium X. The photographic activity of Becquerel rays 
is chiefly due to the presence of ^ rays ; hence the p rays are 
now emitted by the U X, and no longer by tlie uranium. Had 
the examination been by means of the power of producing ionisa¬ 
tion, whicli is due to the a rays, it would ha\^e been found that 
the uranium still possesses this power, but not the U X. 

It was subsequently shown by Becquerel that after the lapse 
of a year U X has completely lost its activity, while the uranium 
has regained its original condition. 

Thorium X. —Radioactive processes are now known as those 
in which a chemically new substance is formed from some other, 
the change being generally accompanied with the emission of 
rays a, j3 or y. The new substance generally decays at a rate 
represented by a logarithmic curve, and its production goes on 
at a constant rate within the parent material. Thus, on robbing 
the material of the new substance stored in it, its radioactivity 
is reduced at first by exactly the amount of that due to this 
stored material, but on being then allowed to remain undis¬ 
turbed, its radiation will increase owing to the production 
of new material, until the loss by decay is balanced by the 
further production, in which case a condition of equilibrium is 
reached. 

This explanation was put forward by Rutherford and Soddy 2 
to account for the changes occurring in thorium, and it has subse¬ 
quently been found that a similar explanation may be given to 
all radioactive changes, although the new substance formed may 
be solid, liquid or gas, its rate of decay may be rapid or slow, 
and the change may be accompanied by radiation or may be 
rayless. They precipitated the thorium from solution by means 
of ammonia, and found that the solution, which is free from 
thorium, has the greater part of the activity ; and on evaporating 
to dryness and driving off the ammonium salts, a solid residue 
is obtained which in proportion to its weight is several thousand 
times as active as the original thorium. This substance was 
named thorium X, or Th X. After the lapse of a month the Th X 
had lost its activity, while the Th had completely recovered. On 
measuring the activity of the Th and Th X at known intervals 

^ W. Crookes, Proc, Roy. Soc.^ 66, p. 409. 1900. 

2 E. Rutherford and F. Soddy, Phtl. Mag., 4, p. 370. 1902* 
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after their separation, the curves of Fig. 423 were obtained. It 
will be seen that, apart from slight irregularities at the start, the 
I'h X loses its activity exponentially, that is, according to the 

law - =€" where is the activity at the start, and that 
Ao 

after time T, A being a constant. Moreover, the Th, which has 
only about 25 per cent, of its activity remaining on removal of 



the Th X, regains its activity at a rate equal to the rate of loss 
of activity of the Th X. Hence, for the activity Aj recovered 
in time T, 


A^ 




where Aq is the activity recovered after infinite time. If the 
curve of recovery in Fig. 423 be measured from the dotted line 
ab, its equation will be found to fit approximately the curve. 
The activity of the Th X falls to half its value in about four days, 
and in the same time the Th performs half its recovery. 

Let the whole mass of the thorium present produce a number 


go of Th X atoms per unit time, 
and the rate of emission of 
activity by the Th X atom be K. 
Then, in order to find the total 
activity due to the Th X stored 
in the thorium after time T from 
separation, consider an interval 
of time dt after t seconds from 
the separation (Fig. 424). The 
number of Th X atoms produced 
in time dt is godt, and this has 
remaining interval (T—/) decays 
the activity at time T due to 



activity Kqodt, which in the 
in the ratio Thus 

the Th X produced in the 
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given interval dt is . dt . calling this dA we 

have— 


dA^Kqo . 


and for the activity A^ of the whole of the Th X produced in the 
interval from 0 to T, 


Ax= r^A= 

Jo Jo 


A L 

A 


But when T = qo , At=Ao, 


Ao = 


?io 

■ A * 


or, 




an equation which is completely in accord with the experimental 
curve in Fig. 423. 

Further, if the activity recovers by half the final amount in 
4 days or 96 hours, 

0*5 = 1 

from which, A=0*0072, 


or, if time be reckoned in seconds instead of hours— 

A=2xl0-e. 


Similar measurements made upon uranium show that U X 
decays exponentially and U recovers in tlie same manner. 

In this case the time for half decay or recovery is 22 days, 
therefore 

A=3*6xl0-7. 

These constants are independent of the physical condition or 
state of chemical combination of the materials, for they are the 
same whatever the salt of uranium or thorium employed. The 
changes go on in exactly the same manner and at the same rate 
at the lowest and highest temperatures that can be employed. 
Hence they are changes occurring in the atom itself, and are 
independent of its motion and of its relation to other atoms. 

Recovery when Parent Substance has Rapid Decay. —In the 
last case considered, the parent substance, thorium, decays so 
slowly that the Th X may be considered to be produced at con¬ 
stant rate ; that is, qo is constant. There are, however, many 
cases in which the rate of decay of the parent substance is so rapid 
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that it must be taken into account. If thus is the number of 
atoms produced per unit time at the moment after the product 
has been all removed from the parent substance, this rate of 
production will fall to in the interval of time /, owing to 

decay, where Xi is the radioactive constant of the parent sub¬ 
stance. The number of atoms produced in time dt is then 
and their activity is before. This will 

decay to in the interval from t to T, where 

A 2 is the radioactive constant of the substance produced, 
then, ^:/A=K^o^ 

and the activity A< of the whole of the product produced in the 
interval fronc' 0 to T is— 

A,- r^A- 

Jo Jo 
==K^o€ 

= (g-A,T_j-A,T) 

It follows that A|»=0 when T =0, and again when T=ao . The 
curve in Fig. 425 is calcu¬ 
lated for Ac B. 

Radioactive Constant.— 

A definite meaning may be 
given to the constant X, 
according to the above 
theory ; it is the fraction 
of the amount of the pro¬ 
duct present which decays 
in unit time, and is called 
the radioactive constant of 
the product. 

For the activity is measured by the ionisation produced, and 
this is almost entirely due to the a rays. Assuming that the 
ionisation produced by one a particle is constant, and that every 
atom as it changes projects the same number of a particles— 

=€-**, 

no Ao 

where n, and no are the number per sec. of atoms changing respec¬ 
tively at time t, and when in radioactive equihbrium respectively. 

Now, if N( be the numbers of atoms of the product remaining 
alter time t from separation from the parent substance— 

iN, 



Minutes 
Fig. 425. 
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since the number N, will all subsequently change in the interval 
between t and oo . 

Hence the number Nq at time ^=0, or the number present for 
radioactive equilibrium, is— 



Again, when equilibrium is reached, the number of atoms 
decaying per second is equal to the number produced per second, 
or— 

no=qo 

so that, ’ 

and A, the radioactive constant, is the ratio of the number of 
atoms changing per second to the number present. 

Radioactive Constant and Range of a Rays. —^An investigation 
of Geiger and Nuttall ^ brought to light an important relation 
between the average life of the atoms from which the a particle 
arises, and the velocity of emission and hence the range (p. 519) 
of the a particle. On plotting the logarithm of the radioactive 
constant (A) for the various substances against the logarithms of 
the range (R) of the a particles emitted, a series of straight lines 
is obtained. The relation, 

log A=A+B log R, 

is deduced, where A and B are constants. In cases where the 
substance is of too transient a nature for its radioactive constant 
to be determined by direct experiment, this may be found from 
the above relation when the range of its a rays has been found. 
In this way the value ol decay to half-value for Th C' and Ac A, 
given in the table on p. 538, w^ere found. 

Thorium Emanation. —From his experiments upon thorium, 
Rutherford ^ found that a substance in very minute quantity 
and having a gaseous form is given off by compounds of thorium, 
and may be carried into the vessel in which the ionisation is 
measured, by drawing the air from the neighbourhood of the 
thorium into the ionisation chamber. This effect is not due to 
the ionisation of the gas produced in the neighbourhood of the 
thorium and carried along by the moving air, since passing 
through porous material does not remove it (see p. 476), and if 
the thorium is wrapped in paper to absorb the a rays, which 

» H. Geiger and J. M. NnttaU, Phil, Mag., 22, 1912 ; 23 and 24. 1913. 

2 E. Rutherford, Phil. Mag., 49, p. 1 1900. 
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produce most of the ionisation, the substance readily diffuses 
through the paper. The discoverer called this an emanation. 
Rutherford and Soddy ^ investigated the emanation as follows. 

Air bubbled through strong sulphuric acid in A (Fig. 426), 
passes over the active material, wrapped in paper, in the tube B, 
through the bulb C, packed with cotton-wool, and into the 
ionisation vessel containing the three separate conductors D, E 
and F, either of which may be connected to the electrometer. 
The outer tube is joined to one pole of a battery, and the current 
from this to the electrometer measures the ionisation in the 
neighbourhood of D, E or F. The current is less the further the 
emanation has had to travel from the active material, so that 
for a given air velocity, the currents D, E and F form a diminish¬ 
ing series. By stopping the air current and measuring the fall 
of ionisation it was shown that the activity of the emanation falls 
exponentially, reaching half its value in 1 minute. Thus the 
radioactive constant in this case is given by 0*5 = 1or 
A=M5xl0- 2. 

By placing a thorium salt, wrapped in paper to cut off direct 



ionisation, in a closed vessel, the ionisation, and the current pro¬ 
duced on account of it, rise owing to the production of the 
emanation. By measuring the ionisation current at intervals, it 
is found to increase exponentially, rising to half its value in one 
minute, the time of the decay of the emanation to one-half ; we 
may therefore conclude that the formation and decay of the 
emanation are related to each other in a similar manner to those 
of thorium X, the rate, however, being different. 

It was shown by Rutherford and Soddy ^ that the thorium X, 
and not the thorium itself, is the source of the emanation, for, on 
removing the Th X by precipitating the thorium as on p. 524, 
the thorium has lost its power of producing emanation, while 
this is found now in the Th X. Moreover, the Th recovers its 
emanating power and the Th X loses it, both changes being half 
completed in 4 days. Thus the emanating power of Th X is 
proportional to its activity, and it is reasonable to conclude that 

^ E. Rutherford and F. Soddy, Phil. Mae., 4, p. 569. 1902. 

* Ibid. 
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the Th X changes to emanation, the process being accompanied 
by the projection of a particles. 

It should be remembered that Th X is a solid, and remains in 
the parent thorium, while the emanation is a gas and rapidly 
diffuses from the material. Rutherford and Soddy condensed 
the emanation in liquid air, in which case it adhered to the walls 
of the containing tube, passing off again in the gaseous form on 
rise of temperature. The condensation is not abrupt, beginning 
at about —120° C. and continuing over a range of about 30° to 
-150° C. 

Excited Radioactivity. —It was found by Lord Rutherford i that 
a solid body placed in the emanation of thorium possesses a high 
radioactivity when removed from the emanation, and, further, 
that the amount of this excited activity is increased when the 
body is a negatively charged conductor, but the body does not 
receive any such activity if positively charged. The amount of 
excited activity is independent of the nature of the material upon 
which it is formed, except that when the body is to be negatively 
charged it is essential to use a conductor. That the excited 
activity is due to the emanation may be shown by covering the 
active thorium by a few sheets of paper to cut off the radiation 
of a particles, when the excited activity is still produced by the 
emanation which diffuses through the paper. If the thorium be 
covered by a sheet of mica sealed round the edges to keep in the 
emanation, the production of excited activity ceases. 

That the excited activity is a product of change of the emana^ 
tion may be shown by introducing a quantity of emanation into 
an ionisation vessel. The conductivity doubles in four or five 
hours, and if the emanation be then removed, the excited activity 
deposited on the walls of the vessel decays. Rutherford found 
that the excited activity produced by long exposure to the 
emanation decays to half in 11 hours, and that the recovery 
curve is related to it as the decay and recovery curves of 
thorium X. 

The excited activity could be removed by dissolving in hydro¬ 
chloric or sulphuric acids, but its mass is undetectable. It resides 
on the surface, since it may be partially removed by scraping. 

Lord Rutherford gave the name of emanation X to the excited 
activity, since it is related to the emanation as thorium X is to 
thorium. 

The thorium emanation itself emits only a rays, but after 
sufficient time has elapsed for appreciable formation of the 
excited activity, jS and y rays are also emitted. The emanation 
is enclosed in a copper vessel,^ to absorb the a rays but to allow 

‘ E. Rutherford, Phil. Mag., 49, p. 161. 1900. 

2 E. Rutherford and F. Soddy, Phil. Mag., 5, p. 445. 1903. 
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the p and y rays to pass through. At first there is no ionisation 
outside the vessel, but after a time this does take place, and 
reaches a maximum in three or four hours. On removing the 
emanation by blowing it out of the vessel, this ionisation which 
is due to the P and y rays emitted by the excited activity on the 
walls of the vessel does not disappear at once, but decays 
gradually. 

The excited activity behaves differently according to whether 
the exposure of the body to the emanation is of short or long 
duration. 1 If short, the activity increases for several hours and 
then falls exponentially, but if the exposure has been long there 
is a fall from the start. Rutherford deduced from this ])ehaviour 
that successive products were formed, whicli lie called thorium A 
and thorium B. Subsequent investigations established that there 
is a whole succes.sion of products, terminating in lead, which is 
stable and not radioactive, d'he sequence of changes can be 
followed from the table on p. 538 and the chart on ]). 539. 

At Th C there is a branching, some 65 per cent, of the atoms 
emitting a ^ particle to form I'h ('/, which in turn emits an a 
particle to form I'h I), a form of lead, while the other 35 per cent, 
emit an a partic'le first, forming Th C" which lo.ses a /3 particle to 
form Th 1). This branching phenomenon is found also in the 
other radioactive series. 

Radioactive Equilibrium. —Since the number of atoms of any 
substance, of which the amount present is represented by X, 
transformed in one second is AiX. where Xi is the radioactive 
constant (p, 527), the product, of which the amount present is 
Y, will not be in equilibrium with the parent substance until 
AiX=A 2 Y, when A 2 is the radioactive constant of Y. For AjX 
being the number of atoms of X transformed per second, it is 
also the number of atoms of Y produced per second. Similarly 
for a series of products X, Y, Z, etc., in equilibrium— 

AiX=A 2 Y=AsZ, etc. 

This explains why a product of slow change such as uranium 
is present in minerals in much larger quantity than the more 
rapidly changing products. 

Radium. —We have followed the radioactive changes taking 
place in the case of thorium in some detail, but it must be under¬ 
stood that the historical order of presentation has not been 
adhered to It will be simpler to trace the changes occurring in 
the case of other substances now that those for one have been 
described. 

The discovery of radium has been described on p. 515, 

The emanation of radium (radon) is not readily liberated from 
solid radium salts, but is occluded by them. On heating the salt, 

» E. Rutherford, Phil. Mag., 5, p. 95. 1903. 



532 


RADIOACTIVITY 


CHAP. 


the emanation is liberated, and a similar result is obtained by 
dissolving the salt in water. 

Radium emanation is produced by a direct change from the 
radium itself, and not from a product of radium. Thus there is 
no radium product corresponding to thorium X. The emanation 
decays to one-half in 3-825 days. It is also condensed at low 
temperature, 1 the temperature of condensation being about 
^155° C. 

The excited activity of radium emanation is similar to that met 
with in the case of thorium, and was first noticed by M. and Mme, 
Curie,2 who showed that this is not due to the direct radiation 
from radium, but to the emanation, since it was produced on the 
solid when shielded from the direct radiation of the active salt. 
Like the excited activity of thorium, the deposit takes place 
much more readily upon a negatively electrified conductor than 
upon an uncharged body, but, unlike the case of thorium, a slight 
deposit will take place upon a positively charged conductor. 

I'lie decay curves for short ex|)osure are complicated, and 
Rutherford concluded that, as in the case of thorium, there is a 
whole series of products. The sequence is given in the table of 
p. 538 and the chart of p. 539. It will be seen that radium itself 
arises from the decay of uranium, there being sc^veral inter¬ 
mediate substances, and that the subsecjuent decay sequence ex¬ 
hibits branching at Ra C not unlike that of Th C (j). 531), except 
that very few (about 0*04 per cent.) of the atoms decay via Ra C". 

It should be mentioned that the terminology for the various 
products has been changed as the story of the radioactive trans¬ 
formations was gradually unravelled and the letters used in the 
older papers, textbooks and books of tables do not always agree 
with the terminology used now. 

Production of Radon. —d'he volume of radium emanation or 
radon from radium was measured by Ramsay and Soddy,^ who 
collected the gases evolved in 8 days from a radium solution. 
These were largely oxygen and hydrogen, caused to combine by 
explosion, the excess hydrogen being removed by caustic soda. 
After drying by phosphorus pentoxidc, the residue of emanation 
was measured. The radon shrinks in amount exponentially, to 
half volume in about 4 days, but if a large proportion of the a 
particles remain in the vessel, the resulting addition of helium gas 
(see p. 536) may increase the total volume. About 0-6 cub. mm. 
of radon (at 76 mm. of mercury pre.ssure) is in equilibrium with 
1 gm. of radium. 

Radon is used in therapeutic work. It is pumped off from a 
vessel containing a radium source and scaled in small containers. 

1 E. Rutherford and F. Soddy, Phil. Mag., 5. p. 445. 1903. 

• P. Curie and Mme. Curie, Comptes Rendtts, 129, p. 714. 1899. 

• W. Ramsay and F. Soddy, Proc. Roy. Soc., 78, p. 346. 1904. 
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Emission of Heat by Radium. —The fact that radium com¬ 
pounds are permanently at a higher temperature than their sur¬ 
roundings, and therefore that radium is constantly emitting heat, 
was first pointed out by Curie and LabordeJ This difference of 
temperature is of the order of 2° C., but depends of course on the 
rate of escape of the emitted heat from the radium, as determined 
by the size of the specimen and the nature of its immediate 
surroundings. The rate of emission of heat was measured by 
the Bunsen ice calorimeter, and also by finding the rate at which 
heat should be supplied electrically to a similar and similarly 
situated mass of non-active material to maintain the same 
temperature. They found that radium emits heat at the rate of 
about 100 calories per hour per gramme of radium. 

At a later date it was found by M. and Mme. Curie, in con¬ 
junction with Prof. Dewar, that the rate of emission of heat is 
still the same when the temperature is reduced to that of liquid 
oxygen, but Prof. Dewar thought that at the temperature of 
liquid hydrogen the rate is slightly increased. 

The heat emitted during several stages of the radioactive 
changes occurring in radium was measured by Lord Rutherford 
and H. T. Bames,^ who placed the material contained in a small 
tube in turn into two flasks containing dried air, connected by 
means of a differential manometer. The difference in level in 
the manometer produced by transferring the radioactive material 
from one flask to the other is a measure of the rate of emission 
of heat, and was calibrated by finding the current in a fine piece 
of platinum wire of known resistance, that will produce the same 
effect. 

The emanation was then removed from the radium, when the 
rate of emission fell rapidly to a minimum of 30 per cent., and 
then rose gradually to its original value in about a month. 

I'he emanation was then tested, and it was found that its rate 
of emission was exactly complementary to that of the de- 
emanated radium ; in fact, the heat emission follows the same 
changes as the activity as measured by the ionisation produced 
by the a rays, and hence it is concluded that the heat emission 
is proportional to the activity measured by the a rays, and that 
the expulsion of each a particle corresponds to a constant 
production of heat. 

For the change from radium to the emanation, the activity, as 
measured by the rays, is about 25 %, and the heat emission also 
about 25 %, of the total emission ; for the change from emana¬ 
tion to Ra A, the percentages are respectively 33 and 41, and 
for the remaining changes 42 and 34. 

* P. Curie and A. Laborde, CompUs Rendus, 186, p. 673. 1903, 

2 £. Rutherford and H. T. Barnes, Phil. Mag., 7, p. 202. 1904. 
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The total emission of heat by the emanation during its whole 
life may then be found on the assumption that the heat emission 
is proportional to the number of atoms breaking up per second ; 

for, nt-=nQ€ 


/. total number of atoms= 
Hence, total emission of heat = 


/•CO fOO 

fitdt=no\ 

Jo Jo 


A 


rate of emission at start 

A ~~~~ * 


Now, from Rutherford and Barnes’ experiment, the rate of 
emission of heat by the emanation alone from 1 gramme of radium 
is about 40 % of the total emission, that is, about 40 calories per 
hour, or ^ calorie per second. Now, A—2T x 10“®, 

lO® 

total heat emission=^-—5300 calories. 

2*1 x90 


And similarly in its whole life radium emits a quantity of heat 
of the order of 10^® calories. When it is remembered that the 
union of hydrogen and oxygen to form 1 gramme of water causes 
an evolution of 3900 calories, the enormous store of energy within 
the atom in the case of the radioactive substances will be realised. 

The heat production is clue to the absorption of the energy of 
the radiations emitted and it comes ultimately from the atoms of 
the parent radioactive element. Release of energy from trans¬ 
mutation of elements must be taken into account in estimating 
the age of the earth and sun. On the theory of Helmholtz, that 
the energy of the sun is derived from shrinking under its own 
gravitational forces. Lord Kelvin estimated the age to l)e about 
100 million years, but this jieriod becomes enormously greater 
when account is taken of release of atomic energy (see p. 511). 

It was shown by Lord Rayleigh that 270 tons of radium in the 
interior of the earth could account for the observed temperature 
gradient near the surface (about L’ C. for each 100 feet depth). 
Our somewhat limited knowledge of the actual distribution of 
radioactive minerals throughout the earth is not inconsistent with 
the idea that radioactivity plays a major part in maintaining this 
temperature gradient. 

The numbers now accepted for the heat given by one gramme 
radium and its products per hour are, Ra alone 25*1, emanation 
28*6, Ra A 30*3, Ra B and Ra C 50*5, making in aU 134*7 calories. 

Number of a Particles emitted by Radium. —Great importance 
attaches to a knowledge of the absolute number of a particles 
emitted by radioactive materials in a given time, and several 
methods have been adopted to determine this quantity. The 
most obvious method is to count the number of scintillations 
produced by a known amount of radium when the a particles 
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fall upon a screen of zinc sulphide, and this method was adopted 
by Regner.i An uncertainty in the interpretation of the result 
arises from the fact that we are not sure that every a particle 
produces a scintillation. The problem has been attacked by an 
entirely different method by Rutherford and Geiger. 2 They 
observed the increase of conductivity of a gas as each a particle 
is shot into it. The active material in the form of the active 
deposit of radium, situated upon the tip of a conical glass rod, A 
(Fig. 427), emits a rays in all directions. Those which fall upon 
the small aperture in the glass tube B, covered with a thin layer 
of mica, enter the measuring chamber C. Since each a particle 
in its travel produces about 43,000 ions, the increase in conduc¬ 
tivity of the gas in C produced by one a particle may under 
favourable conditions become evident. The potential difference 
between the wire D and the outside tube C is adjusted until the 
saturation current is flowing from one to the other. The presence 
of a few extra ions will then, if the sparking stage is on the point 
of being reached, produce a large increase in the current, and it 
was found that a compara¬ 
tively large throw of the 
electrometer needle occurred 
irregularly, but on the 
average something like four 
times a minute. The number 
of these impulses for a con¬ 
siderable period is counted, 
and so the number of a 
particles entering C per minute is known. Since the a rays are 
emitted from the active material uniformly in all directions, the 
total number emitted in a given time is to the number passing 
through B in the ratio of 47 t to the solid angle subtended by the 
aperture in B at the point A. The ratio of the activity of the 
specimen to that of one gramme of radium was obtained during 
the experiment by means of the ionisation produced by the y 
rays, and it was found as a result that the radium C in one gramme 
of radium emits 3*4 X a particles per second. Hence, count¬ 
ing the four a particles emitted by radium and its products in 
the course of their changes, one gramme of radium emits in all 
13*6x10^® a particles per second. 

Charge on the a Particle. —Rutherford and Geiger also deter¬ 
mined the total charge carried by the a particles from a deposit 
of radium C, by allowing this to fall on a conductor of known 
capacity, and finding the rise of potential per second, the P and 
S rays being deflected away from the conductor by means of a 

* Regner, Sitz. Ber. der K. Preuss. Akad. der TFiss., 88, 1909. 

* E. Rutherford and H. Geiger, Proc. Roy. Soc., A, 81. pp. 141 and 162. 1908. 
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magnetic field. From their results, together with a, knowledge 
from the previous experiment of the number of a particles 
emitted per second, it was found that each particle carries a 
charge of 9*3x10“^® electrostatic or 3*lxl0~2O electromagnetic 
units, or twice the charge carried by a positive ion in the case of 

hydrogen in electrolysis. Now, — is 478 X 10^ in electromagnetic 

ni 

c 

units for the a rays (p. 518), and ~ for hydrogen in electrolysis is 

m 

9*6x103, and since e' is now seen to equal 2e, it follows that 
9*6 

- • 2 * m=4*02m, and the atomic weight of the a particle is 

4*02. That of the helium atom is 4*002, and hence it is probable 
that the helium atom is an a particle which has lost its positive 
or acquired a negative charge and become neutral. 

It is now known quite definitely that the a particles are helium 
atoms with a charge of 2 positive electronic units. Also the 
amount of helium produced by 1 gramme of radium per year is 
164 cubic millimetres. 

Life of Radium. —Since the time that has lapsed since the 
discovery of radium is only an extremely small fraction of its 
whole life, it is impossible by direct observation of the rate of 
decay to determine this. Several computations by indirect 
methods have been made by Lord Rutherford.^ 

The rate of emission of a particles by a thin layer of radium 
bromide is found by measuring the current carried on their 
account to a neighbouring conductor, the experiment being per¬ 
formed at high vacuum to eliminate the disturbance due to 
ionisation of the gas, and with a strong transverse magnetic field 
to cause the slowly moving negative electrons to be bent back to 
their point of origin. The radium is at its minimum activity, 
the radioactive products having been removed, so that the ^ rays, 
wliich are only emitted by Ra B and l^a C, do not interfere. In 
this way it was found that if the charge on the a particle be taken 
as T13xl0“2® electromagnetic units, that is, the charge on an 
electron, the total number of a particles emitted by 1 gramme of 
pure radium at its minimum activity is 6*2 xlO^®. Using the 
active deposit upon lead, it was found in a similar manner that 
the Ra C in 1 gramme of radium emits 7*3 X10^® )3 particles per 
second. This is probably slightly too high owing to the difficulty 
of ensuring that those which enter the supporting lead are 
absorbed, owing to their high power of penetration. Since one 
atom of radium in breaking down probably emits one a particle 
at the first stage and one j8 particle in all, it appears probable. 

» E. Rutherford, Phil. Mag.. 10. p. 193. 1905. 
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from these data, that in 1 gramme of radium 6*2 xlO^® atoms 
break up per second or 1*95 xlO^® per year. If 1 cubic centi¬ 
metre of hydrogen contains 3-6x10*® molecules, and has a mass 
of 8-96x10“® gramme, 1 gramme of hydrogen contains 


2x3-6x10*® 

8-96x10-® 


atoms, and the atomic weight of radium being 226, 


1 gramme of it contains— 


2x3-6x10*® 

‘226x8-96x10-® 


=3-6 X1021 atoms, 


and the fraction breaking up in unit time or A (p. 528) is— 


1-95x10*8 

3-6xl02i 


=5-4 XIO-^ 


where the year is taken as the unit of time. 


to half in 1280 years, or an average life 



This gives a decay 
of 1850 years. 


Later experiments have shown that the charge on the a partiple 
is twice that on the electron, and also that the number of a 
particles emitted by 1 gramme of radium per second in minimum 
activity is 3-4 X10*®, or 1-07 x lO*® per year, which would change 
1-07 X 10*8 

the value of A to =3 x 10-^, and the decay to one-half 


occurs in 3300 years. 

Another estimate is formed by considering the rate of emission 
of heat. From the mass and velocity of the a particle its kinetic 
energy would be about 5-9x10-® ergs, and since 1 gramme of 
radium emits about 100 calories per hour, 

5-9 X 10-® X n X 3600=100 x4-2 X 10+L 


or, 


4-2 


5-9X3-6' 


10*2=2-0x10**, 


on the assumption that the heat is produced by the bombard¬ 
ment of the a particles upon the substance and its surroundings, 
n being the total number emitted per second by radium and the 
radioactive products in equilibrium with it. For the radium in 
its condition of minimum activity the number is one quarter of 
this, that is, 5x10*® per second, which is in fair agreement with 
the number 3-4x10*® on p. 536 from the charge, and would, 
according to the above reasoning, mean a decay to half in 1600 
years. 

Further consideration of the volume of the emanation emitted 
in a given time (p. 532) led to a value of 1050 years for the period 
of decay to one-half. The value now accepted is 1590 years. 

Table of Radioactive Substances. —The table of radioactive 
changes on p. 538 indicates the three great radioactive senes of 
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elements. There is little doubt that the final product of all the 
series is lead, although it is probable that the lead has not the 
same atomic weight in each case. Thus radium of atomic weight 


Tahi.e of Radioactive vSubstances. 



Time for decay to 
half value. 

Rays 

emitted. 

Range of a particle 
in air at 76 cm. 
pressure and 

15° C. in 
centimetres. 

Uranium 1 


4-6''' 10'-^ years 

a 

2-68 

Rranium Xj 


24-5 <lavs 

iS 

— 

Uranium 


1-14 min. 


— 

Uranium 2 . 


3 < 10'^ years 

a 

3-24 

Ionium . 


S-5 x 10^ years 

a 

3-16 

Radium 


1590 years 

a 

3-26 

rdnanation (radon) 


3-825 days 

a 

4-01 

Radium A . 


3-0 min. 

a 

4-62 

Radium B . 


26-8 min. 

ft 

— 

Radium C . 


19-7 min. 

a, fS 

404 

Kadi urn C" 


1 -32 min. 


— 

Radium C' 


lO-f’ sec. (?) 

(1 

6-87 

Radium 1) . 


22 years 


— 

Radium E . 


5 days 


— 

Radium I' . 


139 days 

a 

3-81 

Lead (Radium G) 


— 


— 

Thorium 


1 -4 X 10‘” years 

a 

2-57 

Mesothorium 1 . 


6-7 yeais 


— 

Mesothorium 2 . 


6-13 tiours 

ft, y 

— 

Radiothorium 


1 -9 years 

a 

3-90 

Thorium X . 


3-64 days 

a 

4-24 

Emanation (tlioron) 

54 sec. 

a 

4-97 

Thorium A . 


014 see. 

a 

5-60 

Thorium B . 


10-5 hours 

ft 

— 

'J'horium C . 

, 

()0-5 min. 

(i, ft 

4-68 

Thorium C/' . 


3-1 min. 

ft 

— 

Thorium C' . 


10 sec. 

a 

8-53 

Lead (Thorium D) 


___ 

— 

__ 

Protoactiniurn 


3-2 V 10' years 

a 

3-63 

Actinium 


13-5 years 

— 

— 

Radioactinium . 


18-9 days 

a 

4-7 

Actinium X. 


11 -2 days 

a 

4-28 

Emanation (actiiion) . 

3-92 sec. 

a 

5-66 

Actinium A 


0-002 sec. 

a 

6-58 

Actinium B 


36 0 min. 

ft 

- 

Actinium C . 


2-16 min. 

a, ft 

5-39 

Actinium C' . 


10 sec. 

a 

6-52 

Actinium C" . 


4-76 min. 

ft 

_ 

Lead (Actinium D) 


— 


— 


226 loses 5 a particles, or 5 helium atoms (atomic weight 4) in 
the course of the series of changes, and the end product should 
have the atomic weight 206. A determination of the atomic 
weight of lead from the uranium minerals gives it as 206*05. 
Similarly, thorium of atomic weight 232 loses in all 6 helium 
atoms, and we should expect the atomic weight of the end product 
to be 208. Experiment gives 207*9, and ordinary lead has 
atomic weight 207*2. 
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Isotopes. —The chemical and physical properties of an element 
depend largely on its atomic number Z. This quantity, which is 
discussed more fully in the next chapter, is the positive charge of 
the nucleus of the atom, expressed as a multiple of the electronic 
charge. Each electrically neutral atom has its nucleus sur¬ 
rounded by Z electrons and the arrangement of these electrons is 
a determining factor in chemical combination. As Z increases in 
unit steps, the properties of the element change systematically 
and it advances in the Periodic Table (see pp. 613 and 630). The 
loss of an a particle with its double charge lowers the atomic 


z 

Group 

Isotope 

ot 

94 

? 

Pu 

93 

? 

Np 

92 

(VI) 

U 

91 

(V) 

I^a 

90 

(IV) 

Th 

89 

III 

Ac 

88 

11 

Ra 

87 

I 

Fr 

86 

0 

Rn 

8.S 

VII 

At 

84 

VI 

Po 

83 

V 

Bi 

82 

IV 

Pb 

81 

III 

Tl 


Chart of Radioactive Changes. 
'’Pu 


2391 


Ul[“'u] U2[“’U] 

1»““ i 

UXl lo 
a 

I 

Ra 


Rq 


acuL^^^u] 

a 
1 


Pa 

UY RdAc 

y I 


Th(^“Th]^dTh 

‘‘I 

AcX Msthl ThX 


An 


RaA RaC' RaF AcA 

RaB RaD |RaG| 

RaC 


I 

MsTh 2 


AcC' 

AcC I 


1 

To 

a 

i 

ThA 


ThC' 






Act 




ThC 


Z 

94 

93 

92 

91 

90 

89 

88 

87 

86 

85 

84 

83 

82 

81 


number by 2 and places the element 2 places lower in the Table, 
as pointed out by Soddy,^ wliile loss of a ^ particle corres})onds to 
a gain of unity in Z (Fajans^). These changes are displayed in the 
accompanying chart, in which an obvious symbolism is used to 
denote loss of a and of p particles respectively. 

The element shown as U1 starts the first radioactive sequence 
by loss first of one a particle, followed by 2 ^ particles, which 
restores its original nuclear charge. The first change, however, 
reduces its atomic mass by 4 while the ^ emissions have no 
appreciable effect. Hence IJ2 is 4 units lighter than U1 but has 
the same atomic number and hence the same number of electrons 
surrounding the nucleus and this confers on it the same properties. 
U1 and U2 are thus isotopes (cf. p. 503). All elements in the same 

^ F. Soddy, Chem. News, evii, p. 97. 1913. 

* K. Fajans, Phys. Zeil., xiv, pp. 131 and 136. 1913. 
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horizontal row of the chart are isotopes. Those for Z=86 con¬ 
stitute the emanations and these are all inert gases placed in the 
Periodic Table in Group 0 with the other inert gases—helium, 
neon, argon, krypton and xenon. I'hc final end-products of all 
three series are isotopes of lead, but the atomic masses are different 
—206, 207 and 208 respectively. These isotopes are all present in 
natural lead, which has an atomic weight 207-2. 

Some other features of the Chart are discussed later. 

Atmospheric Radioactivity. —In the period of 1900-1910 many 
observations were made which were interpreted in terms of ionisa¬ 
tion by traces of radioactive substances in water, rocks, the air 
and various other substances. The discovery of cosmic rays, 
outlined on p. 507, showed that much of the observed radiation 
should in fact be attributed to these penetrating radiations coming 
from outside the earth. Nevertheless small amounts of natural 
radioactivity are quite widely spread. For example, a very small 
])roportion of all the carbon in atmospheric carbon dioxide (of the 
order 1 in lO^^) consists of the weakly radioactive isotope of 
atomic weight 14, compared with 12 of normal carbon. 

Nuclear Transmutation. —Radioactive changes, such as have 
been described in this chapter, involve a change in a nucleus which 
apparently occurs spontaneously, without any known external 
stimulus. In the common case of emission of an a particle, the 
change may be described as a partial disintegration. Other far- 
reaching changes may be produced by the impact on the nucleus 
of high-speed particles. Such particles are provided in nature in 
great quantity in cosmic rays, as already mentioned (p. 507). 

Artificial transmutation of nuclei was first achieved by Ruther¬ 
ford, ^ who used a particles to bombard various light elements. 
Using a particles from Ra C, with a range in air of 7 cm., protons 
were ejected from hydrogen with ranges of up to 28 cm. and with 
even greater ranges from nitrogen. The protons were detected 
by scintillations and identified with the aid of their deflection in 
a magnetic field. It was shown in these experiments that the 
impinging particle attained a closest distance of approach esti¬ 
mated at 1-9 X 10~i^ cm. when colliding with a hydrogen nucleus, 
and about double this for nitrogen. The protons derived from 
hydrogen may be regarded as being merely projected from the 
hydrogen molecules by direct impact, but with nitrogen the pro¬ 
cess involves nuclear change. In a nitrogen-filled Wilson Cloud 
Chamber, occasionally a particle tracks show a fork, the proton 
giving a long thin track and the recoiling nucleus a short thick one. 

Protons of even longer ranges were later obtained by Ruther¬ 
ford and Chadwick 2 from other light elements. In the following 

> E. Rutherford, Phil. Mag., 37, pp. 537, 562 and 581. 1919. 

• E. Rutherford and J. Chadwick, Phil. Mag., 42, p. 809 (1921) and 44, p. 417 

(1922). 
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list, the atomic number is given with the symbol of the element, 
then the maximum range is given in cm.: 

5 , B-58; 7, N—40; 9, F -65; 11, Na—58; 12, Mg--40; 

13, Al-90; 15, P—65. 

By studying the relations between velocity and range for the 
particles concerned, Rutherford showed that, had the proton 
acquired the whole energy of the incident a particle, its range 
would be only about 57 cm. Hence in some at least of the 
examples quoted, part of the energy of the emitted proton must 
be derived from the transmutation of the nucleus. 

Several other examples of nuclear transmutation will be dis* 
cussed later. 

The Neutron. —Bombardment by a particles proved to be a 
powerful weapon in studying atomic nuclei. In the course of 
such work, Bothe and Becker ^ detected a very penetrating radia¬ 
tion, particularly when beryllium was bombarded by a particles 
from polonium. These were at first thought to be very hard 
X-rays. Then Ir^ne Curie and M. F. Joliot found 2 that although 
the rays penetrated metal sheets almost unaffected, the ionisation 
current which they produced in a suitable ionisation chamber 
could be almost doubled by the interposition of sheets of paraffin 
or other hydrogen-rich material. Thus the unknown rays pro¬ 
jected hydrogen nuclei, i.e, protons, at high speed and so caused 
the extra ionisation. 

Chadwick 3 established that the a-ray bombardment of the 
beryllium liberated a hitherto unknown particle which owed its 
long range to its absence of electric charge. This particle, the 
neutron, has a mass which is very close to that of the proton. 
Thus the impact of a neutron with a hydrogen nucleus is a 
problem of the collision of two practically equal bodies. To con¬ 
serve both energy and momentum in such a case, if the impact 
is head-on, the particles virtually exchange velocities. Hence 
the neutron should be reduced to rest, while the proton carries 
on with the energy originally possessed by the neutron, thus ex¬ 
plaining the appearance of high-speed protons from hydrogen-rich 
material. 

The neutron produces no ionisation in a gas which it traverses 
and therefore leaves no visible track in a Wilson Cloud Chamber. 
A beam of neutrons can, however, be studied by the nuclear 
changes caused. Thus an ionisation chamber may be used filled 
with a suitable gas, boron fluoride, Bh' 3 , being especially useful, 
or the chamber may have a lining of boron or lithium. 

* W. Bothe and H. Becker, Naturwiss,, 18, p. 705. 1930. 

* I. Curie and M. F. Joliot, Comptes Rendus, cxciv, p. 273 and p. 708. 1932. 

» J. Chadwick, Nature, 129, p. 312. 1932. 
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Tlie production of a neutron by a-bombardment of beryllium 
may be re])resentcd symbolically by the relation 

IBc+m -> In+^lC, 

Here tlie superscript denotes the (approximate) mass of each 
particle in atomic mass units, while the subscript denotes the 
cljarge as a multiple of the electronic charge. Thus the neutron 
is shown as having unit mass and zero cliarge. The charges and 
masses on tlie two sides of tlie relation balance, although if ac¬ 
curate masses were used there would in general be some dis¬ 
crepancy in mass on account of the conversion of mass to energy 
which fre(piently occurs in nuclear reactions. As the residual 
nucleus in this example has charge Z—6, it must be an isotope of 
carbon. 

Th(' same reaction is sometimes represented by the more concise 
notation 4T3e(a, in which the first particle represented 

inside the parentheses ( ) is the bombarding one, and the second 
is that emitted. 1'he atomic number is sometimes omitted from 
these relations, since it is imjdied by the symbol for the element. 

Induced or Artificial Radioactivity. —I. Curie and M. F. Joliot^ 
found that, in certain cases, bombardment of light elements gave 
an emission of positrons (p. 509) and that this emission did not 
cease when the bombardment was suspended, but decayed ac¬ 
cording to the same exponential law as natural radioactivity. 
The half-value period for aluminium is 3| min., for magnesium 
21 min., and for boron 14 min. 

Presumably the impinging a particle enters the nucleus and a 
new nucleus is formed, with expulsion of a neutron: 

f’Al+pie -> 

Vhe new nucleus is an unstable isotope of phosphorus, unknown 
in nature, but it should have the same chemical behaviour as 
ordinary phosjdiorus. By carrying out appropriate reactions 
very quickly. Curie and Joliot showed that this was the case. 
For example, the gas generated from irradiated aluminium by a 
process which gives phosphine (PH3) from ordinary phosphorus 
was found to emit })ositrons and the residue was inactive. Using 
to denote a positron, the decay may be represented 

30p 30Si+0^+ 

In a similar manner, with boron the reactions are: 

^SB+|He -> 

13N 

The final isotope in each case (^®Si, ^^C) is stable and known to 
occur in nature. 

As will be seen later, the neutron plays a most important part 
in modem nuclear investigations. 

^ I. Curie and M. F. Joliot, Comptes Rendus, cxcviii, p. 254. 1934. 
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Faraday Tubes.—An ultimate explanation of physical phenomena 
is probably unattainable, but the order of development and 
abandonment of the successive hypotheses that have been em¬ 
ployed to account for electrical and optical phenomena, and 
eventually for the two together, is an interesting and important 
study. The general tendency during the last century was to 
concentrate attention upon the medium in which matter is 
immersed, as the vehicle for the transference of energy from one 
place to another. Faraday explained electric and magnetic 
phenomena in terms of tubes of induction, and in optics the 
elastic solid theory, in spite of the great difficulties involved, was 
almost universally employed in explaining the propagation of the 
wave motion which we call light. The fundamental idea that 
the same medium may be used for the explanation of both 
electromagnetic and optical phenomena, in fact that light is an 
electromagnetic phenomenon, is due to Maxwell, but the further 
development, that the Faraday tubes with the properties attri¬ 
buted to them by Maxwell, alone are sufficient, is due to Sir 
J. J. Thomson, who developed this idea in his Recent Researches 
in Electricity and Magnetism.'' 

In Chapter XIII we found the velocity of propagation of an 
electromagnetic disturbance, from Maxwell's equations, to be 

and we afterwards used Thomson's Faraday tubes in the 

VkfX 


explanation of this propagation. 


has a longitudinal tension, 


27rD2 

k 


If, however, a Faraday tube 
(p. 131), and be endowed with 


mass 47 r/xD 2 per unit length (p. 432), then a lateral disturbance 
at any point would be propagated along the tube, as a lateral 
disturbance is propagated along a string under tension, the 

If 

velocity of which is proved in works on bound to be / -, wliere 

F is the tension, and m the mass per unit length. Now, in the 
case of a stxetched string, the only force tending to restore the 

543 
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string to its original shape is F the tension in it, there being no 
lateral pressure over its sides. In the case of the Faraday tube, 
however, we found on p. 134 that when the tube is curved there 

is a longitudinal restoring force —-— due to its own tension, and 

k 

277 

also a component — — due to the lateral pressure of the neigh- 

bouring tubes, and thus F, in the problem of the string, must be 

477 D- 

replaced in the case of the Faraday tube by ^. The velocity 
of propagation we should therefore expect to be 

V k 477/xD2 

which is entirely in accordance with the result obtained from 
Maxwell’s equations. 

Mass of Electrically-charged Sphere. —A uniformly charged 
sphere possesses a radial electrical held, the electric intensity E 

in its neighbourhood being , r being the distance of the point 

considered from the centre of the sphere, k the dielectric constant 
of the medium surrounding the sphere, and e the total charge. 
Thus, at every point, the electric displacement, or number of 


Faraday tubes per square centimetre, is D = 


-, the number of 


Faraday tubes arising upon the sphere being e. If the sphere be 
originally at rest we shall require some force to act upon it to put 

it in motion, quite apart from the 
/C\ question of its mechanical mass, for 

N, /' Vp the Faraday tubes in motion possess 

N. // ; energy, and on this account work 

i must have been done. Let us con- 

" >P Q- ^ sider the equivalent mass of the tubes 

in the small element of space at P 
(Fig. 428) due to the motion of the 
^ \ charged sphere in the direction Ox 

with velocity v. The angle between 
Fi(,. 428. fhe direction of the tube and its 

velocity is 6, and therefore the equi¬ 
valent mass per unit volume of the tube is 477/xD2 sin^ 6 (p. 432), 

that is Now, the area of the face of the element in 

the plane of the diagram is r . d6 . dr, and for all such elements 
lying upon the circumference of the circle whose radius is QP 


Now, the area of the face of the element in 
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and whose plane is perpendicular to Ox, the electric intensity 
is the same, and consequently the mass of the tubes in the ring 
described by the area rdB . dr if the diagram be rotated about 
Ox is— 


Volume of ring x 



But, volume of ring=27r. PQ . rdd . dr 

=277/' sin 0 , rdd . dr 
—lirr^ sin 6 . dO , dr. 


Therefore, mass of ring due to the Faraday tubes 

sin2 0 


=277^2 sin 0 . d0 . dr . 




sin3 0 , d0 . dr 
272 • 

Hence for the whole of space surrounding the sphere, 

®/id?2 sin^ 0 . dOdr 


Mass due to Faraday tubes =J J 


fxe 


rs. 


2 a'2 
sin3 0 


d0 . dr. 


where a is the radius of the sphere. 

Integrating first with respect to r, we have— 

, a 

sin® $. d0. 
'-1 


fie^ f 

^ mass=^ I 


2a Jo 


r sin3 0 . d0^ r sin tf(l—cos2 0)d0^ — f (l->cos2 0)d cos 
Jo Jo J +1 


cos 0- 


COS^ 01“^ 


•. mass 


2/X^2 


-2+f]=i 


3a ■ 


This mass must be added to any mechanical mass that the 
sphere may possess, in order to obtain its total mass. It has 
been calculated on the assumption that the Faraday tubes retain 
these symmetrical distributions when the sphere is put into 
motion. Now, this is not strictly true ; the Faraday tubes tend 
to set themselves at right angles to the direction of motion. 
Heaviside ^ has shown that for a charge moving with velocity v, 
the distribution of electric displacement is the same as though 

* O. Heaviside, ** Electromagnetic Theory/' vol. I. 

tS 
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the body were at rest, but the dielectric constant in the direction 
of motion was reduced in the ratio where c is the 


velocity of light. This effect would therefore be small for 
velocities much below that of light, and if the velocity of light 
could be attained, the value of k in this direction would be zero. 
Hence the Faraday tubes, as the velocity increases, tend to 
become more and more displaced towards the equatorial plane, 
that is, into a position in which their motion is at right angles 
to their length, and their effective mass therefore increases. In 
the limiting case when v=c they are confined to an infinitely 
thin sheet at right angles to the direction of motion, the value 
of D, and likewise the electromagnetic mass of the charge, then 
being infinite. 

Sir J. J. Thomson ^ has calculated the mass of a moving charge 
in terms of its velocity. 


It is interesting to note that in finding the ratio - for the B 

m 

particles emitted by radioactive substances Kaufmann (p. 520) 
found the ratio to diminish as the velocity increased. Since it is 
very unlikely that e varies, we are driven to the conclusion that 
m increases, and Abraham ,2 on the assumption that the mass is 
entirely electromagnetic, calculated the deviations in electric and 
magnetic fields and found these to be very well in agreement 
with Kaufmann's observations. 

More recently it has been shown to follow from the principles 
of relativity that the mass of any moving body is not indepen¬ 


dent of its velocity but increases in the ratio 


7 '- 


with in- 


'c2 


creasing velocity v ; whereas the linear dimensions in the direction 


of motion decrease in the ratio 


Thus the dependence of 


mass upon velocity first deduced by Heaviside and Thomson 
from electromagnetic considerations in the case of moving charge 
is now known to be a special case of a universal principle apply¬ 
ing to all matter. 

Moving Charge equivalent to an Electric Current. —Since a 
charge moving with constant velocity is accompanied by its 
Faraday tubes moving with the same velocity, the magnetic field 
at any point may be expressed in terms of the movement of the 
tubes ; in fact, the energy found for the moving tube on p. 432 
is possessed on account of this magnetic field. On p. 422 we saw 


^ J. J. Thomson, “ Eecent Researches in Electricity and Magnetism.** 
* M. Abraham. Phys. Zeitschr., 4. p. 57. 1902. 
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that the magnetic field is iirDv sin 6. Now, in Fig. 428, the 
value of D at the point P is ~ - and therefore the magnetic 


field is 


477. -—- . V sin d- 

477^2 


ev sin d 


It is directed from back to front if the moving charge e is positive 
and from front to back if e is negative. The value is the same 
for all points upon a circle having Q as centre and QP as radius, 
whose plane is at right angles to the direction of motion, and its 
direction is along the circle. The magnetic lines of force are 
therefore circles having their centres upon Ox and their planes 
at right angles to it. 

On comparing this expression for the magnetic field with that 

due to a current element i . ds at point O, which, according to 

A X » 1 • .Q . i .ds sin 6 a 

Ampere s rule given on p. 48 is- > 

we see that, for purposes of calculating N. 
magnetic field, the quantity ev for the 

moving electric charge is equivalent to ^ -^ 

i . ds for the continuous current. I 0^/ 1 

In the case of a charge e moving round \ 
a circle of radius r in periodic time T ^ 

(Fig. 429), the Faraday tubes continually 
pass the centre of the circle O with velocity 

—, since each tube at the instant of passing O is moving 
at right angles to its own length and has the same velocity as «. 
Now, at O the value of D is -— 

477^^2 

S, magnetic field at O—47rDt; 


477;'2 X 


Now, a current i flowing in the circle has magnetic field — at 

r 

the centre, and hence for the moving charge to have the same 
magnetic field at O as the current— 


The magnetic moment of such an orbit is 
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Zeeman Effect. —It has been suggested that the motion of an 
electron in an orbit within an atom would give rise to pulsations 
in the tubes of electrical induction arising upon the electron. 
These pulsations would travel outwards with the velocity of light 
and might be considered to constitute the light radiation from 
the atom. The origin of the radiation is not in reality such a 
simple matter as this would suggest (see p. 595), but the con¬ 
sideration is of importance. 

If the circular motion be resolved into two simple harmonic 
components parallel to OX and OZ (Fig. 430), the motion parallel 
to OX means a lateral displacement of the ends of those Faraday 
tubes which are parallel to OZ and OY, and hence disturbances 
travel in these directions. Similarly, the motion parallel to OZ 
causes waves to travel in the directions OX and OY. In the 
direction OY, the corresponding waves would at each point be 
represented by a rotating electric displacement, consisting of the 

two harmonic displacements, 
^ of which one is 90° in phase 

ahead of the other. 

If the periodicity of the 
rotation of the charge is equal 
to that of light waves, the 

( \ _y electromagnetic waves emit- 

\~70 7 ted are in all probability 

y waves constituting light, 

and according to the elec- 
tronic theory of I.armor and 
i^k;. 430 . H. A. Lorentz light is due 

to the rotations of electrons 
within the atom. So long as these orbital motions of the 
electrons are undisturbed, it is extremely difficult to put the 
theory on an experimental basis, but the discovery of Zeeman i 
in 1896 that the light emitted by incandescent sodium vapour 
is modified by a magnetic field, made it seem probable. If 
a sodium burner be placed between the poles of a powerful 
electromagnet, and tlie emitted light analysed by means of a 
spectroscope, the D lines of sodium are both broadened, and if 
the resolving power be sufficient, are split up into several com¬ 
ponents. When the light is received in the direction of the 
magnetic field, having passed through a hole bored longitudinally 
through the pole pieces of the magnet, there are two components 
of the line, and these are found to be circularly polarised in 
opposite directions. When the light leaves the flame in a direc¬ 
tion at right angles to the magnetic field there are three com¬ 
ponents ; the middle one, which occupies the undisturbed position 
P. Zeeman, Phil. Mag., 48, p. 226. 1897. 
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of the line, is plane polarised, the direction of the electric dis¬ 
placement being parallel to that of the magnetic field, and the 
outer two are also plane polarised, but in a direction at right 
angles to the first. 

These results are in accordance with the theory, and in the 
cases in which they are of the form described, the simple explana¬ 
tion given by Lorentz ^ suffices. In most cases, the behaviour of 
the spectral lines is more complicated, but the complete explana¬ 
tion has been given on the quantum theory. 

Consider all the atoms concerned in the emission of light ; their 
rotations may aU be resolved into simple harmonic vibrations 
along the three rectangular axes OX, OY, and OZ (Fig. 431). 



Fig. 431. 


Those parallel to OY give rise to waves (a) spreading out in the 
plane ZOX, with direction of electric displacement parallel to 
OY, but not to waves travelling in the direction OY. The 
vibrations parallel to OZ and OX may, for convenience, be con¬ 
sidered to be compounded into two equal and opposite rotational 
movements, which will give rise to plane polarised waves (b) in 
the plane ZOX, and to two circularly polarised waves, one of 
which is shown at c, travelling in the direction OY. 

If now the magnetic field be in the direction OY, the vibration 
of the electric charge in this direction is unchanged, as are the 
waves (a). But the charges rotating in the circular paths are 
moving at right angles to the magnetic field, and consequently 
wall experience forces of value Hev at right angles to their motion 
and to the field, the force on one being directed away from O, 
and on the other towards O. Assuming that the electron is 
subject to a restoring force acting towards the centre O of the 
atom and proportional to its distance r from O, there is equili¬ 


brium without the magnetic field when the centrifugal force 


mv^ 

r 


1 H. A. LcH'entz, Rapports au Congrh Inlernationale de Physique, S, 1900. 
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is equal to the restoring force fr, / being the restoring force for 
unit displacement, and w the mass of the electron. If T be its 
period of vibration, 


2TTr 


1?=: 


T ' 


. \TT^m j. Anhn j. 

-jr 


Now, the presence of the magnetic field produces a radial force 
¥Lev, and the restoring force fr must be increased or diminished 
by this amount according to the direction of rotation and the 
sign of the charge. 

If then Tj be the period of rotation in the magnetic field, 


or. 


477 Vjm 




T^2 

47r2;n . , j ^ 4772in 

-=/±—-, and since, 


^Tthn 

17- 


47T^fn Zvtle 
- — ± ' 

He 


. _ 

.. T2 


T2- 


.Tj2 


T4 

T-T,=± 


He 

27T?nTi* 

HgT2 

47rm 


(i) 


if T2 be written for TjT and 2T for T+Tj, both of which are 
justifiable when the changes in the periodic time produced by the 
magnetic field are small in comparison with T itself. Equation (i) 
may be written in terms of wave-lengths A if we remember that 
X=cT, and then becomes— 


A--Ai 


4-7rmc 


(ii) 


The periodic times of the two circular motions are therefore 

H^T2 

changed, one being diminished by the amount and the 

other increased by the same amount, and since each gives rise to 
a plane wave (b) we should expect there are two such waves 
emitted, one having greater frequency and the other less 
frequency than the undisturbed wave {a). Thus in the case of 
the Ught emitted at right angles to the magnetic field, the single 
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spectral line becomes a triplet, the central part being plane 
polarised with its electric displacement parallel to the magnetic 
field, and the two, one on either side of it, being plane polarised 
in a direction at right angles to this. 

The light emitted in the direction of the magnetic field gives 
rise to a doublet, each component of which is circularly polarised. 
By means of a quarter-wave plate each of these circularly 
polarised rays can be rendered plane polarised, but the direction 
of the electric displacement depends upon the direction of rota¬ 
tion in the circularly polarised beam. With the direction of 
magnetic field given in Fig. 431, it is found that the anti-clock¬ 
wise rotation, as seen on looking at the diagram, gives rise to the 
line displaced towards the blue end of the spectrum, and hence, 
applying the left-hand law (p. 240), we see that the rotating 
charge which gives rise to the hght rays has the negative 
sign. 

It is only when the vibration of the electron within the atom 
is of the simple harmonic type that we should expect the simple 
separation of the components of any spectral line described 
above. In nearly all cases the decomposition is into a much 
greater number of lines, but our explanation would show us that 
the light emitted at right angles to the field should always give 
plane polarised components, and the light along the direction of 
the field to oppositely circularly polarised components, and this 
is found to be the case. Moreover, whatever be the complexity 
of the resolved spectral line, the separation of the most widely 
separated components is a constant quantity. 

According to Runge and Paschen,i for the normal triplet in the 


spectrum of mercury vapour, the quantity 


where Aj and 


A 2 are the wave-lengths of the displaced lines, was found to have 
the value 2T4 when the strength of magnetic field was 24,600. 
Hence, from equation (ii)— 


H e ^2.14 
A2 Ittc * m 

^ 27t X 2-14 Xc _6*28 X 2*14 X 3 X 10^® 

m H 24^600 

-1-6x107. 


Now, the value of — for the cathode rays is T759 X 10^ (p. 483), 
m 

and hence it is extremely likely that the constituent of the atom 
whose motion gives rise to the emission of light is the electron 

^ C Runge and F. Paschen, Ahkandl. der Beyl. A had., 1902. 
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met with in the cathode rays and in the jS rays emitted by radio¬ 
active substances. 

The Zeeman effect is generally more complicated than the 
above simple theory indicates, but it has been found that all the 
lines in similar series exhibit the same resolution in the magnetic 
field. The problem has also been treated by the quantum theory 
(pp. 595, 611), which has afforded a complete explanation of the 
effects observed. 

Stark Effect. —It has been found by Stark ^ that an electric 
field can modify the light emission by atoms in a manner some¬ 
what similar to the Zeeman effect. Positive rays are allowed to 
pass between two metal plates between which a strong electric 
field is maintained. On examining spectroscopically the light 
emitted he found that in the case of the Balmer series of hydrogen, 
each line is split into components whose number increases with 
the frequency, and the difference of frequency from that of the 
undisturbed line is proportional to the electric field. The light 
emitted at right angles to the field is plane polarised as in the 
Zeeman effect. The quantum theory has been applied success¬ 
fully to the explanation of the Stark effect. 

Dielectric Constant and Refractive Index. —The presence of 
atoms each consisting of some framework in which one or more 
electrons are situated, may be used to explain many of the 
physical properties of matter. The neutral atom has no resultant 
electric charge, but if it loses an electron, its resultant charge is 
positive. We know that the atom contains and is capable of 
losing at least one unit of electrical charge, the electron, which 
is equivalent to about T59xl0~2® electromagnetic unit of 
charge. We may then draw a distinction between dielectrics or 
insulators on the one hand and conductors on the other ; the 
former is a substance in which the electrons are displaceable 
within the atom, but are not detachable from it, while in the 
latter the electrons can be detached from the atoms, and are free 
to move in the spaces between them. 

If / be the restoring force for unit displacement, and x the 
actuaJ displacement of an electron from its neutral position, the 
restoring force is fx, and this is equal to the force due to the 
electric field producing the displacement. 

That is, E^=/r. 

Within a mass of the material in which there are N atoms per 
unit volume, the component of the electric displacement due to 
one atom in each unit of volume being ex, that due to the N 

E 

atoms is That corresponding to the original field is — 


* J. Stark, Berliner Siteungshor., Nov., 1913. 
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(p. 128), and hence the total electric displacement D within the 

E 

material is the sum of the two quantities and —. 

47r 

477 

4itD = E 4“ 47rNc;i; 

477NEe2 


=E- 


=e( 

Now, the dielectric constant k 


f 

j _j_ 477N£2 j 

4771) 




• (p. 128). 
477Nf2 


/ 


Remembering that the refractive index n — -, where c is the 

velocity of light in vacuo and v is the velocity in the medium, 
and further that— 

==, and, V- 


we see that— 


V ' Vkfi 

/-¥- 
V ^nUn" 


Now, for most substances /j, is practically equal to fiQ, and if ^o==l 
for vacuum— 


« = 



1 

kg 


and writing k for the ratio of the dielectric constant of the 
medium to 


1 = 


477Ne2 

7 • 


In the case of a gas, N is proportional to the density, and since 
the atoms are at considerable distances from each other, / is 
independent of the density, 

/. n2 —lac density. 

On p. 429 we saw that for gases k=n^. It was shown by 
Boltzmann ^ that the quantity k — l is proportional to the 
pressure and therefore to the density of the gas. It should be 

^ ^ L. Boltzmann, Wien. Ber., 69, 1874 



554 


atoms 


CHAP. 


noted that any theory which supposes the electric displacement 
within a dielectric to be due to the presence of small conducting 
bodies will lead to the above result. 

Refraction and Dispersion. —Many theories have been advanced 
to account for the phenomena of the refraction and dispersion 
that occur as light passes from one medium to another. The 
mechanical theories, notably those of Fresnel and MacCulloch. 
afterwards modified by Sellmeier, account in a more or less satis¬ 
factory manner for the observed facts. But the electronic theory 
of H. A. Lorentz not only accounts for these same facts, but has 
the great advantage that it is in accordance with phenomena 
occurring in other branches of physics. As an example, we may 

cite the fact that the value of — for the electrons concerned in the 

m 

emission of light, as measured by the Zeeman phenomenon, is 
nearly identical with that found for the electrons in the cathode 
and the ^ rays. The mechanical theories suffered from the 
difficulty that it was almost impossible to reconcile the necessary 
properties of the incompressible sether with those of any known 
material substance. 

On p. 439 we explained the reflection of electromagnetic waves 
from the surface of a conductor on the supposition that the 
electric intensity within the conductor is always zero. The 
reason for this last fact is clear, on the assumption that within 
the conductor free electrons exist which travel in a direction 
determined by that of the electric intensity. 

If in Fig. 360, p. 439, the incident electrical intensity is directed 
upwards, and therefore on account of it the free electrons travel 
downwards, since their charges are negative, and the electric 
intensity due to them in their displaced position is directed down¬ 
wards, that is, in opposition to the incident intensity ; by their 
motion, as the harmonic wave arrives, they supply the equal and 
opposite harmonic variations of intensity which give rise to the 
two waves, one of which is the reflected wave, and the other a 
wave propagated into the conductor, and whose condition is 
everywhere equal and opposite to that of the incident wave, so 
that the two together have a zero resultant effect. 

If the electrons are subject to some constraint, their motion 
will involve the expenditure of energy, and the reflection is not 
in this case perfect. For the best conductors known, the energy 
of the reflected beam is not quite equal to that of the incident 
beam. When the electrons are not free to move there will then 
be no reflection ; the medium is perfectly transparent. No such 
substance is known ; a certain amount of reflection always occurs 
as light passes from a vacuum to a material substance. But in 
the case of dielectrics, the electrons, although free to move witliin 
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the atom, are confined to the atoms, and it is only in the case in 
which tlieir own proper periods of vibration within the atom 
approach that of the incident wave tliat any considerable amount 
of reflection occurs. 'I'he reflection in this case, although power¬ 
ful, differs from the case of metallic reflection, in that only those 
waves having periodicity nearly equal to that of some particular 
free vibration of the electron within the atom are reflected. 

Let us imagine that for a given substance the periodic 
time Ti of the free vibrations of tlie electron within the atom 

is given by the equation Ti=277' J'Jl^ and let electromagnetic 

waves for which the electric intensity in the plane of incidence is 


E —Eq sin 27t~^, fall upon the substance. 


If X be the displacement of the electron from its position of 
equilibrium, the restoring force due to this is fx, and if the dis¬ 
turbing force due to the incident wave is Ec, the resultant force 
acting on it is fx—Ee, and the equation of motion of the electron 
is— 


d^x 

ai^ 


or, 

where, 


d-X , r I- 


sin 



. d^x , f ___e 

• • - 

dt^ m m 


Eq sin pt. 


Whatever its motion when the light is first incident upon it, it 
will after a few oscillations settle down to a steady vibration with 
the periodicity of the incident waves, and our problem is to find 
the amplitude of this vibration. The most general equation for 
this vibration is— 

V—A sin pt~\-E> cos ply 

where A and B are constants, at present unknown. 

Hence, . cos pt—Ep sin pt. 


d^x 

di^ 


=:—Ap'^ sin pt—Ep^ cos pt, 
d^x 


and substituting the values for — and x in the equation of 

dt^ 


motion, we have— 

A A9. J^4 Ti \ J \ \ J T> 


f, 










where Ui and n are corresponding frequencies. 

We see, then, that when is very great, the amplitude of 
vibration due to the incident wave is infinitesimal, which means 
that if the electron is practically immovable, its presence does 
not affect the propagation of the wave. But if nj approaches in 
value to n, the amplitude increases and would, if our equation 
truly represented the facts, become infinite when which 

therefore corresponds to an ordinary case of resonance. We 
have, however, neglected all resistance to the motion of the 
electron, so that our result does not represent the truth when 
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The reasoning on p. 553 enables us to see the effect which, 
according to the electronic theory, this motion of the electrons 
will have upon the refractive index of the material. 

Putting Do sin pt in place of D, Eq sin pt in place of E, and 

-Eo 


m 



and dropping 


sin pt in place of x in the equation 47rD==E + 47 rN^jt;, 
the term sin pt throughout, we have— 


47rDo=Eo+47r 


Ng2 

m 



or. 





This may be expressed in terms of wave-lengths instead of 
periodic times, if by Ai we mean the wave-length in vacuo which 
corresponds to the periodic time T|. Then Ai=cTi and A=^^T, 
so that— 


NggAjg A2 
Ttmc^ A2 — A^^ 


(hi) 


where n is the index of refraction for the waves. 

This equation will of course only represent the facts when the 
atoms are so far apart that the free period of the electron is not 
affected by the presence of neighbouring atoms, and when there 
is only one free period of oscillation. In the case of most sub¬ 
stances there may be a great number of free periods, and each 
one will give rise to a term in the dispersion formula (equa¬ 
tion hi). 

The reason for the dispersion of light as it enters a refracting 
medium is now apparent, for the index of refraction depends upon 
the wave-length A of the incident disturbance. When A is very 
great in comparison with Aj, the last equation becomes 


n2==l 


N^2Aj2 
I a f 

irmc^ 


which is the refractive index for very long waves. Since Ai==cTi 
y, we see that this is the value found for w2 on 

p. 553. 

As A approaches the value A,, the denominator of the last 
term in equation (hi) varies rapidly, and the value of n increases, 
becoming enormous when A=Ai. The curve AB in Fig. 432 
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indicates the manner in which varies as A approaches for 
a case in which is 1-25, when A diminishes from infinity, and 

A2 

A,=6xl0~‘^. When A<Ai the sign of --—— changes, and the 

A2— Ai^ 

denominator increases while the numerator decreases. As there¬ 
fore A decreases, the value of increases from a large negative 
value, until when A=0, «=1. This is indicated by the curve 
EF. Hence, for light waves of extremely short length the 
refractive index approaches the value unity. 

In the case of a substance for which the electron has one free 
period of vibration, light waves of this period are strongly 
reflected, and hence the spectrum of the light transmitted by the 
substance exhibits an absorption band in this part of the spec¬ 
trum ; and, further, the light of this wave-length is that which 
will be emitted when the temperature is raised sufficiently for the 

body to be visible. This is a 
well-known result of Kirch- 
hoff’s laws of radiation. 

When the light absorbed has 
a much higher frequency than 
the visible rays, the refraction 
is normal," as in the case of 
glass, etc., the waves of greater 
frequency being refracted most. 
The curve for and A lies upon 
^ ^ the part of AB (Fig. 432) remote 

5 i n 5 ^ from the origin. If, however, 

‘ 1; the absorption band occurs in 

El: the visible part of the spec- 

Fig. 432. trum, the two parts on either 

side of the band change places, 
the red part being refracted more than the blue, although in 
each part the natural order of the colours is preserved. The 
dispersion is then usually said to be “ anomalous." Those sub¬ 
stances, such as the aniline dyes, which have a strong absorp¬ 
tion band in the visible part of the spectrum, exhibit the 
phenomenon of '' anomalous " dispersion, and Professor R. W. 
Wood 1 has shown in a beautiful manner that this also occurs in 
the case of a prism of sodium vapour. 

Faraday Effect. —Some connection between magnetism and 
light was suspected by Faraday, but the only connection which 
he was able to find was that the plane of polarisation of a beam 
of light passing through a dense transparent medium, such as a 
dense lead glass, experienced a rotation when the ray travels 
along the magnetic lines of force. On boring holes longitudinally 
» R. W. Wood, Roy, Soc, Proc., 69, p. 157. 1901 
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through the poles of a powerful electromagnet, and passing a 
beam of light, plane polarised by means of a Nicol’s prism, 
through these holes in such a way that it traverses a block of 
dense lead glass situated between the poles, it is found that the 
position of a second Nicohs prism, used as analyser to produce 
('xtinction of the bc-am, depends upon whether the magnetic field 
is on or off. 

'I'his phenomenon, known as the Faraday effect, bears some 
resemblance to the rotation of the plane of polarisation when a 
beam of light passes through certain crystallised media, such as 
quartz, in a direction parallel to the optic axis ; but there is one 
great difference between the two cases. In the crystal, the 
rotation of the plane of polarisation depends in some way upon 
the crystalline structure of the medium, and if on emergence the 
beam be reflected back so that it retraverses the crystal in the 
opposite direction, the opposite rotation occurs, and the beam 
emerges with its original direction of polarisation. But in the 
Faraday effect the direction of rotation is fixed in relation to that 
of the magnetic field, whatever be the direction of propagation 
of the beam, so that if the beam be caused to retrace its path 
through the field, the rotation of the plane of polarisation is 
doubled. 

The rotation of the plane of polarisation depends upon the 
presence of the material medium in the magnetic field, and accord¬ 
ing to the electronic theory we can easily see why this should be. 
On p. 557 we saw that the ind(‘X of refraction depends upon the 
free period of vibration of the electrons within the atom, and 
again on p. 550 we saw that the natural period of rotation of the 
electrons changes in the presence of a magnetic field, and also 
depends upon the direction of rotation. 

Consider a plane polarised beam of light falling upon the block 
of dense glass ; in the absence of a magnetic field, the orbits of 
rotation of the electrons are circles, the two components of the 
motion at right angles to the direction of propagation being of 
equal frequency and clockwise and anti-clockwise respectively 
(see Fig. 431). We may, if we please, consider the plane vibra¬ 
tion constituting the beam of light to be resolved into a clock¬ 
wise and an anti-clockwise circular vibration, the relative phases 
of which determine the plane of polarisation (p. 376). These 
travel with equal velocities through the medium since the refrac¬ 
tive index is modified by the electrons to the same extent for 
both components, and on emergence they are in the same relative 
phases as on entrance, and combine to form a plane polarised 
beam with its plane of vibration in the original direction. 

If, however, there is a magnetic field, the electronic orbits are 
modified, one periodic time being increased and the other 
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diminished (p. 550), and the refractive indices for the two com¬ 
ponents of the beam are now different (p. 557). Hence they 
differ in phase on emergence by an amount depending upon the 
length of path in the medium and the strength of the magnetic 
field, and will combine into a plane polarised beam, whose plane 
of vibration is rotated from the original plane by an amount 
proportional to the difference of phase between the two circularly 
polarised components. 

The rotation of the plane of polarisation was measured by 
Verdet for various substances and wave-lengths of light, and was 
found by him to fit the formula— 

where I is the length of path traversed in the field, A the wave¬ 
length in air of the light used, n the index of refraction, and m a 
constant depending upon the medium. 

0 

The quantity —or the rotation produced by travelling unit 
/H 

distance in unit field, is called Verdet s constant. 

The following are a few of the values of Verdet’s constant— 



Minutes 
of arc. 


Jena glass (densest silicate flint) 

Quartz. 

Methyl alcohol. 

Water. 

00888 

0-01664 

0-00989 

001311 

(Du Bois, Wied. Ann., 61, 1893) 
(Borel, Arch. Genhe, (4), 16, 1903) 
(Quincke, Wied. Ann., 24, 1885) 
(Roger and Watson, Zeitsch. Phys. 
Chem., 19, 1896) 


Kerr Effect.^ —It was found that plane polarised light, on being 

reflected from the polished pole of an 
electromagnet, was rendered elliptically 
polarised, and also that a transparent 
medium becomes slightly doubly re¬ 
fracting in a strong electrostatic field.2 
The Faraday and Kerr effects have 
been used by Du Bois ^ to measure 
strong magnetic fields and high inten¬ 
sities of magnetisation. A polished 
plate A (Fig. 433) of the metal under 
examination is placed on the flattened tip of the pole-piece of an 
electromagnet, and the plane polarised beam of light which 

» J. Kerr, Phil. Mag., 8, p. 32 (1877) ; and 6, p. 116 (1878). 

2 J. Kerr, Phil. Mag., 50, p. 337. 1875. 



Fig. 433. 
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traverses the hole B in the other pole of the magnet is reflected 
at A and returns along its own path. The rotation of the plane 
of polarisation is proportional to the intensity of magnetisation 
of A, the constant coefficient having been previously determined. 
The magnetising field is measured by placing a sheet of glass G, 
with its back surface silvered, to reflect the beam of light as 
before. From a knowledge of the rotation of the plane of polar¬ 
isation and the value of Verdet’s constant for the material, the 
strength of the magnetic field is known. 

Paramagnetism and Diamagnetism. —The electronic theory has 
been adapted by Langevin ^ to account for the magnetic pro¬ 
perties of materials. An electron rotating in a circular orbit is 
equivalent to a circular current, and corresponds very well to the 
hypothetical molecular currents of Ampere. Most atoms include 
many electrons, and the orbits of these may be so directed that 
the resultant magnetic moment for the atom is zero. In this 
case a magnetic field would not have any directive effect upon 
the atom. When, however, the resultant magnetic moment of 
the atom is not zero, either by reason of one electron uncom¬ 
pensated by another rotating in the opposite direction, or for any 
other reason, the atom possesses a resultant magnetic moment 
and consequently possesses energy in a magnetising field. If this 
energy is part of the thennal energy of the material the distri¬ 
bution of magnetic moments will be such that there is an increase 
in the magnetic induction (p. 567). That is, the permeability of 
the substance is greater than unity and its magnetic suscepti¬ 
bility is positive. Substances of this kind are said to be para¬ 
magnetic, The susceptibihty is always comparatively small, as in 
the case of aluminium, platinum, etc. (p. 565). There is one 
small class of metals, iron, nickel and cobalt, in which the 
magnetic permeabihty is vastly greater than for any other sub¬ 
stance. These are said to be the ferromagnetic metals. When 
the resultant magnetic moment of each atom is zero, the magne¬ 
tising field will still have some effect, owing to its influence upon 
the electronic orbits themselves. The effect will be to decrease 
the magnetic induction, as shown below. Thus the magnetic 
permeability is less than unity, and the susceptibihty is negative. 
Such substances are said to be diamagnetic, as, for example, 
copper, gold and bismuth (p. 565). 

It is quite reasonable, therefore, to suppose that there are two 
opposite processes going on when a substance is placed in a 
magnetic field, the resulting susceptibility being a measure of the 
difference of the two. The orientation of the orbits (see p. 567) 
which will cause an increase in the magnetic induction is the 
first, and gives rise to paramagnetic properties. To understand 
* P. Langevin, Comptes Rendus, 140, p. 1171. 1905. 
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the second we may refer to a theory suggested by Weber and 
developed by Maxwell in his '' Electricity and Magnetism. ' If 
the atom of the material be an electrical conductor, the establish¬ 
ment of a magnetic field will cause a current to flow in it. Let 
the circle AB (Fig. 434) be a line of flow of such a current within 
an atom, OH being the direction of the magnetic field. While 
^he field is becoming established, this current is clockwise, as 
seen in the diagram, and hence the magnetic field within it, due 
to its own presence, is in the opposite direction to the original 
field. The magnetic induction is thus reduced by the presence 
of the conducting atom, and the presence of such conducting 
atoms would give to the material the diamagnetic property. If 
its electrical resistance be zero, the current, once started, will 
continue to flow until, on the removal of the magnetising field. 



Fig. 434. 



an opposite induced electromotive force reduces the current to 
zero. 

If now we replace the conducting molecule of Weber and 
Maxwell by the atom with its rotating electrons, we can explain 
the para- and diamagnetism. For the rotation into the direction 
of the field increases the magnetic induction within the material ; 
and we will now proceed to show that the alteration in the orbits 
produced by the magnetising field reduces the induction. The 
material will then be para- or diamagnetic according to which 
effect is the greater. 

For a mass of the material, the possible motions of the electrons 
may all be resolved, as described on p. 549, into a linear vibration 
along one axis OY (Fig. 431) and two equal and opposite circular 
rotations in a plane at right angles to this. Let the magnetising 
field H be in the direction OY ; then the linear vibration along 
this axis is unaffected by the field, but the circular motions are 
affected as already described. For the rotation of the electron 
shown by the arrow in Fig. 435, the equivalent current is in the 
opposite direction, since the electron is a negative charge ; the 
force due to the field is Hev and is directed outwards along the 
radius, and hence, as on p. 550— 
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tnvi^ 

r\ 


-fri —Uevi, 


or. 


47T2_/__He 2 ^ 

m m ’ Ti 


Now, for the rotation of the electron in the opposite direction, 
the force due to the magnetic field is directed inwards, that is 
towards O, 


, mv2^ 
^2 


--fr2+llev2, 


477-2 y_ , Itt 

T 2 ^ fn m ’ T 2 


<h) 


Subtracting equation (6) from (a), we have— 

_i = ^ 4-1 \ 

ti 2 T 22 “ ZirmyfiTj’ 


• ^ _ L=_?l 

"" T j T 2 2irm 


Again, we saw on p. 547 that a charge e moving in a circular 
orbit in periodic time T is equivalent to a circular current -, and 

hence the magnetic moment of such an orbit is where a is the 

area of the circle. If there are Nj such orbits per unit volume 

of the material, is the magnetic moment, or the intensity 

of magnetisation due to them. When the magnetising field is 
zero, the magnetic moment due to the electrons rotating in either 

direction is and these being oppositely directed, the re¬ 

sulting intensity of magnetisation is zero. In the presen^ie of the 
magnetic field, the magnetic moment due to the electrons 

rotating as shown in Fig. 435 is and is directed from O to 

Y; that due to the opposite rotations is and is directed 

from Y to O. 

From equation (c )— 

^ _Ni Re^a 
Tj T 2 Irrm * 


the left-hand side of which equation is the resultant intensity of 
magnetisation directed from O to Y, and the right-hand side 
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shows us that this is always negative, and hence that the magne¬ 
tisation is in the opposite direction to the magnetising field. 
Also the ratio of intensity of magnetisation to magnetising field 
is the magnetic susceptibility k ; 

- __ 

Lirm 


In this case Ni is not the total number of rotating electrons in 
unit volume of the material. If we imagine all the rotating 
electrons to be divided into six groups having for their axis of 
rotation the three rectangular axes respectively, the two rota¬ 
tions about any axis being opposite, only those having axes 
parallel to the magnetic field have any magnetic moment in this 
direction, and therefore only two out of the six groups, that is 
one-third of the total number of rotating electrons present, are 
concerned in determining the susceptibility. Hence, if N is the 
total number present, 


and. 


(>TTm 


We see, then, that the property of diamagnetism is the result 
of effects occurring within the atom, and would therefore be 
independent of temperature. Such is found to be the case with 
most substances, antimony and bismuth being exceptions. If 
the opposite rotations of the electrons within the atom are 
symmetrical, the diamagnetic property only would be exhibited, 
but if unsymmetrical there would be a resultant magnetic 
moment with exhibition of paramagnetism. 

It was found by Curie ^ that the magnetic susceptibility referred 
to unit mass varies inversely as the absolute temperature in the 
case of the paramagnetic substances, and this is now known as 

tc 

Curie s law. The quantity where ^ind T the 

absolute temperature, is Curie's constant. In the case of oxygen. 
Curie found the magnetic susceptibility to be represented very 

33 700 

well by the relation 10®x=—, and by measuring the force on 

small metallic spheres, first in air and then in liquid oxygen, 
Dewar and Fleming 2 found the value of k for hquid oxygen to 
be 324xlCM, or /a=T00407. 

In the following tables are some of the magnetic constants for 

» P. Curie, Journ, d, Phys., 4, p. 197. 1895. 

* J. Dewar and J. A. Fleming, Proc, Roy. Soc., 63, p. 311. 1898. 
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the elements and common substances (see Kaye and Laby's 
Tables) :— 


Aluminium .... 

. . ;^=4()-65 XlO-6 

Bismuth .... 

. . -1-38 xlO-6 

Copper. 

. . -0-09 xlO-6 

Gold. 

. . -0-15 xlO-6 

Platinum .... 

. . +M0 xlO-6 

Potassium .... 

. . +0-52 XlO-6 

Silver. 

. . -0-2 xlO-8 

Mercury. 

. . -0-19 xl0-« 

Water. 

. . -0-72 xl0-« 

Air. 

. . .c=-f0-029xl0-« 

Hydrogen .... 

. . -0-002x10-7 

Oxygen. 

. . +0-139 xl0-« 


In order to explain paramagnetism consider the atom to 
have electron orbits (or anything equivalent to a current circuit) 
which are not balanced. When situated in a magnetising field 
the orbits, which possess magnetic moment, will turn into the 
direction of the field. This, however, is not a simple turning 
such as would occur with a bar magnet, for the effect of a couple 
on a rotating body, such as an electron, would be to produce 
precession, as in the case of a spinning top. If, however, the 
energy of the atom in the magnet field be compared with the 
energy of thermal agitation in the kinetic theory of gases, an 
expression for the distribution of the atomic magnetic moments 
in space may be found. 

In the case of a gas, in which the molecules are supposed to 
approximate to points, there are only three degrees of freedom, 
which correspond to motion parallel to three axes in space. If 
the gas as a whole is at rest, the resolved velocities parallel to the 
three rectangular axes, integrated for the molecules in unit 
volume are equal. The pressure of the gas is then where 

N is the number of molecules per c.c., m the mass of each mole¬ 
cule and the mean of the squares of the velocities of all the 
molecules, that is, p—\^}nv- (p. 576). The factor I arises on 
account of the kinetic energy (|N;nt;2) being equally distributed 
amongst the velocities parallel to the three axes. 

When the gravitational field in which the gas exists is taken 
into account, the molecules in a vertical column will no longer 
be uniformly distributed. In the lower levels the density of the 
gas is greater than in the upper levels. Let dp be the difference 
in pressure between two horizontal planes whose vertical distance 
apart is dx. 


dp^pgdx 
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The density p is Nm, dp—T^mgdx. Consider volume V of 
the gas, 

/,V^RT=|N;/n'2V (p. 576) 

■DTP 

and if V is 1 c.c., 


Again, since p~^N}uv-, dp=^m7)^ . dN because, at constant 
temperature is constant, since ^mv^, or the mean kinetic 
energy of the molecules is constant. Although the kinetic energy 
may not be the same for all the molecules, the mean is maintained 
by perpetual collisions. From the two expressions for dp — 

\}m)- . d'^~p[^dx 
-dN —pgdx 


On integrating. 


N 

d_N 
N 
12 

log N 


— -f^dx 

Jl f<f 

lop- — 

^ Ni ■ RT 

pg{x 2 —xi) is the work done when 1 c.c. of gas is transferred from 
level Xi to level X 2 , or the difference in the potential energy of 

No W 

1 c.c. of gas at the two levels. Calling this W, then log -“ = — 

Nj K1 

No 

or ^=€ The negative sign is taken because N is greatest 

Ni 

at the lower level, where the potential energy is least. It is 
common practice to express the difference in potential energy as 
the work required to transfer one molecule of the gas, instead of 

W 

1 c.c. from one level to the other, so that In this case 

N 

R 

R, the gas constant referring to 1 c.c., must be replaced by 
and 


N, 


IfcT 


k is frequently known as the Boltzmann constant. 

Turning now to the case of the distribution of atoms or parts 
of atoms of magnetic moment m, it is seen that the couple acting 
on each, when situated in field H, is YLm sin 6, where 6 is the 
angle between the directions of the field and magnetic moment. 
For a rotation dd the work done is Hw sin 6 . d9. Taking the 
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potential energy of the atom as zero when its magnetic moment 
is at right angles to the field, so that its component of magnetic 
moment in the direction of the field is zero, the work done in 
turning from this position to one making angle 9 with the field 

• r 1^ 

is LwH sin 6 . dd~~}nli cos 6 cos 9. The poten- 

^2 L J 2 

tial energy varies from —inH when 9—0 to when 9^-tt ; 

it therefore increases as 9 increases, just as, in the case of a gas 
the potential energy of the molecule increases as x increases. As 
a system tends to its condition of least potential energy, the 
tendency will be for 9 to decrease in the presence of a magne¬ 
tising field, that is, the material will exhibit paramagnetic 
properties. 

For the N atoms in 1 c.c. whose moments make angle 9 with 
the field, the potential energy is —NbnH cos ^~&RT, where b is 
a constant which depends on the fraction of the total tempera¬ 
ture energy which is possessed by the body on account of this 
energy of magnetisation in the magnetising field. If N changes, 
then, change of energy per c.c. = —w cos 9R . 


On integrating. 




1 

0 


W 

6RT 


No 


w 

eblif 


or in terms of the energy for one atom instead of 1 c.c. 

No 

W . . 6R , . 


where 


W 

= — and k=: 
n 


n being the number of atoms per c.c. 


concerned in this part of the temperature energy. 

»nH ro8 6 'im'R 

'T'l XT XT im'— XT rt H 1 rrLLL 


Thus Ni==:No€ 


where a-- 


and No is the 


number of atoms with the arbitrary zero of potential energy. 
Now consider a sphere of radius r within the material, the centre 
being at O (Fig. 436), the number of atoms per unit volume 
situated at O, whose moment is directed along OP is 
and this, multiplied by the solid angle subtended by the strip 
QP will be the total number of atoms whose moments are directed 
towards the strip, that is, 

or 27 rNo 6 »“>">sin B.dd. 
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Integrating this from 0 to tt gives the whole number of atoms in 
the unit volume. Calling this N, we have— 


sin e . dd 


N =:27rNoJ ^ sin 6 , dd 

= —r cos e)J (>Q5 Q\ 

^ J a 




,_„,_477N, 




- sinh a. 


Again, the magnetic moment of one of these atoms being m, 
its component along OY is m cos 0, and the resultant magnetic 


Y 



Fig. 436 . 


moment along OY of all the atoms whose moments are directed 
towards the strip QP is 27rNo€® ^ sin 6 , ddx {m cos 9) 

=27rNoW€® ^ sin 9 . cos 9 . d9 


and the resultant moment along OY for all the N atoms in the 
unit volume is 


[=277No^;z r €®* 
Jo 


‘ ^ sin 9 . cos 9 . d9 


— —- r 0 ^ (.Q5 Q\ 

Jo 

Integrating Je^vc/A by parts. 


J €^xdx = ^x — J €^dx ~ e® r — c 
I = — — cos 9~€^ 


T TT 

a cos a 

. 0 


=(a€®+^€“*—e® + €“"®) 
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_47rNom/e*-)-^ ® ^ 

a \ 2 2a } 

^cosh sinh aj. 

If all the N atoms per c.c. of magnetic moment m were oriented 
in the direction of the magnetic field the intensity of magnetisa¬ 
tion would be the saturation value. From the above values 
of I and N, 

I __cosh a 1 
Nm sinh a a 

=coth a—- 
a 


The quantity takes the value - when a is small, which 
Nm 3 

may be proved by expanding e* in powers of a and neglecting 
and higher powers. 

Ihus, = l +^+|-2 “bj-j H“ • • • 

€ — 1—. . . 


-^(■+ 1 + 2 *+ ■ ■ •) 

^-^“(■+^+5+ ■ • ■) 


^12 ■ ■ ■ 


■ ■ •) 

all 2 137 


I _1 
Nw a 


neglecting a*, a®, etc. 

Then, 

' Nw a\ \2j 

“all 2 13 
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W'i'H 

Since a — -—-, it follows that for low values of 
k 1 

w^NH 

or . Thus the magnetic susceptibility 

OR 1 


H I 

T’ 

I W/2N . 


inversely proportional to the absolute temperature. This is in 
accord with experimental results (p. 564). 

On the other hand, if a is not small. 


I e“ 1 ^ 

N;« €“ — € ■ “ a 

_1 ft 2a 1 

“f—€ -'« a 

=(l+e-2“)(l-e-2a)-l_l 

a 

= (l+t-2-)(l+e-2«-ft-‘“‘-f 

a 

=l4-2€-2“-f2e -^+ . . . —^. 


As a increases, the right-hand side of this equation approaches 

unity, so that for very strong magnetic fields -~ = 1, or I=Nw. 

This corresponds to the condition of saturation when all the 
atomic magnetic moments have the same direction as the magne¬ 
tising field. Calling then the saturation value of the intensity 
of magnetisation Iq, 


I 41 1 

— coth a - 

lo a 

= l+2e-2“4-2e-«“-t- . . . —I 

a 

The curve in Fig. 437 gives the manner in which ^ increases 

with a, and if the student will plot it, it will be seen that ^ 

to 

approaches unity as a approaches infinity. Some idea of the 
magnitude of a may be obtained if the saturation value Nm were 
known. This condition cannot be even approached with any 
magnetic fields that can be produced artificially, but if we accept 
for a moment the value 1610 for iron (p. 289) then, 

^ _^mH _NmH _NmH 
“Wf RT~' 
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Now R==:8*3 X 10"^ ergs per degree (p. 192) for 1 gramme-molecule 
of a gas, and taking the atomic weight of iron as 56 and its 

density 7*8, the volume of a gramme-atom is c.c. compared 

7*0 

with 1 cx. for which R is calculated. 


Therefore 


56x1610 H 
" 7-8 X 8-3 X107 T 

= l-4xl0-<^?j. 


At ordinary temperatures a is thus a small quantity and ^ 

is small, and only the nearly straight part of the curve in Fig. 437 
is realised for any practicable magnetic fields. The above theory 
applies properly to the case of a gas where the molecules can 
rotate without restriction, but it forms an approximate solution 



Fig. 437. 


to the case of a paramagnetic liquid and to some extent to that of 
a solid. 

Molecular Field. —It is to Weiss that the theory of molecular 
field is due. Ewing's theory, that the constraint on the elemen¬ 
tary magnets (p. 294) is due to their neighbour’s magnetic effect 
is now developed with the help of Langevin’s method. In the 
interior of a magnetic body there are two fields, one, H, due to 
external causes and called the applied field, and another due to 
the magnetisation of the material. The resultant field is thus 
H+NI where N is some coefficient for each material. On p. 271 
the field NI was due to poles on the surface of bodies, but in the 
present discussion it is due to neighbouring elementary magnets. 
Writing H'=H-fNI 

mW 

Then, . . . fp. 567) 

— ==coth a—-, 
nm a 


and, 
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where n is now taken for the number of molecules per c.c., to avoid 
confusion with N, above. 

If M is the molecular weight of the substance and p its density, 

M M 

— is the volume of one gramme-molecule, and — I its resultant 

p P 

magnetic moment. This quantity is called the gramme-mole¬ 
cular magnetic moment a ; thus a=—. 

P 


Now, 


I 


H'-H 


N 


MH' 

MH 

pN 

pN 

_/feTaM 

MH 

wpN 

pN 

_RTaM 

MH 


pN 


since = 


R 

• 

n 


For saturation, all the elementary magnets are aligned with 
the magnetising field, and the number in one gramme-molecule 

is —, so that the saturation gramme-molecular moment is 
P 

fiMm gqp 

-=<To, or nm = -^- 

p M 


RTaM2 

MH 

P^Ngo 

pN 

a RTaM^ 

MH 

gQ P^Ngfl^ 

pNgo' 


For any magnetic field which is not extremely great =? 

lo otq 3 


(p. 569). 


g _ 3RTM2 g MH 

gQ pNgQ 

MH 


g / 3RTM2 
goVp^Ngo® 


-1 


pNgo' 


The magnetic susceptibility reckoned per gramme-molecule xu 
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73RTM2 A „ 


3RM2/ 

p2N<7o2\ 3RM2 r 

V* P 
3R ' M 

-p p-Ngpi^ * 

■ 3 RM 2 

R has been taken as the gas constant for unit volume of sub¬ 
stance. If, on the other Iiand, one gramme-molecule is taken, the 

M 

corresponding constant Rj, is R . —. 

P 

• y — 

•• pNaoii 

3MK„ 

Thus — =K(T—0) where K and 6 are constants. This is 
Xm 

known as the Curie-Weiss law and is more general than Curie's 

O'- 2 

law (p. 564). The temperature 0—is important because 

3iVlxvj^ 

at temperatures below it a substance may be spontaneously 
magnetised. 

T,, . a R^TMa MH 

Thus in the equation — = — -t-t— 

<70 pNo-o2 pN<7o 


if H=0, 


a_Rj^TMa_T a 
oq pNcTo^ d 3’ 


This equation is plotted in Fig. 438 and gives the straight line 
T 

OP whose slope is —. Since this line cuts the curve at O and P, 

JU 

these points represent solutions of the equation giving OPQ and 

that giving the straight line. Thus — may have the value zero 

o^o 

or PS. If, however, a small increase in a or beyond the value 
PS or OS can be produced, then according to the straight line 

<7 T 

— a point above the equilibrium curve would be reached, 

(Jq 3 v 

which means that N would be negative, and the molecular field 
would bring the magnetisation back to the equilibrium condition 
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represented by the curve. On the other hand, a small increase 

o T 

in a or a at O would, according to the line produce a 

CTq OU 

molecular field in the direction of approach towards the equili- 

^ 0 ^ brium curve, that is, in a 
^ direction to produce further 

magnetisation. This in- 
Q ® crease would in turn produce 

^ » further magnetisation. In 

^ y I fact, the condition of mag- 

/yy I netisation from 0 to P is 

*' I unstable and the material 

Q - s a absence of 

Fig 433 applied field, become spon¬ 

taneously magnetised to an 
amount represented by P. There will be no spontaneous magnet¬ 
isation unless the straight line OP lies below the curve and 
this only occurs if its slope is less than that of the curve at the 

origin. Now the slope of the curve at the origin is ^ (p. 570) 

and the condition for spontaneous magnetisation is therefore 


or , that is, T The latter quantity is 0, 

uq 3 npoQ^ 3 3MRm 

and it follows that T<d. Above the temperature 0 the substance 
is paramagnetic, and this temperature is therefore a transition 
temperature. 

Ferromagnetism : Weiss.— According to Weiss, a ferromagnetic 
material is an agglomeration of regions, each of which is spon¬ 
taneously magnetised, but the directions of spontaneous mag¬ 
netisation are distributed indiscriminately in the material. vSuch 
regions or “ domains '' are known to exist (p. 295). An applied 
field in the direction of magnetisation will have no effect, but a 


reversed field, if sufficiently great, may cause a complete reversal 
of the magnetisation. One domain would thus have a simple 
rectangular hysteresis loop, but the overall effect of a great numl:>er 
disposed at random is to give the normally smooth experimental 
curves. However, to account for the reversible magnetisation 
which occurs for instance in weak fields (p. 287), it is necessary 
to suppose that the individual magnetic dipoles in the boundary 
layer between two domains can swing round into alignment with 
whichever domain has its magnetic direction closest to that of the 
applied field. In this way one domain can grow reversibly at the 
expense of a neighbour. 

Weiss believed that he had discovered the magnitude of the 
moment of the fundamental magnet, the Weiss Magneton, from 
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the observation that at low temperatures the gramme-molecular 
moment gq had the values 12,360 and 3370 respectively for iron 
and nickel, which are very nearly 11 and 3 times 1123*5. Dividing 
this by 6*064x102^, the number of molecules in a gramme- 
molecule, the magneton is found to have the value TSSxlO^^i. 
A somewhat higher value, i 125*6, was later adopted for the 
gramme-molecular constant. Although there is now no reason to 
suppose that the Weiss magneton is fundamental, it remains a 
convenient unit. 

Modern Theory. —Later in this chapter, where atomic theory 
and the theory of the solid state are discussed, it is explained 
that the essential feature of a paramagnetic atom or ion is 
now held to be the possession of aspinning electron (p. 615) unpaired 
by an electron of oppositely directed spin. The forces between 
electrons in these circumstances are such that a mutual alignment 
occurs only if the interatomic spacing is within quite narrow 
limits, and if this condition is obeyed, at sufficiently low tempera¬ 
tures ferromagnetism appears. Since this spacing depends 
essentially on the crystal structure, we see how it is possible for 
typically ferromagnetic ions such as iron to be present in a para¬ 
magnetic salt or alloy and yet for “ non-magnetic substances to 
form ferromagnetic alloys (p. 286). 

Production of very low Temperature. —Owing to the connection 
between heat and magnetisation it has been suggested by Debye * 
and Giauque^ that by the adiabatic demagnetisation of para¬ 
magnetic substances extremely low temperatures may be pro¬ 
duced. The method is to cool the substance in liquid helium to 
a temperature 1*3"’ above absolute zero of temperature, that is, 
T3° K. It is then magnetised in as strong a field as possible 
and the resulting heat produced is allow^ed to leak away. On 
removing the field the substance becomes demagnetised adi- 
abatically and very low temperature results. It is necessary to 
use a substance which has not abnormally high specific heat at 
these temperatures. Haas and Wiersma^ using a mixture of 
potassium chrome alum and potassium aluminium alum obtained 
a temperature of 0*0034° K. 

Temperature Equilibrium of Electrons. —We shall now consider 
briefly the theory of electrical conduction by means of free 
electrons, first suggested by Riecke ^ and more explicitly stated 
by Drude.^ Remembering the distinction we have drawn 

^ P. Debye, Ajin. der Phys., 81, p. 1154. 1926. 

* W. F. Giauque, J, Am. Cheni. Soc., 49, p. 1864. 1927. 

* W. J. de Haas and E. C. Wiersma, Physica, 2, p. 335 and p. 438. 
1935. 

* E. Riecke, Wied. Ann., 66, pp. 353 and 545. 1898. 

* P. Drude, Ann. der Physik., 1, p. 566 (1900); and 8, p. 369 (1900). 
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between electrical conductors and insulators, that in the latter 
the electrons are bound within the atom, whereas in the former 
some of them are free to leave the atom and therefore move 
under forces exerted by an electric field, we may, by assuming 
that these free ions obey the ordinary laws found for molecules 
in the kinetic theory of gases, obtain certain results which are in 
agreement with experimentally observed facts. 

Let us consider for a moment the elementary form of the 
kinetic theory of gases. If a gas consist of N molecules per unit 
volume, which are entirely independent of each other, except that 
in their motions they will frequently collide, we may, as a first 
approximation, resolve all the molecular motions parallel to the 
three rectangular axes, and remembering that at any instant as 
many are moving parallel to an axis in its positive direction as 
in its negative direction, we can represent the indiscriminate 
motions of the molecules by dividing them into six groups of 
constant velocity, each moving in one particular direction parallel 

N 

to one of the three axis. Thus we have — molecules moving ii» 

6 


one direction with say velocity v. A plane surface of unit area 

Nt; 

at right angles to this direction will therefore be struck by — 

6 

molecules per second. Each molecule has momentum -\-mv 
before striking the surface and momentum —mv on rebounding 
from it, so that the impulse at each rebound is 2mv, Hence the 

pressure on the surface is ^ X Imv, 


or. 




Nm is the mass per unit volume of the gas, or its density, and 
since pressure X volume=RT, where T is the absolute tempera¬ 
ture, we see, since the volume is unity, that— 

^Nmt;2=RT. 


If 1 gramme-molecule of the gas be taken, R is the universal gas 
constant, or 8-32x107 (p. 192), m is the mass of one molecule, 
and N the number of molecules in unit volume, which is the same 
for ail gases at the same temperature and pressure. 

/. imD2=?T, 
or. 

Hence we conclude that for all gases in equilibrium, the abso- 
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lute temperature is proportional to the mean kinetic energy of 
the molecules. 

3 R 

or, where, ®=2 * 


Now, the most probable value of the ionic charge e is 1*59 x 10~2o 
electromagnetic unit, and therefore the passage of 1 electro¬ 
magnetic unit of charge through acidulated water liberates 

— ions at each electrode. But this also liberates 
1*59 X 10-20 

0-0001045 gramme of hydrogen, and therefore the number of atoms 

1024 

per gramme of hydrogen is and since one gramme- 


molecule of hydrogen is 2 grammes, the number of atoms to the 
molecule being 2, the number of molecules to the gramme- 
molecule, or N 


1024 


“1*59 X 1-045* 
3^8-315x107 
'2^6-03x1023 


=6-03 X1023. 


=207x10-1® 


In the case of hydrogen at 0° C. and 76 cm. pressure we may 
easily find the mean square velocity of the molecules, for 

^ =:-|N mi/2 (density) 

76 X 13-596 X981 -i(0-00008987)T;2, 
from which, t;2=3-38 x 10^®, 

and, v=l-14x10® cm. per sec. 

If now the electrons within a conductor are in temperature 
equilibrium with their surroundings, we can find their velocity 
according to the kinetic theory ; for \mv^ is the same for them 
as for any other gas molecules at the same temperature. Taking 
their mass as jiiW of of a hydrogen atom, 

hydrogen) (for electron), 

^ »2=!!!*. 3.38x1010 

m, 

=1835x3-38x1010 

=6-20x1013 

i',=7-88 X10* cm. per sec. 

Electrical Conduction. —In addition to this motion of the elec¬ 
trons which takes place in all directions, we shall have, in the 
presence of an electric field, a drift in the direction of the field, 
or rather in the opposite direction, since the charges are negative. 

19 
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Assuming that after each collision with a molecule of the con¬ 
ductor, the electron starts afresh with the velocity corresponding 
to the temperature equilibrium with the substance, it will in the 
time that elapses before the next collision, be subject to the 
influence of the electric field, and will on that account have an 
Ee 

acceleration /=— parallel to the field, where E is the electric 
m 


intensity. 

The different electrons will have various distances of travel 
between two collisions, but the average distance is called the 
length of mean free path, A, and the time taken in describing this 

mean free path is ~. Hence the distance travelled in the direction 

V 


of the field on account of the acceleration 


. 1 A2 
m* 2 ‘ m ‘ 


the average velocity in this direction is— 


and 


But, 


distance __1 Ee A^ v 
time 2 * m * ‘ A 

2* mv* 

, „ ^ 2aT 

|wT;2=aT, or, w=:— 




average velocity in direction of field == 




The corresponding current is N^x velocity, where N is the 
number of electrons per unit volume. 


current= 


4aT 




and conductivity. 



_N^2A 

/2aT N«2A 

4^T ■ 

4aT M 

' m 2\/2aTm 


Hence Ohm s law is obeyed, for the conductivity is independent 
of the current, but the conductivity should be inversely propor¬ 
tional to the square root of the absolute temperature. For most 
pure metals the conductivity is found to vary inversely as the 
absolute temperature, or, what is the same thing, the resistivity 
is proportional to the absolute temperature. The curves for 
some of the pure metals, taken from Dewar and Fleming’s ^ 
results, show that down to quite low temperatures the resistivity 
behaves as though it would vanish at the absolute zero of 
temperature (Fig. 439). 

In the above expression for the electrical conductivity, the 
^ Dewar and J. A. Fleming, PhiL Mag,, 86, p. 271. 1893. 
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only quantities that are likely to vary from one substance to 
another are N and A. Now, it is improbable that A would vary 
greatly, so that it is concluded that the great differences in con¬ 
ductivity between different materials arise from the difference 
in the quantities of free electrons in them. 



-JOO® ^lOO* O too* 200*C 

Fig. 439. 

Superconductivity. —The development of low-temperature re¬ 
search, made possible by the production of liquid lielium, has 
brought to light the fact that many metals lose almost all their 
resistivity at low temperatures. Kamerlingh Onnes * found that 
solid mercury immersed in liquid helium lost its resistivity, or 
became superconducting at a temperature of about K., that 
is, 4*2° above absolute zero. 

Several methods have been employed for exhibiting and 
measuring superconductivity. The fall of potential across the 
conductor may be compared with that across a standard resist¬ 
ance when the same current flows in both. Again, a suspended 
magnet may be placed externally to a superconducting coil in 
which a current has been started, when the deflection of the 
magnet may last for many hours or days since the time constant 
of the coil (L/R) (p. 309) is so great. Or again, a form of dyna¬ 
mometer made of two coils of the superconducting material 
exhibits a couple acting on the suspended coil for a considerable 
time when a current has been started by means of a magnetic 
field. With this last form, using rings of lead, the current did 
not decrease in one hour by as much as 1 in 40,000. 

The transition does not, in most cases, occur suddenly but may 
be distributed over several hundredths of a degree. The crystal¬ 
line state influences the rate of transition, single crystals having 
the sharpest change. The transition temperature is taken to be 
midway between the end and beginning of transition. For 
several common substances it is—Pb, 7-26° K. ; Hg, 4-12° K. ; 
Sn, 3-69° K.; Al, M4° K.; Zn, 0-79° K., and Cd, 0-6° K. 

‘ Kamerlingh Onnes, Leiden Comm. Hos. 122b, 124c, 133a, 133c. 
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A peculiarity of superconductivity is that in fairly high 
magnetic fields it disappears, the normal conductivity returning. 
This occurs for Pb at 600 gauss at 4*2° K., Sn 50 gauss at 3*35° K., 
Hg 14 gauss at 4*12° K. 

There is, as yet, no satisfactory explanation of supercon¬ 
ductivity. 

Thermal Conductivity. —The close connection between elec¬ 
trical and thermal conductivity has long been known ; in fact, 
the law of Wiedemann and Franz ^ states that the ratio of the 
conductivity for heat to the electrical conductivity at any 
temperature is constant for all metals, and is proportional to the 
absolute temperature. Drude s theory gives an explanation of 
this, by treating the electrons in the conductor in a manner 
similar to that in which molecules are dealt with in the kinetic 
theory of gases. Consider a plane AB in the conductor, and two 
others E and F parallel to it and at distances from it equal to 
the mean free path of the electrons (Fig. 440). Returning to our 
method of dividing the total number of electrons 

r ^ • N 

7 , N per unit volume into six groups, we see that - 

! * ^ 

i I are crossing unit area of AB from left to right, 

I [ while an equal number cross from right to left. 

\ » The remaining groups are moving parallel to AB 

J I and will not further concern us. If the tempera- 

* I ture is the same everywhere, those passing from 

right carry the same amount of energy as 
I j those from right to left, and the resultant energy 

transferred in any direction is zero. 

B If now the temperature at the plane E is T| and 

Fig. 440. jg higher than the temperature T 2 at F, those 
passing from left to right have greater energy 
than those passing in the opposite direction, and there is a 
transference of heat through AB from left to right. Only those 
electrons that lie between E and AB will cross without colUsion, 
since any on the left of E are at a distance greater than the mean 
free path and will experience collision without reaching AB, and 
their direction then becomes changed. 

Again, the number of electrons per unit volume travelling from 
N 

left to right is —, and since their velocity when passing AB is v, 
6 

N 

the number crossing unit area of AB in unit time is - v, and since 

6 

each has kinetic energy where Vj is the velocity corre¬ 

sponding to temperature Tj at E, 


B 

Fig. 440. 


* G. Wiedemann and R. Franz, Pogg. Ann., 89, p. 497. 1853. 
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Energy carried in one second from left to right through unit 
area is 

N N 

—V . ?;aTi (since \mvi^=aT). 

6 6 

N 

Similarly, energy passing fiom right to left=--i^aT 2 . 

Therefore, balance of energy carried in one second through 

unit area of AB=^r;a(Ti—T 2 ). 

6 

It should be noticed that the number crossing in each direction 
must be the same, since tlie pressure at all points remains con¬ 
stant. If this were not the case there would be a drift of electrons 
in one direction or the other, and the process of transference of 
heat would not be one of pure conduction. 

Now, if the thermal conductivity be k, then, since the tempera- 

ture gradient at AB is transference of heat per second 

2 A 


the transference of heat per second 


through unit area is A X ■ 


Hence, 


:i;.a(T,-T2): 




k=- 


Remembering that the electrical conductivity is given on 
p. 578 by 


we see that. 


which is in agreement with the law of Wiedemann and Franz. 



k 

a 

Temperature 

coethcient. 

Copper. 

6-71x10^® 

3-95X10-® 

Silver. 

6-86 X 10'® 

3*77x10-® 

Gold. 

7-09 X 10'® 

3*75 X 10-® 

Zinc. 

6-72 X 10'® 

3*85x10-® 

Lead. 

1 7*15x10'® 

4*07 X 10-® 

Tin. 

i 7*35x10'® 

3*4 Xl0~® 

Platinum. 

1 7*53x10'® 

4*64 X 10-® 

Bismuth. 

9*64x10'® 

1*51 X 10-® 

Constantan. 

11-06 X 10'® 

2*39 X 10-* 

Majiganin. 

9*14x10'® 

2*74 XlO-* 
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The table on p. 581 gives 


a few of the ratios - determined by 
a 


Jager and Diesselhorst.^ 

It will be seen that for the pure metals, with the exception of 
k 

bismuth, the ratio - is very fairly constant, and the temperature 
a 

coefficient is nearly 3*66x10“^, the coefficient of expansion of a 
gas. Hence the electronic theory gives some approximation to 
a true explanation of these processes. 

Again, since a:::-2*04 x 10“^^ and ^^=:::=1*59 X 10~2o^ we have— 


A 

a 


/2-04xl0-»(‘>\2 

\l-59xl0-2oj 


x|x273 


=5-99x1010. 


This value is sufficiently near the observed value to strengthen 
the theory considerably, especially in view of the simplifying 
assumptions which we have made. 

'fhe electron theory of conduction has been considerably 
modified by the ap|dication of the quantum theory. A short and 
much simj)lified version of the modern treatment of electrical 
conduction is given later in this chapter (p. 616). 

Emission of Electricity by Hot Bodies.—It has been known for 
a long time that an electric charge would leak much more rapidly 
from a hot body than from a cold one, and that the rate of leak 
is different for charges of opposite signs. The phenomenon was 
investigated by Elster and Geitel.^ A wire is heated by means 
of a current, and a plate near it is connected to an electrometer. 
The charge received by the plate depends upon the gas present, 
its pressure, and also upon the nature of the wire. The tempera¬ 
ture of the wire, however, is the most important factor in deter¬ 
mining the electrification of the plate. With oxygen at atmo¬ 
spheric pressure, and the wire at a dull red heat, the plate 
receives a positive charge, its potential being 2 or 3 volts. With 
rise of temperature the charge increases, reaches a maximum, 
and then falls to a very low value. Reduction in the pressure 
to that of a high vacuum reduces the charge, and even reverses 
its sign at very low pressures. With hydrogen the charge on the 
plate is negative at all pressures. The effects are exceedingly 
complicated, as the wire gives out occluded gas and may even 
give off pieces of its own substance. 

Harker and Kaye ^ have obtained currents as great as 10 
amperes by means of an electromotive force of 8 volts between 


* W. Jftger bnd H. Diesselhorst, (Km. Abh. der Phys. Tech. Reichsanstalt, S, 
1900. 

< I. Elster and H. Geitel, Wied. Ann., Ig82, 1883, 1884, 1885, 1887 and 1889. 

* J. A. Harker and G. W. C. Kaye. Proc. Boy. Soc., A. 86. p. 379. 1912. 
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carbon rods at a temperature approaching 3000® C., the pressure 
being atmospheric. Between carbon rods at different tempera¬ 
tures they have obtained currents on account of the different 
rates of emission of ions. 

Thermionics. —The phenomenon of the emission of electricity 
from hot bodies has been subjected to extended investigation by 
Prof. Richardson,^ who gave the name thermionics to the subject 
and thermions to the ions emitted. The general method of 
experiment is to heat the substance, in the form of a wire, by 
means of an electric current. The wire is situated inside a metal 
cylinder in a very highly evacuated tube, and the current between 
the wire and the cylinder is measured by means of a capacity and 
electrometer (p. 514) for small currents and by means of a galvano¬ 
meter for larger currents. Measurement of the resistance of the 
wire determines its temperature. It is found that at high 
vacuum, when gaseous contamination is eliminated, the emission 
of electrons is very regular and increases rapidly with the 
temperature. Applying the gas laws to the electrons in equili¬ 
brium with the metal at any temperature, Richardson found 
from thermodynamic reasoning that the ionisation current from 
the metal is of the form 

f«AT*^~ f. 

For, let an enclosure with a piston, and one side consisting 
of the metal, be taken round a reversible cycle as described for 
the reversible cell on p, 187. The cycle is started with an in¬ 
finitesimal adiabatic expansion from T to T—-ST, followed by an 
isothermal compression in which nv electrons are driven into the 
metal. Then there is an adiabatic compression followed by an 
isothermal expansion in which nv electrons pass from the metal 
to the space, n being the number of electrons per unit volume 
of space in equilibrium with the metal at temperature T. No 
heat is absorbed or given out during the adiabatic changes. 
The resultant work done is then vhp, since the number of 
electrons in the space at the finish of the cycle is the same as at 
the beginning. Also the work done during the isothermal change 
at T is n(f)V+pv, where <f> is the work required to remove one 
electron from the metal to the space; then, from the second law 
of thermodynamics, 

work for cycle _8T ^ 
work absorbed at T° T ' 

, v8p _8T 

n<f>v^pv T' 

or, T8/> =n^ST -{-pST, 

^ O. W. Richardson, ** The Emission of Electrons from Hot Bodies.'* Long¬ 
mans, Green & Co. 1922. 
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If the electrons in the space be considered to constitute a 
gaseous state, the gas equation applies to them ; that is, 

p =«AT, 

where k is the gas constant expressed in terms of one electron, 

hp =nkhli 4 -T^ 8 w 

A w/feT8T+AT2Sn=«^ST+«mT 


Integrating, we have, 
or, 


log«=JA/T+C 




From the kinetic theory of gases, the number of electrons meet- 

/Tr 

ing unit area of the boundary per second is n -—, where ni is 

V Irrm 

the mass of an electron, and when equilibrium is reached this is 
equal to the rate of emission, which is therefore A 

V 27rm 


and the thermionic current from the metal is therefore e times 
this. If <j> is considered to be independent of T, 


j 


and. 


AT 2 kV 
i=ATie 


b 

"t 


where A and h are constants depending upon the metal. 
Richardson gives a thermodynamic reason for considering that 
in which case, 


and 




f-? 

^ 2 } 

-^0 4 -^ log T- 
kT^2 ® ’ 




kT*^ = € iTe*'®*’' 


= € *tT>, 

b 

so that, t=AT2e t. 

Both these equations represent the thermonic current very 
well, but the latter is probably the more correct, as the relation 
between <f> and T has not been assumed. Taking the relation 

_b 

»=AiT*e T, Richardson has found that for platinum 

A,=7'5xl025, 6=4-93xl0*, and volts. 
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Richardson also applies the equilibrium condition of electrons 
near the metals to explain the contact difference of potentials 
between metals and the Peltier and Thomson effects. For an 
account of this and the effect of the presence of gases upon the 
metals and the application of the quantum theory to the pheno¬ 
menon, the student is referred to Richardson’s book (p. 583). 

Edison Effect.—The Edison effect, made use of by Sir A. 
Fleming in his oscillation valve (p. 452), is another result of the 
same phenomenon. If a metallic plate, D, be 
situated between the limbs of the filament of an 
incandescent lamp, then on connecting the posi¬ 
tive end of the filament through a galvanometer 
to D (Fig. 441) a current will be observed to flow 
in the galvanometer, but none when D is con¬ 
nected to the negative limb B. We should expect 
that the negative ions emitted by the incandescent 
carbon would be more vigorously repelled from the 
negative limb, and hence on meeting D would fig. 441. 
lower its potential. The difference of potential 
between A and D is then much greater than that between B 
and D. 

It has been shown by Sir J. J. Thomson,^ by the method of 
finding the effect of a magnetic field upon the rate of leakage 
(p. 473), that the negative ions emitted by a hot wire have the 

fyi 

same value of — as the corpuscles in the cathode rays, thus 

establishing their identity with these bodies. 

The emission of positive ions at temperatures below that 
required for the emission of negative ions has already been 

ffl 

noticed, and their ratio — was also found by observing the 

e 

strength of magnetic field required to affect the leakage of a 
charge to a neighbouring conductor, and it was found that there 
were two sets of positive ions taking part in the leak, one set 
having a mass equal to that of the atom of the metal and the 
other that of the gas. In some cases there are bodies of greater 
mass still, taking part in the production of leakage. These are 
probably metallic dust. 

Amplifying and Rectifying Valves. —The principle of the 
Fleming valve (p. 452) has been developed in recent years into a 
method for magnifying or amplifying extremely feeble electrical 
oscillations, by employing a vacuum bulb having three electrodes 
known as a triode. This amplification has greatly extended the 
range of radio-telegraphy and has also many other apphcations. 

» J. J. Thomson, Phil. Mag., 48 , p. 547. 1899. 

19* 
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There are several forms of the valve, but a typical specimen has 
a filament of tungsten, F (Fig. 442), heated by a current from a 
battery of two cells BD, a gauze or spiral wire G, and a metal 
sheath P which is outside the gauze. If the bulb is very highly 
exhausted no current can flow from the filament to the gauze or 
grid G, through the valve, but current can flow in the reverse 
direction. The reason is that the hot filament emits electrons, 
which travel from the filament to the grid when the electric 
field is directed from the grid to the filament, but when the field 
is reversed the electrons remain on the filament. The circuit 
PTEDF contains the battery DE of 50 to ISO volts, which tends 
to drive a current through the valve from P to F, making P 
anode. The resistance of the valve between P and F is controlled 
greatly by the electric field between G and F, that is, by the 
potential of the grid with respect to the filament. For when G 



is negative with respect to F no electrons leave F, and the re¬ 
sistance of the valve is practically infinite. But if G is positive 
with respect to F, electrons pass freely from F and may pass in 
quantity through the interspaces of the grid, when there is an 
electric field from P to F. The current produced in the valve 
between the anode P and the filament depends, therefore, upon 
the p.d. between the grid and filament, and in order to under¬ 
stand the action of the valve, it is desirable to measure the grid 
current and anode current for various values of the grid-filament 
p.d. This may be done by replacing the telephone T by a 
micro-ammeter and placing a voltmeter between B and G, and 
a micro-ammeter in the circuit BCG. On varying the grid 
potential by varying the position of the potentiometer contact 
K, the three quantities are observed, and their values may be 
plotted. The curve obtained is called the static characteristic 
of the valve. The characteristic varies with different kinds of 
valve, but it is always of the same typt in the case of hard 
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valves (Fig, 443), or valves where the vacuum is so high that 
there is no appreciable effect due to contained gas. The anode 
current is much greater than the grid current, and the latter is 
drawn to a larger scale than the former. Consequently the 
valve acts as an amplifier of small oscillatory current occurring 
in the circuit LjC (Fig. 442). 

In order to use the valve as a rectifier in radio-telegraphy, 
many devices are used. In the method considered here K is 
connected to D and a very small condenser Cj is placed in the 
grid circuit, the condenser having a high resistance R, of the 
order of a megohm, in parallel with it. When there are no 
oscillations in the circuit L|C, the grid potential acquires a steady 
value n (Fig. 443), a small current, n/, flowing from grid to 
filament. When electro-magnetic waves fall upon the aerial, 
oscillations of potential, na and nb, are produced in the grid 
circuit, and owing to the curvature of the grid current curve the 
increase of current ec is greater than the decrease /g, as in the 



Fig. 443. Fig. 444. 

case of the crystal detector (p. 452). This means that the stream 
of electrons from the filament to the grid is increased, while a 
train of waves is arriving, and the potential of the grid is lowered. 
The anode current therefore suffers a decrease, but recovers its 
value corresponding to the point n when the waves cease. This 
change of mean current in the anode circuit causes a sound in 
the telephone. In this way the waves which are of too high a 
frequency to affect the telephone, or to be audible if they did, 
are enabled to produce signals which can be heard. 

These three-electrode valves Lave also been used for generating 
continuous electromagnetic waves. On coupling the grid and 
anode circuits by means of a mutual inductance or by means of 
a capacity, and applying the battery to the anode circuit, it is 
found that, with suitable grid current, oscillations occur in the 
anode circuit. One method of carrying this out is shown in 
Fig. 444, in which the inductance Lj is placed in the grid circuit 
and the oscillatory circuit LC is placed between P and E. The 
theory of production of the oscillations is not simple, but it may 
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be noted that for them to occur, the mutual inductance L^L 
must be negative, so that when the current in L first rises tlie 
E.M.F. in L| raises the potential of G above that of F. The 
action of the valve is therefore to increase the anode current on 
rising and to diminish it when falling, so compensating for the 
dam])ing which occurs in LC (]). 334), due to resistance. 

In addition to tlie control grid present in the triode or three- 
electrode valve discussed above, a valve may have other grids, 
dims a screen grid between the control grid and the anode, main¬ 
tained at some intermediate potential, reduces the eflect of the 
anode potential on tlie anode current and enhances the effect of 
changes in grid jiotential. Thus tetrodes (four electrodes) and 
pentodes (with yet another grid) in general am])lify more than 
triodcs. 

Ionisation in Flames. —That the phenomenon of ionisation takes 
place in ordinary flames may be shown in several ways. For 
example, if two platinum wires are placed in a bunsen-burner 
flame but not touching each other, a current may be made to 
pass betw^een them by connecting them to the terminals of a cell, 
and a sensitive galvanometer in the circuit will indicate a feeble 
current. If a bead of a sodium or potassium salt be placed in 
the flame below the platinum wires, the conductivity of the 
flame is enormously increased, owing to the presence of ions 
liberated from the substance at high temperature. 

The old experiment of discharging an electrified glass or 
ebonite surface by passing a flame over it illustrates the presence 
of the ions, since those of opposite sign to the charge on the plate 
are attracted to it and neutralise the charge. 

The increase in conductivity of a flame due to the introduction 
into it of a volatilisible metallic salt has been measured by 
several experimenters. Arrhenius ^ supplied the salt to the flame 
by spraying a solution into the gas which feeds the flame, and 
the concentration of the salt in the flame was determined by 
observing the rate at wTich a bead disappears which gives the 
same illumination as the spray. The conductivity in the flame 
is found by observing the current in a circuit which includes part 
of the flame, and subtracting the current produced when there 
is no salt employed. The (electromotive force)-current curve 
exhibits the same characteristics as that for an ionised gas, but 
the straight portion is not quite horizontal, showing that com¬ 
plete saturation is not attained. Using the same method, FTof. 
H. A. Wilson 2 found that for the salts of caesium, rubidium, 
potassium, sodium, lithium and hydrogen, the conductivity is in 
the order of the atomic weights. 

Prof. Wilson also found the velocity of the ions in a given 

^ S. Airbenias, Wied. Aim., 42, p. 18. 1891. 

2 H. A. Wilaon, Phil. Trans., A, 192, p. 499. 1899. 
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electrical field by arranging two electrodes in the flame, one above 
the other, with the bead of salt between them, and determining 
the field necessary to drive the ions downwards in opposition to 
their velocity due to the upward motion of the flame gases 
(Fig. 445). Vv^ith the upper electrode positive, the presence of 
the bead will not affect the current unless the field is sufficiently 
strong to drive the positive ions downward with a velocity just 
greater than the velocity with which they are carried upwards 
by the flame. In this way the velocity of the negative ions for 
a potential gradient of one volt per cm. in a flame whose tempera¬ 
ture is about 2000° C. was found to be about 1000 cm. per second. 
The velocities of the positive ions of the salts 
of ca'sium, rubidium, potassium, sodium and 
lithium were all about 62 cm. per sec. 

Using a stream of hot air at about 1000° C., 
the velocities were respectively 26 cm. per sec. 
for the negative, and 7-2 cm. per sec. for the 
positive ions, whereas for barium, strontium 
and calcium it is 3*8 cm. per sec. for the 
positive ions. These low velocities appear to 
indicate that the ions become loaded with 
neutral atoms, and the equality in velocities 
for the ions of the different atoms indicates 
that the size of these groups depends upon the charge on the 
ion, being larger in the case of the divalent ions than in the 
case of those which are monovalent. 

Atoms.—It has already been seen that some of the most impor¬ 
tant properties of the atom depend upon its atomic number 
rather than its atomic weight. Thus Moseley’s work on the 
characteristic X-rays (p. 496) proved an intimate connection 
between the frequency of the X-rays emitted and the atomic 
number, and Soddy and Fajans (p. 539) showed that the chemicai 
properties of atoms depended upon their atomic number, not 
their atomic weight. Many attempts have been made to re¬ 
present the constitution of the atom, some of these attempts 
being highly successful in giving an explanation of particular 
properties of matter. The explanations differ in point of view, 
according to the particular properties that are considered; 
but they concur in representing the atom as consisting of a 
nucleus surrounded by electrons. Some of these electrons are 
detachable from the atom ; but in the ordinary neutral con¬ 
dition the total electrical charge of the atom is zero. It follows 
that the resultant positive charge associated with the nucleus is 
equal to the sum of the charges of the electrons surrounding it. 
Lord Rutherford ^ has shown from exj:)eriments on the scattering 
> £. Rutherford, Phil. Mag., 21, p. 669 (191U; and 87. p. 537 (1919). 
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of a rays on passing through matter, that the positive nucleus of 
the atom causing the scattering of the a rays is an extremely 
small body, and that the laws of force between the a particle and 
the nucleus of the atom which would cause the observed deflection 
of the former is the inverse square law. Further, the suggestion 
was made by Van der Broek ^ that the positive charge in the 
nucleus, measured in electronic units, is equal to the atomic 
number of the kind of atom considered, which result is now con¬ 
firmed by Rutherford’s work on the scattering of a rays. These 
considerations suggest that the hydrogen atom is a nucleus with 
one electron revolving around it; a helium atom is a nucleus of 
two positive units with two external electrons ; lithium three, 
and so on. The atomic number is therefore the most important 
quantity in determining the properties of the elements. When 
these are arranged in order of atomic number instead of atomic 
weight, the anomalies of the periodic table disappear. If, then, 
the atomic number of an element be Z, the electric charge ol the 
nucleus is +Ze, and it is surrounded by Z electrons. From 
Rutherford’s experiments on scattering of a rays, it follows that 
the radius of the nucleus of the hydrogen atom is extremely 
small in comparison with the orbit of the electron. 

It is possible to form an estimate of the size of the electron 
and of the hydrogen nucleus if the mass of these is considered to 

2e^ 

be of electromagnetic origin (p. 545). Taking — mass = - -, 

and from Millikan’s values for the electron (p. 484), e = T59 x 
and w==8-8x 10 - 28 , 

^2x1-592x10-40 
“ 3^ 3 X 8-8x10-28 

=l-9xl0~*8 cm. 

Since the mass of the hydrogen nucleus is 1835 times that of the 
electron, its radius would be 1-Ox 10~'*. 

From the experiment on scattering by Rutherford it follows 
that when a particles of range 7 cm. approach to within a distance 
of 2-4 X10“*® cm. of the hydrogen nucleus, swift hydrogen atoms 
result. 

Hall EiTect. —It was found by Hcdl 2 that when a magnetic field 
is applied at right angles to a conductor in which an electric 
current is flowing, a transverse electromotive force arises at right 
angles to both current and field, so that there is a difference of 
potential between the two edges of the conductor. In h'ig. 446, 
if the current is parallel to the X axis and the field parallel to the 
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Y axis, the faces A and B of the conductor are at different poten¬ 
tials. A sheet of the material is employed, the current passing 
through it from one end to the other, with the magnetic field at 
right angles to the plane of the sheet. Hall attached termixials 
to the sides of the sheet, and 


observed the current in a gal¬ 
vanometer connected to them ; 
but a better method of measuring 
the effect is to compensate the 
electromotive force so that no 
current flows in the galvanometer 
circuit—in other words, to em¬ 
ploy the potentiometer method. 

The magnitude of this trans¬ 
verse electromotive force is 


Z 



Fig. 446. 


strictly proportional to the current density and to the trans¬ 
verse width of the conductor, and though generally proportional 
to the strength of magnetic field, this is not always rigidly so. 


Thus, difference of potential=RHfrf5r, 


where H is the strength of field, i the current density, and dz the 
width of the conductor at right angles to field and current, R 
being the coefficient at the Hall effect. The following values are 
given by Baedeker : ^— 


Gold . . . 

-000070 

Bismuth . 

— 11 (crystallographic axis 

Silver . 

-000088 


perpendicular to H) 

Copper 

-000054 

Bismuth , 

—0-4 (crystallographic axis 

Platinum. 

-00002 


parallel to H) 

Carbon . 

-017 

Antimony 

+ 01 to 0-2 

Indium . 

+ 000040 

Tellunum 

4-500 (about) 

Zinc . 

-i-0'0006 (about) 



For the ferromagnetic metals, the Hall effect varies in a similar 
manner to the permeability, disappearing at the critical tempera¬ 
ture. For low temperatures, in the case of iron and nickel R is 
about -bO-Ol and for cobalt about 0*004. 

With the relative directions of current and field in Fig. 446, B 
is at a higher potential than A when the Hall effect is positive, 
and vice versa. 

The explanation of the Hall effect by the electronic theory is 
not entirely satisfactory. With a current flowing in the direction 
indicated in Fig. 446 the electrons are travelling in the direction 
XO, and the effect of the magnetic field would be to deflect them 
downwards. Hence B would on this account be at a lower 

» K. Baedeker, Die Elektrischen Erscheinun^en in metallischen Leiteni.'* 
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potential than A, the direction of the transverse electromotive 
force being that observed in the metals having a negative coeffi¬ 
cient of the Hall effect. The occurrence of a positive coefficient 
in some cases is not easy to account for if the current is carried 
entirely by electrons having negative charges. If the current 
were partly due to the motion of positively charged carriers the 
matter would be easy, for whatever the sign of the carriers the 
displacement would be downwards in the figure. But in the case 
of positive carriers, this would raise the potential of B above 
that of A, and the sign of the Hall effect would be that observed 
in antimony, etc. We can only say that the electronic theory is 
at present too incomplete to account properly for all the 
phenomena of conduction. 

Nernst and Ettinghausen Effect.—On maintaining a tempera¬ 
ture gradient in a metal sheet, it was found by Nernst and 
Ettinghausen ^ that in presence of a transverse magnetic field, 
applied as in Hall’s experiment, a potential difference exists 
between the edges of the sheet. This might be expected upon 
the electronic theory, for both heat and electrical conduction are 
supposed to be due to transmission of the electrons. Those 
moving from the hotter part of the metal have greater velocity, 
and are therefore more deflected by the magnetic held, than the 
more slowly moving electrons from the cooler parts. 

d'Y 

Difference of potential=Q . H . -j~dz, 


where Q is the coefficient of the Nernst and Ettinghausen 
effect. 

Ettinghausen Effect.^—A temperature difference is established 
between the edges of the plate along which a current is flowing, 
when there is a magnetic field at right angles to the plane of the 
plate. This effect is much smaller than the last described, and 
might have been expected from the transverse deflection of the 
electrons which gives rise to the Hall effect. 


dy 


Leduc Effect. ^—In this case there is a transverse difference of 
temperature between the edges of the plate when a temperature 
gradient exists in the magnetic field. 

8T=SH 

dz 


* H. W. Nernst and A. von Ettinghausen, Wied. Ann., 29, p. 343. 1886. 

2 A. von Ettinghausen Wied. Ann., 81. p. 737. 1887. 

9 A. Leduc. Journ. d. Phys., 6, p. 378. 1887. 
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The above four effects have been investigated by Zahn,i who 
gives the following values for the four respective coefficients :— 



R. 

s. 

Q- 

P. 

Platinum . 

-1-27x10-^ 

-2-1 xl0-« 

Very small 


Copper 

-428x10-* 

-23-2x10-* 

+ 2-7X 10-* 

1 Not 

Silver . 

-8-97x10-* 

-40-4 X 10 -' 

+ 4-3X 10-* 

1 measurable 

Zinc 

+ 10-4 xlO-* 

-f-12-9x 10-» 

+ 2-4X 10-* 

j 

Iron 

+ 10-8 xlO-* 

+ 39 xl0~* 

+ 10-5 X 10-* 

-5-7x10“* 

Steel . 

+ 133-6 xlO-* 

+ 68-7x10-* 

+ 16-6X 10-* 

-6-7 X 10-* 

Nickel I . 

-46-9 XlO-* 

-20 XlO-* 

-13 XlO-* 

+ 2-8X 10-* 

n . 

-125 xlO-* 

-55 Xl0“* 

-35-5x10“* 

+ 17-6x10-* 

Antimony. 

! 

+ 2190 XlO-* 

+ 202 XlO-* 

-176 xlO--* 

4-134 xlO-* 


Longitudinal Effects. —It would follow from the consideration 
of the above-described transverse effects that the electrons will, 
due to the transverse motion imposed upon them, now experi¬ 
ence similar forces still at right angles to the magnetic field and 
to their present motion, which therefore makes the effect parallel 
to the original current or temperature gradient. Thus in the 
Ettinghausen and the Leduc effects, the upper edge of the plate 
is at a different temperature to the lower, the electrons travelling 
from the hotter part have greater velocity and are deflected more 
by the magnetic field than those from the colder part, thus giving 
rise to a longitudinal temperature effect. Also in the case of the 
Hall effect, the lateral displacement of the electrons causes them 
to experience a force due to the magnetic field, which force is in 
this case parallel to the original current. The motion of the 
electrons will thus resemble the motion of the ions in a magnetic 
and electric field at right angles to each other (p. 474) ; their 
path is curved, the component of their velocity in the direction 
of the electric field being less the stronger the transverse magnetic 
field. The result is therefore to reduce the current, or, in other 
words to increase the resistance of the conductor. This increase 
in resistance has been observed in several cases, particularly in 
that of bismuth, in which metal the Hall effect is very great. 

The increase in resistance is independent of the direction of 
the magnetic field, and may therefore be taken as proportional to 
the square of the field strength. In the relation— 

r 

the constant A has been determined for a number of materials 
and is of the order varying from 0-06 X lO *2 in the case of 

platinum to 2*8 x 10“** for cadmium. 

> H. Zahn, Ann. der Phys., (3) 14, p. 886 (1904); and 16, p 148 (1905). 
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In the case of bismuth the effect is complicated, but is suffi¬ 
ciently great to afford a means of measuring magnetic field by 
determining the resistance of a standardized conductor of 
bismuth when situated in the field. 

The properties of bismuth are in many ways peculiar, as, for 
example, the variation in resistance to continuous and to alter¬ 
nating current, discovered by Lenard. The resistance to the 
alternating current depends on the frequency, being less the 
higher the frequency. Pallme-Konig,^ on examining a bismuth 
wire in currents of very short duration, found that the resistance 
for a rising current is always less than that for a falling current 


Table of Transverse and Longitudinal Effects due to a Transverse 

Magnetic Field. 



Transverse. 

Longitudinal. 

Electro-electric . 

Hall. Transverse electromotive 
force when current flows at right 
angles to magnetic field. 

Change in electrical 
conductivity. 

Electro-thermal 

Ettinghausen. Tran.sverse differ¬ 
ence of temperature when current 
flows at right angles to magnetic 
field. 

Longitudinal difference 
of temperature. 

Thermo-electrical 

NERNSTand Ettinghausen. Trans¬ 
verse electromotive force when 
flow of heat takes place at right 
angles to magnetic field. 

Longitudinal electro¬ 
motive force. 

Thermo-thermal 

Leduc. Transverse difference of 
temperature when how of heat 
takes place at right angles to 
magnetic field. 

! Change in thermal 
conductivity. 


Bohr’s Theory of the Atom. —One of the most important steps 
made in the atomic theory was made by Bohr 2 by applying the 
quantum theory to the problem of the radiation by the hydrogen 
atom. A simple atom such as that of hydrogen, consisting of a 
nucleus and one electron, might be in equilibrium with the 
electron rotating around the atom with such a velocity that the 
centriiugal force is equal to the attraction between the nucleus 
and the electron. In fact, the two would rotate about their 
centre of gravity as a planetary system. It was at first con¬ 
sidered that the motion of the electron would give rise to electro¬ 
magnetic waves of frequency equal to that of the orbital motion 
of the electron, but the difficulty then arises, that a radiation 
means loss of energy by the rotating system, with consequent 

* Pallme-Konig, Ann. d. Phys., 25, p. 921. 1908. 

* N. Bohr, Pktl. Mag., 26, p. 1. 1913. 
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decrease in velocity, and the electron would continually approach 
the nucleus. To meet this difficulty Bohr considered that the 
radiation takes place according to Planck's quantum theory,^ 
which states that whenever there is an interchange of energy 
between radiation and matter, the radiation or absorption takes 
place in quanta, which are whole multiples of the quantity hv, 
where v is the frequency of the radiation and is a universal 
constant, knovvn as Planck's constant, the value of which is 
6*55 X Thus, if E is a simple quantum of energy radiated, 

E-Av, 

I. E 

or, h — -. 

V 

Thus the dimensions of h are given by 

[/z]==.[]\TI.2T-2^T-1] 

=:[ML2T-i]. 

Planck’s constant may therefore be considered as energy multi¬ 
plied by time, or as an angular momentum. 

If we consider the orbit of the electron to be circular, the centre 
of gravity of the atom being at the centre of the nucleus, the 
centrifugal force is m<xj-r, and the force between electron and 
^2 

nucleus is where r is the distance of the electron from the 
centre of the atom, and co the angular velocity of revolution. 


or, .(i) 

Further, the kinetic energy of the electron is and the 

total energy is compounded of this and the potential energy. 
Considering the electrical potential to be zero at infinite distance 
from the charge -\-e of the nucleus, the potential at distance r is 

and the potential energy on account of the charge —e is 

^2 

-. The total energy is therefore 

r 

But from (i) —, 

r 





ma»V2 


(ii) 


M. Planck, Ann, dev Physik, 4. p. 553. 1901. 
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If the orbit changes from radius ti to radius the change in 


energy of the atom is 


''2 


and if this is accompanied by 


radiation of frequency v, then, according to the quantum theory^ 

2^-^=*.. 

So far the theory fails to account for the fact that the atoms 
of hydrogen do not radiate light of all possible frequencies, for v 
might still have any possible value, by giving an infinite variety 
of values to r. To meet this difficulty Bohr applied the quantum 
theory to the motion of the electron itself. It is considered that 
only certain states, called stationary states, are possible, and that 
when the atom is in a stationary state there is no radiation ; but 
in passing from one stationary state to another, radiation occurs, 
which is given by (iii). It has been seen that h is of the dimen¬ 
sions of an angular momentum, and the assumption is made that 
the angular momentum of the electron can only change by 

quanta The foundation for this may be found in the 

Ztt 

quantum specification of W. Wilson,that fpdq— nh, where q is 
any ordinate defining the system, p the corresponding mornentuin, 
and n a whole number, the integration being taken over a com¬ 
plete period. In the case of the hydrogen atom, with an electron 
having a circular orbit, we may express the motion in polar co¬ 
ordinates, r ; r is a constant, and 0 ^= 3 -, which is also constant. 

at 

Thus, and 

C2w 

I m(i)r^d(f>=^nh, 

Jo 

or, ~nh, 

2tt 

The w^hole angular momentum mwr^ is therefore an integral 
number of times 

277 

Now from (i), 

.(iv) 

and the energy in the stationary state represented by (ii) is 

1 W, Wilson, PhiL Mag,, 81, p. 156. 1916, 
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If fix and W 2 are two integers, then from (iii) 


vh- 


or. 


Zn^ehn/ 1 






(V) 


The justification for the assumptions made lies in the remark¬ 
able agreement between the frequencies of radiation given by (v) 
and the known spectrum of hydrogen. It had long been known 
that the Balmer series uf lines in the visible spectrum of hydrogen 

could be represented by an equation -where «i=2 

\m,2 «22/ 

and «2 is made equal to the successive integers greater than 2, 
each integer corresponding to a line in the spectrum. From 
measurements on the spectrum, R, which is known as Rydberg’s 
constant, is found to have the value 109677*691 waves per centi¬ 
metre. On substituting the values ^=4*77 X w=8*8 X lO'^s, 
and A=6*55 x 10 -^, 

Zw^e^m 




=3*21x101* 


or, dividing by the velocity of light to obtain corresponding 
units, the value for R is 1*07 X 10*. 

It should be noted that in considering the atom as a planetary 
system a correction should be made for the fact that the centre 
of rotation has been considered to be the centre of the nucleus 
instead of the centre of gravity of the system. A correction for 
this fact would improve the agreement with the known value of 
Rydberg’s constant. 

In the above equation (iv) substitution of the known values of 
A, e and m gives y=0*53xl0~* cm. when m = 1, this being the 
most probable value of n for the normal state of the atom. The 
agreement with the value 1*1x10”® for the diameter of the 
hydrogen molecule as derived from the kinetic theory of gases is 
interesting. 

A further advantage is added to Bohr’s theory of the atom by 
observing that if ni = l and n2=2, 3, 4 etc., a series is obtained 
whose frequencies correspond to the Lyman series in the hydrogen 
ultra-violet spectrum, while the numbers Wi=3 and ^ 2 —4, 5, 6 
etc., give the Paschen series in the infra-red. Later, the spectrum 
«j=4, « 2 —5, 6, 7 . . was found by Brackett, and the spectrum 
ni=5, ^2=5, 7, 8 ... by Pfund. Both these spectra are in 
the infra-red. 

In the case of helium the nuclear charge is 2 and the number 
of external electrons 2. There are now two possibilities of radia¬ 
tion, for the ionisation may consist first in removing one electron 
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and then the other. In the latter case the process resembles 
that for the hydrogen atom, but the nuclear charge is 2 instead 
of 1, and equation (v) becomes 

1 _ 1 ^\ 

A3 ^ 2 ^/ 

Such a series is known, which again confirms the theory. The 
spectra of the more complicated atoms require much more com¬ 
plex analysis. 

Application to X-rays. —It was showm by Moseley (p. 497) that 
the square roots of the frequencies of tlie characteristic X-rays 
are related in a linear manner to the atomic numbers of the sub¬ 
stances emitting the rays. Now relation (v), p. 597, may be 
written— 

^_ 2ir^e^ Z^ehn( 1 _ 1 \ 



where Ze is the positive charge on the nucleus of the atom. 
Taking the simplest possible values, «i = l and ^2=2, 
i/=Z2R . I 

or. Z=Q\/ir 


It is clear from Moseley’s curves (p, 497) that if we take the K 
radiations Z increases by regular amounts as we pass up the 
series of elements, and it was this fact that led him to the con¬ 
clusion that the nuclear charge determines the characteristic 
radiation. 

If the case of copper be chosen, then for the Kai hne 
A=l*54xl(h'8, 




3x10*0 

T54xl(>~8 


-1-95X1018. 


Also Rydberg s constant R = 1-097 xl0*^x3xl0*o^ 

Z for copper=29, and ^=1-59 x 10 “ 2 O^ 
which give, v=29^ X 1 -097 x 3 x 10^^ X J 

=2-07x1018. 

This agreement is surprisingly good, considering the assump¬ 
tions involved. Moseley showed that there is still a correction to 
be made for the effect of the electrons upon each other. There 
is little doubt that the K radiation originates in the innermost 
ring of electrons, which is called the K ring. Bearing in mind 
the origin of the radiations, it appears that when an electron 
moving sufficiently rapidly through an atom removes one of the 
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electrons from the K ring, the return of an electron from outside, 
probably the next ring, gives rise to the characteristic X-radia¬ 
tion. The K radiations thus correspond, in the case of the heavier 
elements, to the Lyman series in the hydrogen spectrum. 

Following the analogy, if we put «i=2 and Wg—3, 

i;==Z^R(i~i)=Z2R.^. 

Taking platinum, A 


and p 


= 1-32x10-8, and Z=78, 
3 X1010 

=2*27x1018, 


1-32x10-8 
=782xl-097x3xl0i8x^ 

=2*78x1018. 


It is therefore reasonable to recognise the analogy between the 
L radiation and the Balmer series of the hydrogen spectrum. 
Again, putting Wj =3 and ^2=4, 


Taking for thorium as 4-14 X10^ 


and, since Z=90, 


3x1018 

4*14x10-8 


=0-725x1018, 


v=902 X 1-097 X 3 x 1018 Xiit 
=1-24x1018. 


It must be remembered that with high atomic numbers the 
correction for the interaction of the electrons in the rings is very 
great. Apart from this, the agreement is sufficiently near to 
recognise the analogy between the M radiations and the Paschen 
series of the hydrogen spectrum. 

From equation (i) (p. 595), it follows with increasing nuclear 
charge, that e- must be replaced by Ze^ and that moj^r increases. 
It follows that as r diminishes with increasing attraction, oj, the 
angular velocity which determines the frequency of revolution 
of the electrons in their orbits, increases. 

Ionisation Potential.—The numbers n|=l and ^2=2 are the 
smallest integers that can give any meaning to equation (v), and 
would probably correspond to some limiting condition of energy 


of the atom. 


If n=l, the energy of the atom is 


27r^e^tn 


, and this 


is generally considered to be the energy in the normal condition. 
It will also be remembered that the condition of zero energy was 
taken to be that in which the electron is removed to an infinite 
distance from the nucleus and is at rest with respect to it, which 
condition is recognised as that in which the atom is ionised. The 
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energy —may then represent the work necessary to ionise 


the 

e 


A2 
atom. 


On putting in the values ^=4-774x 

=5-31 xlOi*^, and A=6-55 x the energy for ionisation is 
m 

1*703 xl0~^^ This is frequently represented in terms of 

the potential through which an electron would have to fall in 
order to acquire this energy. 

Now \e = ^mv^ ergs, where v is the velocity acquired by the 
electron in passing through a difference of potential V. The 
value of e in the electromagnetic units is T 59 xlO~ 20 ^ and if V 
is in volts, 

V X 108 X1-59 X10-20 ==1-703 X lO-^, 

V=10-8 volts. 


The agreement wath the known value is sufficiently good to 
indicate the validity of the assumptions made. 

Ionisation potential takes a special importance from the rela¬ 
tion between X-rays and the electrons producing them and the 
electrons produced by X-rays. For the production of any given 
quahty of X-ray, the velocity of the cathode ray in the X-ray 
tube must have a certain minimum value. This minimum 
velocity in the case of the K radiation was found by Whiddington 
(p. 488) to be 2(2—2)10* cm. per sec., where Z is the atomic 
number of the substance of which the anticathode is constructed. 
In the case of nickel, 2=28, so that 52x10® is the velocity of 
electron required to produce the K radiation. The energy of the 
electron is therefore X 8*8 x 10-28 x (52 x 10®)2 = 1-2 x 10-* 

ergs. If this energy is converted into radiation and the quantum 
theory applies to the process, 

l*2xlO-®=Av 


A V— 

and A= 


1*2x10-* 

6*55 X 10-27 

3 X 10io_6*55 X 10-27 X 3 X 101® 

v 1*2x10-8 


= 1*64x10-8. 


The observed values of A for the two K radiations of nickel are 
1*66x10-8 and TSlxlO-®, so that the agreement is sufficiently 
close to justify the application of the quantum theory to this 
exchange of energy. Whiddington i has also employed the 
method of Rutherford and Robinson (p. 521) to the examination 
of the velocity of the electrons emitted by various substances 
when subjected to X-rays. He finds that the fastest moving 
^ R. Whiddington, Phil, Mag., 48, p. 1116. 1922. 
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electrons have velocities very well in accordance with the 
frequency of the X-rays producing them, as determined by the 
relation \mv^—hv. 

Energy Levels. —There is a very convenient method of repre¬ 
senting spectra, which exhibits all the lines indicated by the 
simple Bohr theory for a given atom. For example, in the case 
of the hydrogen atom equation (v) (p. 597) gives the frequencies; 
for the lines by taking integral values of fii and ^ 2 - From the 
line AB (Fig. 447) let the distance AC be taken to scale to 

, j Air i. u 2TT^c-m a 

represent ——, and AE to be and AG to be 




32/^2 


Paschen 


Balmer 


*2 

Then the distance CE represents 

27r^e^m(\ 1\ t • v • 

-^2 - (i 2 “ 22 )' 

emitted by an atom that gives 
rise to the first Lyman fine. Simi¬ 
larly GC represents the energy 

/ A —. EF, GH, etc., are 
A 2 \l 2 32 ; 

called energy levels and from them 
the spectrum can be constructed. 

Thus if the electron in the hydrogen 
atom in the normal condition ab¬ 
sorbs an amount of energy 

'^ehn/l __ 1 \ 

h2~~ \i 2 42 / 

it is raised from the zero energy level CD to the energy level 
IJ. It may now return to the original condition in a variety of 

ways. In doing it in one step, energy Cl 


Lyman 


Fig. 447. 






h‘i \12 42 

liberated and the third Lyman line is emitted. Or it may fall 
in two steps IE and EC, giving the second Balmer line and the 
first Lyman line simultaneously. Or, again it may fall from the 
level IJ to level GH and then alternatively by step GC or steps 
GE and EC. Thus the first Paschen and second Lyman line 
may be emitted, or the first Paschen, first Balmer and first 
Lyman lines. 

For atoms more complex than that of hydrogen, diagrams of 
energy level may be drawn, but they are more complex than that 
for the hydrogen atom. 

The differences in energy level may be expressed in electron- 
volts (p. SIO). Thus for the first Lyman fine the wave-length is 

3 X 1010 6-55 X 10-27 X 3 X lOio 

L220 X10”® cm. Thus Av= 


■ 1-220x10-6’ 


1-220x10-6 
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ergs. An electron of charge l- 59 xlO -20 falling through V volts 
would acquire 1*59 x 10 -20 x 10® V ergs. Equating these, 
V = 10-13. Thus CE = 10T3 electron-volts which fixes the scale 
for the diagram. Note that 1 electron-volt-=1-59 x 10-^2 ergs. 

The Bohr Magneton. —On p. 596 it was seen that the angular 
momentum of the electron consists in multiples of the quantity 

Now the angular momentum is mcor^ and the magnetic 


• . TTf^C 

moment of a circular orbit is -y~ (p- 547). The ratio of the 

magnetic moment to the moment of momentum is therefore 

. But T=—, so that the ratio is Since the 
Imwr^ Imo) w 2m 


angular momentum consists of multiples of —, the magnetic 

2tt 


moment consists of multiples of ^ = ~ —, which is known as 

2m Ztt ^irm 

the Bohr magneton. Taking ^/w = l-757 x 10^ and A=6*55 x 10~2'», 
the value of the Bohr magneton is 9T6xlO~2h Taking the 
value for one gramme atom instead of one atom the value is 
9T6x 10*“2i X 6*064 X 102^=5550. Taking the value of the Weiss 
magneton as 1125*6 (p. 575) the ratio of the Bohr magneton to the 
Weiss magneton is 5550/1125*6=4*93. 

Magnetic Deviation of Atom Streams. —On p. 236 it was found 
that in a magnetic field which vanes from point to point there 
is a resultant force on any magnet. Following similar leasoning 
it appears that if an atom has a magnetic moment it will experi¬ 
ence a force when situated in a non-uniform magnetic field. 
Imagine an atom to have a pole strength p with distance dx 
between the poles. If the magnetic axis is in the direction of 
the field H, the force on one pole is and on the other 

so that the resultant force is ,pdx^m^~, 
dx dx dx 

where m is the magnetic moment p . dx. The force is directed 
towards the stronger or the weaker parts of the field according 
to the directions of field and magnetic moment. A fine beam of 
atoms passing through such a magnetic field would then be split 
up in a manner determined by the distribution in direction of the 
magnetic axes of the atoms. If the distribution is in all directions 
the beam would be broadened, but if, as is required by the 
quantum theory, the magnetic axes can only make certain angles 
with the field, the beam is split into parts one corresponding to 
each such angle. Stern and Gerlach ^ heated the metal (in the first 


• O. Stern and W. Gerlach. Ann. der Phys., 76, p. 163, 1924. 
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case silver) in a small oven and allowed the stream issuing from 
a small aperture to be further limited by slits and then to pass 
through a non-uniform magnetic field. The field is produced by 
an electromagnet with pole pieces, one of which has a sharp edge 
opposite and parallel to a groove in the other. The beam after 
passing through the field, falls upon a glass or metal target and 
condenses there giving a trace winch may be developed if neces¬ 
sary. The experiments showed a definite splitting of the beam 
into two, one on each side of the zero field position, thus definitely 
establishing the validity of the quantum theory. The attracted 
beam is more diffuse than the repelled beam, owing to a variation 

of ^ near the sharp edge of the pole piece, and the deflection 


of the repelled beam is used for purposes of calculation. From 


the relations F=m^, and /- 

ax mass\^; 


2 

, where I is the length 


of track in the field, s the displacement of the beam and v the 
velocity of the particles, m the magnetic moment is found. For 
silver the value of the gramme atom magneton was found to be 
5690, which agrees fairly well with that of the Bohr magneton 

(p. 602). 

Photoelectricity. —The Hallwachs phenomenon (p. 473) is only 
one case of the liberation of electrons when light falls upon 
matter. The effect is very widely observed, and to it is applied 
the term photoelectricity. Experiments conducted in a vacuum 
have given us much more intimate knowledge of the process than 
we had previously, and have led to the discoveries that (a) the 
velocity of the electrons emitted is independent of the intensity 
of the light, and [b] the rate of emission of the electrons is 
directly proportional to the intensity of the light. A measure of 
the positive potential acquired by the illuminated plate enables 
the velocity of the emitted electrons to be found, for the emission 
ceases when the electric intensity produced by the loss of negative 
electricity is sufficient to prevent the further escape of electrons. 
Also the saturation current (p. 477) for a given p.d. between the 
illuminated plate and a parallel plate gives the number of 
electrons emitted per second. In the case of the alkali metals 
maximum photoelectric effect occurs for light belonging to the 
visible part of the spectrum. This is probably due to a selective 
effect for the metal, as, for the normal photoelectric effect, the 
shorter the wave-length of the light the greater is the emission. 
The plane of polarisation of the incident light also influences the 
rate of emission of the corpuscles. 

The photoelectric phenomenon has been shown to be connected 
with those of fluorescence and phosphorescence as well as with 
that of the chemical changes occurring in the photographic plate. 
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The subject is now such a large and important one that the 
student can only be referred to such works on it as that of 
H. S. Allen. A 

The above condition {a) indicates that the velocity of emission 
of electrons depends only upon the frequency of the incident 
light, and many observers concur in the conclusion that it is 
independent of the intensity of the light and the temperature of 
the metal. For any given metal there is a minimum frequency 
for the incident light, below which there is no emission of 
electrons. The electrons emitted have various velocities up to a 
certain maximum, but as those emitted below the surface prob¬ 
ably lose energy in passing through the material, it is reasonable 
to suppose that the velocity with which the electrons are liberated 
from the atoms is the same for them all, and equal to the 
maximum observed velocity v. If V is the potential through 
which the electron must fall to acquire its velocity of emission, the 
equation has been found to fit the relation between 

and v the frequency of the incident light, W(^ has a 
definite value for each metal, and ^ is a constant, having the 
same value for all metals. The quantum theory has been applied 
by Einstein 2 to the photoelectric emission, by considering k to 
be identical with Planck’s constant h. The atom can then absorb 
light only in complete quanta of energy {hv), and if vq is the 
minimum frequency of light which will produce liberation of 
electrons, Hvq is the energy absorbed from the incident beam to 
liberate electrons with zero velocity. This is identified as the 
quantity Wq, and the equation becomes— 

V —h[v —vq) . 

Experiments by Richardson ^ have proved the validity of this 
equation, and Millikan ^ has employed it for the calculation of h. 
It thus appears that when a light quantum hv is absorbed, the 
energy hv^ is used in liberating the electron and the balance of 
energy hv--hvQ is available for producing kinetic energy, which 
may be distributed between the atom and the electron. 

The phenomenon of ionisation by X-rays may be looked upon 
as an example of the photoelectric effect, for it is now known 
that X-rays are of the same nature as hght, but of higher 
frequency. This explains the greater ionisation produced by 
rays of higher frequency ; for the quantum of energy absorbed 
by the atom is hv, and is therefore proportional to the frequency. 
It also explains the fact that the corpuscular rays emitted when 

‘ H. S. Allen, “ Photo-electricity.” Longmans, Green Sl Co. 

* A. Einstein, Ann. d. Physik, 17, p. 132. 1905. 

3 O. W. Richardson, Phil. Mag., 24, p. 575. 1912. 

f R. A. Millikan, Pkys. Rev., vii. 18. p, 355. 1916. 
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X-rays pass through gases, have the same velocity as the electrons 
which gave rise to the X-rays (p. 471). 

Photoelectric Cells.— There are several forms of photoelectric 
cell. A typical photo-emissive cell has in its glass envelope a 
curved cathode A (hdg. 448), often of hemi-cylindrical form, and 
a wire anode B. The battery provides a field to ensure that 
electrons released from A all reach B. The small resultant current 
flows through the high resistance Cl) across which a potential 
difference appears, which may be amplified by thermionic valves 
(p. 585). 

I he material of the cathode determines tlie sensitivity of the 
device and the range of wave-k^ngths which affect it. Zinc 
responds to ultra-violet; the alkali metals are much more sensi¬ 
tive and respond also to visil)le radiation. A suitable^ discharge 
in hydrogen was shown by Elster and (leitel ^ greatly to enhance 


C 



Fig. 448. 


the sensitivity. Thin layers of alkali metals or their oxides on 
suitable bases give even better results, es]X"cial]y if the layers are 
only one atom thick. The (xesium cell, due to Roller,- has maxi¬ 
mum response for wave-length 0*000055 cm., in the middle of the 
visible spectrum. 

An evacuated cell gives a linear response, the saturation current 
being proportional to the intensity of the incident radiation. 
With a gas such as argon present, ionisation by collision (p. 506) 
increases the current, but the resultant current is no longer pro¬ 
portional to the illumination. 

Photo-emissive cells are put to many uses, among which may 
be mentioned their employment to obtain currents fluctuating to 
correspond with the light passed by the sound-track on the margin 
of a cinematograph film, the electrical signals then being amplified 
and applied to loud-speakers which emit the sound. 

A photo-conductive cell utilises the change in resistance of a semi¬ 
conductor on irradiation, produced by electrons liberated in the 
interior of the substance, an internal photoelectric effect. 
Selenium, at one time extensively used in this way, is sluggish 

1 J. Elster and H. Geitel, Phys. ZeiL, 14, p. 741. 1913. 

• L. R. Koller, Jn. Opt. Soc. Amer. and Rev. Sci. Instr., 19, p. 135. 1929. 
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in response. No\^^days thin layers of suitable materials are 
used : for example lead sulphide, which responds well to infra-red 
radiation. The sensitive element may be used in place of the cell 
AB in a circuit similar to that of Fig. 448. 

The barrier-layer cell is a third type, a typical example of which 
has a copper base heavily oxidised to cuprous oxide (CU 2 O), this 
being in turn coated with a very thin layer of copper, deposited 
by evaporation in a vacuum from an electrically heated piece of 
copper. Photo-electrons released from this copper layer mostly 
pass to a copper ring round its peri])hery since the copper/copper 
oxide interface has a rectifying action (p. 452), offering a higher 
resistance to electrons passing from co])per into the oxide than 
for the reverse direction. A current will therefore flow in an 
external circuit connecting the copper electrodes without any 
battery being necessary. Barrier-layer cells may be connected 
direct, or through fairly low resistances, to sensitive moving-coil 
indicators and are so used in photonadry, some photographic 
exposure meters providing examjdes of this use. 

Absorption. —On the dynamical theory of radiation it would 
be expected that when a continuous beam of light, such as white 
light, passes through matter, the atoms would absorb just that 
frequency of radiation which they themselves emit; the reason 
for this is that by resonance they will be set in oscillation and so 
absorb energy from the incident beam. But radiation has been 
accounted for (p. 596) by the passage of the atom from its ionised 
state to its normal state through a series of stationary states. 
We should therefore expect that the absorption of energy would 
transfer the atom back through this process from the normal to 
the ionised condition. The emission of radiation of a given 
frequency implies the presence of two stationary states, and 
absorption of radiation of this frequency will only occur if the 
one of these states corresponding to lower energy is present in 
some of the atoms of the substance. Since in the ordinary con¬ 
dition of a substance only the normal unionised condition is 
likely to exist, the only absorption that will occur is of such a 
frequency that the normal state is the stationary state of lowest 
atomic energy. Absorption corresponding to states intermediate 
between the normal and the ionised condition may occur. Thus 
the lowest frequency of radiation for absorption is the limiting 
frequency given by— 

where Wi is the energy of the atom in the ionised state and Wj, 
that in the normal state. If v is greater than this frequency, 
each quantum of energy absorbed is in excess of that required 
for ionisation and photoelectric emission results (p. 604). It does 
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not follow that the atom once ionised will return in one step to 
its ionised condition ; in fact, it returns through the stationary 
states and emits the series defined by equation (v) (p. 597), which 
correspond to fluorescence. The above reasoning explains why 
the absorption spectrum in the case of hydrogen does not corre¬ 
spond to the emission spectrum. Since the condition of lowest 
atomic energy corresponding to (v) is Wj, obtained by putting 
«j = ], the possible absorption frequencies are obtained by putting 
and ^2^2, 3, 4, etc., that is, they correspond to the Lyman 
emission series, d'he series n<y~2, and 4, etc., will not 

correspond to an absorption spectrum, because atoms corre¬ 
sponding to the stationary state are not present in the gas 

iinder ordinary conditions. 

It is known that a certain critical velocity of cathode ray is 
necessary for the production of X-rays of any given frequency 
(p. 600). This velocity is generally given in terms of the voltage 
through which the electron must pass to give it this velocity. 

Since hnv^=\e, and --^1*76x10’^ (p. 484), 

“ m 

i^2==:2xL76xl0i5 V 

or, cm. per sec. 

and, V=2‘80z; 10 ~a® volts. 

It is found that on increasing the voltage in the X-ray tube the 
general emission of X-rays increases, but theic is a sharp upper 
limit to the frequency for any voltage, which limit rises with the 
voltage for any given substance. Also in the absorption of 
X-rays by any substance there is a sharp limit to the absorption 
for the K radiation, known as the K absorption limit. On the 
quantum theory it would be expected that the absorption limit 
is given by the relation /zi/=rWi—W^, where Wj is now the work 
required to remove one electron from the K ring. In returning 
to the normal condition the greatest frequency of radiation 
emitted is also given by /iv=Wi—which is the voltage 
necessary to produce the rays. 

/. hnv^=Yc^hv. 

Using the values £^ = 1*59 x 10 - 2 o^ and A^6-5S x 10-27^ 

. _3 x 10^0^6.55 X10-27 x3 x 

v “ ~L59x 10-20 x V)ri(j8 
_L24xl(>~6 
V 


where A is in centimetres and V in volts. 
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Photons and Compton Effect. —It has been seen that whenever 
atomic radiation of waves occurs, the amount of energy radiated 
is hv or multiples of this quantity. This is the essential feature 
of the quantum theory ; that hv is a distinct bundle or corpuscle 
of energy, now called a photon, and that in any process of atomic 
radiation only complete photons are radiated. According to 
Einstein’s theory of relativity, matter and energy are inter¬ 
changeable, just as the various kinds of energy are mutually 
convertible, and that in the conversion between mass and energy 
the amount of eneigy equivalent to a mass m is me-. Thus if a 
photon is associated with a mass m, this is given by the relation 
mc-^hv. 

Another proj^erty of mass is that when in motion it possesses 
momentum, and that in the collision between two masses the 
momentum is conserved. In the case of the photon the 

momentum is me--— . If this impinges upon a free electron at 


rest, the electron gains momentum and the photon loses it. The 
photon tlierefore loses energy and the product hv is thus 

diminished. This can only 
happen by the frequency v 
being lowered. This is known 
as the Compton effect. 

J.et AO (Fig. 449) represent 

the momentum of the im- 
c 

pinging photon, OB the mo¬ 
mentum --- 
c 

photon and OC that of the electron which was originally at rest at 
O. If m is now the mass of the electron at rest and v its velocity 


Fig. 449. 



of the scattered 


m 


along OC, its effective mass is 




2’ 


where (p. 546) and 
c 


^ . mv rnBc 

its momentum is -- 


For the momentum to be conserved 


and, 


hvQ _ hvQ 


nific 


cos + —cos 0] 

6* C 

hvQ hv 0 ^ mBc ^ 

-? cos 0 = —cos 01 

c C Vl 

C 


sin 6i. 
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Squaring these two equations and adding, 

(hvoV , (hvBV ^yphyg 

\C/ \ C ) C C 1 — 

If there is no loss of energy in the process, the original energy 
of the photon, must equal the sum of the energy of the 
scattered photon hv 0 and kinetic energy of the electron. This 

is —iV a quantity which reduces to imv^ when v is 

\Vi-;32 J ^ ^ 

1 —( 1 — 

small compared with c, for it may be written 

(1 — v^jc^)* 

and the numerator expanded gives when v is small. Another 
way of looking at the same fact is to remember that the energy 


m 


of rest mass is tnc^ and since the mass when in motion is 
its corresponding energy is __ The excess — _ me* 


or wc 2 /- 7 ^=L== —h is thus the kinetic energy. 
lVl-i32 / 

The energy equation is therefore 

hvQ—hv0=mc*{—jJL= —h* 

Dividing by c and squaring— 

(*f))’-4“ • -V!^) 

and subtracting this from the momentum equation 

2hvQ hv0.^ on, 2m2^2 

-‘(i-cos 


= 2tn*c* { — T=:^_ —1 j 

\Vl-S 2 ) 


2— . — 2 sin* ^=r= 2 m(hvQ—hv 0 ) 
c c 2 


v$=vo/^ 


1-1-2^ sin* f 

mc^ 2 , 


)• 


Using the characteristic X-rays of molybdenum Compton ■ 
allowed them to fall upon graphite, which contains free electrons. 
Compton and subsequent experimenters have found the change 

» A. H. Compton. Phys. Rev., xxi. pp. 483. 715 (1923): xxii, p. 409 (1923). 
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in frequency of X-rays on scattering by free electrons to occur 
in agreement with the above equation. 

Atomic Structure. —From the account that has already been 
given (p. 594) of the Bohr theory of the atom, it will be realised 
that the atomic number Z, which defines the electrical charge of 
the nucleus, determines the number of electrons occupying orbits 
round the nucleus. All the available evidence suggests that no 
other property of the nucleus has any major influence on the extra- 
nuclear electrons. It is therefore convenient to discuss the outer struc¬ 
ture first and to make the structure of the nucleus a separate issue. 

Each type of atom possesses an array of possible electron orbits 
which may be grouped into shells " known as the K, L, M, . . . 
shells. In the undisturbed neutral atom, only those orbits of 
lowest energies will be occupied by ek'ctrons. Energy may be 
temporarily stored by the atom if an electron passes to a higher 

energy level. The absorption and 



emission of radiation by a hydro¬ 
gen atom was discussed on p. 601 
in this way. Fig. 450 illustrates 
diagrammatically the scheme for 
a more complex atom such as an 
alkali metal. 

The names sharp, principal, 
diffuse and fundamental and their 
initial letters s, p, d, f, originally 
applied by spectroscopists to 
distinguish the spectral emission 
lines in the various series, have 


become transferred to the sub-divisions of the main energy-levels 
or shells and to the electrons occupying them. Thus the K shell 
is complete with only 2 electrons, but the L shell may have up to 
8 and these are grouped as 2 s and 6 p electrons. The M shell 
may have up to 2 s, 6 ^ and 10 electrons, a total of 18; and so on. 

Chemical combination of atoms to form molecules is presumed 
to involve interactions between the outer parts only of the 
electronic structures of the reacting atoms. The extreme 
chemical inertness of the group of gases given below implies great 
stability in their electronic structures. 


The Inert Gases. 


Element 

1 He. 

Ne. 

A. 

Kr. 

Xe. 

Rn. 

Atomic number (Z) . 

Electronic structure 
(additional to that 
preceding) 

1 2 

K2 

10 

-fL8 
(2s, 6 p) 

18 

-fM8 
(2s, 6^) 

36 

-fMlO 

(lOrf) 

54 

-fNlO 
(\0d) 
-h08 
(25, tp) 

86 

-fN14 

(14/) 




+N8 
(2s. bp) 

+08 

( 2 ^. 6 ^) 


In the foregoing table, completion of each successive shell is 
marked by a horizontal line. 
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All the elements which have one electron more than one of these 
inert gases are members of the group of alkali metals (3 Li, 11 Na, 
19 K, 37 Rb, 55 Cs, 87 Fr). They are all strongly electro-positive, 
forming singly-charged ions. This behaviour is explained by the 
readiness with which the single extra electron is lost, leaving 
behind a stable structure very similar to that of the preceding 
inert gas. These elements are in turn followed by the alkaline- 
earth metals (Be, Mg, Ca, Sr, Ba, Ra), which are electio-positive 
with valency 2, corresponding to the loss of both extra electrons. 
Correspondingly, the element with Z one less than for an inert gas 
is a halogen (F, Cl, Br, 1, At), univalent and electro-negative, 
readily accepting an extra electron to form a more stable con¬ 
figuration. It has already been seen (p. 493) how the atoms of 
the two elements of an alkali halide such as NaCl alternate in the 
crystal lattice. These “ atoms '' are in fact the ions, Na'^' and 
Cl“, which also exist in aqueous solution. Such ionic crystals are 
usual with inorganic salts. Presumably the electrostatic forces 
between the ions play a dominant part in holding them 
together. 

In other structures the electrons must be allotted more direct 
parts in the binding of the whole. Thus in a simple diatomic 
molecule, the atoms may be pictured as having an orbit in 
common, occupied by a pair of electrons, one from each atom. 
This simple idea must not be taken too literally, but must suffice 
at this stage. Metals might be regarded as an extreme case of 
sharing, with the outer electrons no longer bound to one or to a 
pair of atoms, but shared by a large group. The typical metallic 
crystal thus contains regularly placed metallic ions, with their 
mutual repulsions rendered ineffective by the cloud of electrons 
moving between them. 

Quantum Numbers. —The principle of quantisation of the orbits 
in the Bohr atom (p. 596) was extended by W. Wilson from cir¬ 
cular to elliptical orbits. Two quantum numbers are necessary 
to specify an elliptical orbit, equivalent to giving both major and 
minor axes of the ellipse, but according to classical mechanics the 
energy of the electron in the orbit should depend on the major axis 
alone. To explain the fine structure revealed by lines of the 
hydrogen spectrum when examined under high resolving power, 
Sommerfeld pointed out that the high velocity of an electron 
when in the part of an elliptical orbit nearest to the nucleus 
necessitates a variation in its mass, according to the principle of 
relativity, and this entails a change in the energy associated with 
the orbit. With other atoms there is an even more marked effect, 
as an electron in a very eccentric orbit may penetrate the shell 
beneath its own and come into a much more intense field than 
when in the rest of its orbit, partially shielded from the nucleus. 

20 * 
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Thus electrons belonging to the one shell specified by a principal 
quantum number n, may be further grouped into sub-shells 
characterised by a second quantum number, nowadays usually 
described as the orbital angular momentum number 1. The value 
/=0 gives the s electrons, referred to already; similarly /=1 
gives 1—2 corresponds to d, 1=3 to/, and so on for^, h, , , . 

Two further quantum numbers are required to complete the 
specification of the state of an electron in any atom. These may 
be given in more than one way, but one of these numbers may be 
allotted with reference to the orientation which an electronic 
orbit adopts relative to a magnetic field. A circular orbit of 
radius r, traversed by the charge e some vjlirr times per second, is 
equivalent to a current ev/lirr round the orbit. Treating the 
orbit as a magnetic shell (p. 225), it has a magnetic moment 
jj,~levr, while its angular momentum p=mvr, so that the ratio 
lJilp=\{elm). This last relationship is true for all shapes of orbit. 
According to quantum laws, the component of angular momentum 
parallel to the field must be an integral multiple of hjln and the 
multiple is specified by the magnetic quantum number mi. Applied 
to the Zeeman effect (p. 548), these ideas have not only explained 
the patterns of lines observed in the spectra, but have also yielded 
a value of ejm for the electron which is in close agreement with 
other estimates. 

The spin magnetic quantum number m^ may be selected for the 
fourth number. This refers to the hypothesis of Uhlenbeck and 
Goudsmit,' advanced in 1925, that the electron has an intrinsic 
angular momentum and magnetic moment similar to those which 
a spinning electric charge might be expected to have. Theory 
assigns the value ejm to the ratio fijp, twice that for orbital motion, 
and the permissible steps in angular momentum are one-half those 
for orbital motion and are thus changes of \ {hjlrr). In a magnetic 
field, the spin aligns itself either parallel to the field or anti-parallel 
and the spin magnetic quantum number mi.= ±\. The parallel 
arrangement has lower energy than the anti-parallel, just as an 
ordinary magnet has less energy when aligned with a magnetic 
field. 

The array of four quantum numbers {n, /, 7n^) defines the 

state of an electron in an atom. Even in the absence of any 
applied field, the magnetic numbers are effective, possibly because 
of the field produced by the nucleus. The possible values which 
the various numbers may have are subject to certain restrictions: 
for example, / may have integral values from 0 to n—1; and cer¬ 
tain Selection Rules govern the permissible transitions of an 

^ G. E. Uhlenbeck and S. Goudsmit, Naturwiss, 13, p. 593 (1925) ; Nature, 
117, p. 264 (1926). 
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electron from one state to another: e.g. I changes by ±L These 
rules have helped considerably in reducing to order the great 
mass of spectroscopic data, but it must be admitted that for¬ 
bidden lines,” corresponding to transitions not according to simple 
rules, are by no means unknown. 

Pauli’s Exclusion Principle. —The simplicity of the scheme of 
numbers of electrons in each complete shell of an atom invites an 
explanation and this is provided by Pauli’s exclusion principle,^ 
according to which no one quantum state, specified by its set of 
quantum numbers, can be simultaneously occupied, in any one 
atomic system, by more than one electron. 

The spin quantum number doubles all the possibilities afforded 
by the first three quantum numbers. In pictorial language, each 
orbit may be occupied by a pair of electrons which have their 
spins oppositely directed. The principal quantum number n 
defines the shell {n~\ for the K shell, n~2 for L, etc.) and it can 
be shown from the Pauli principle that the limitations imposed 
on the other numbers permit a maximum number of electrons for 
the nth shell of 

The Periodic Table. —The recognition of a periodic recurrence 
of the chemical and physical properties of the elements when they 
are set out in the order of atomic weights was made by Newlands, 
Mendeleeff (1869) and others and successful predictions of proper¬ 
ties of elements then unknown were made on this basis, especially 
by Mendeleeff. In addition the strict order of ascending atomic 
weights was inverted in certain cases [e.g, Co, atomic weight 58*9, 
was placed before Ni, atomic weight 58*7) and subsequent work 
on atomic number (p. 497) has confirmed these changes. A form 
of periodic table is given on p. 630. It is instructive to examine 
how far the properties of the elements may be explained in terms 
of the arrangements of their electrons. 

In accordance with general principles, it is presumed that each 
atom will, if undisturbed, have the configuration of lowest energy 
which it can take. Hence if we imagine electrons being succes¬ 
sively added, the nuclear charge Ze increasing in step, each fresh 
electron will go into the state of lowest energy available to it. 
Pauli’s principle only permits one pair of electrons per orbit, as 
we have seen. In the simplest cases, each shell of electrons is 
steadily filled in this way and then a new shell is started, to which 
the shells already completed form a sort of core. As the nuclear 
charge increases, this core shrinks and its electrons become more 
tightly bound, but we suppose that each electron preserves the 
quantum numbers of its state. 

The complete system of close on 100 elements involves some 
complication, but the main features can be discussed with the 
1 W. PauH, Zeit. Phys., 81, 765. 1925. 
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help of the diagram on pp. 628-9. The first two elements, hydro¬ 
gen and helium, account for the completion of the first or K shell, 
and this persists unaltered in all subsequent structures, apart from 
the shrinking and tighter binding mentioned above. At lithium, 
the L shell is started, but the extra electron is readily lost to form 
the ion Li+. Beryllium (Z==4) has two easily-cletachable or 
valency electrons, and so on. The L shell is completed with the 
inert gas neon with its extremely stable electronic configuration. 
The preceding element is fluorine, which readily accepts an 
electron to form the negative ion F-" with a stable configuration. 
Similarly oxygen forms 0~'". Following neon comes sodium, 
which is akin to lithium but even more actively electropositive 
since its odd electron is less strongly held, for the inner shells 
to a large extent screen the nucleus from this electron. 

This period of the table ends with the inert gas argon, although 
the outer M shell is not yet complete, for it only contains 8 electrons 
and the Pauli Principle permits 2x32 = 18. Nevertheless, the 8 
structure in an outer shell appears always to be stable and recurs 
with all the inert gases except helium. The alkali metals (Li, 
Na, K, . . .) all follow inert gases and they are increasingly electro¬ 
positive. In a similar w^ay, the halogens (F, Cl, Br, . . .) precede 
inert gases, but their electro-negative character becomes less 
marked along the sequence. This also may be attributed to the 
more effective screening of the nucleus in the bigger atoms, for 
on this account an electron, acquired to complete the octet in the 
outermost shell, is less tightly held, and hence more easily lost 
again. 

The first major complication in the scheme starts after argon, 
for with potassium one electron goes into the 4th or N shell, 
although the M shell still lacks its complement of d electrons (with 
quantum number /=2). With calcium, a second 4s electron pairs 
with the first. This s orbit may be pictured as a highly eccentric 
one, penetrating the shell beneath it and having lower energy than 
the unfilled Zd orbits. At scandium (Z=21) building of the M 
shell is resumed and it is completed at copper (Z=29). The ele¬ 
ments towards the end of this sequence, and especially the trio 
Fe, Co, Ni, differ comparatively little from one another and this 
is to be attributed to the similarity of their electronic structures. 
Somewhat similar sequences recur in subsequent periods, where 
the two trios Ru, Rh, Pd and Os, Ir, Pt correspond to Fe, Co, Ni. 

An even more remarkable sequence begins at lanthanum 
(Z—57), where the shell wherein most of the additional electrons 
go is deep within the atom, so that the differences between succes¬ 
sive members of the series of elements are very slight. The 
elements from Z==:57 to Z=70 belong to the Rare Earth Elements, 
a name which is often taken to include also the kindred elements 
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scandium (Z=21), yttrium (39) and lutecium (71). Recent re¬ 
search indicates that the last elements of the table, starting with 
actinium (89), form a similar sequence. 

The electronic configurations have been worked out mainly on 
spectroscopic evidence. On the whole the scheme fits the chemical 
and other physical evidence very well. It may be mentioned that 
in most cases the removal of one electron from an atom should 
produce a structure very similar to that of the element preceding 
it in the table. For example, an ionised alkali metal should have 
a structure like that of an inert gas. This is in practice true: 
the spectra of the ionised alkali metals are extremely like those 
of the inert gases, and also like those of doubly ionised alkaline 
earths {e.g. Ca"^"*"). 

Magnetic Properties. —It has already been mentioned that 
measurements on the gyromagnetic effect (p. 296) suggest that 
ferromagnetism is to be attributed to the action of spinning 
electrons rather than to orbital motion. According to quantum 
theory, a pair of spinning electrons interact in such a manner 
that when they are close to one another, they tend to set anti¬ 
parallel {i.e, with axes parallel but spins oppositely directed), but 
if the separation increases, this action wanes and they set parallel 
at somewhat greater distances. Now most of the atomic electrons 
are paired in their orbits and we can expect actions between 
neighbouring atoms only when there are unpaired electrons. In 
the solid state, the most easily detached of the outermost electrons 
are used in linkages between atoms or, in the case of metals, are 
conduction electrons. Thus the basic entity in a solid crystal for 
our purpose is an ion and this is unlikely to have unpaired electrons 
in its outer layers. In certain cases, however, unpaired electrons 
may occur in lower layers and this is believed to occur with many 
of those elements, discussed in the last section, in which an in¬ 
complete inner shell exists. 

If the spacing of the unpaired spinning electrons is within fairly 
narrow limits, the spins in adjacent ions line up parallel and the 
substance develops spontaneous local magnetisation to saturation, 
the characteristic feature of a ferromagnetic substance (cf. p. 295). 
'fhis happens with iron, cobalt and nickel in the elementary state 
and in the correct crystalline form. This ferromagnetism may be 
lost at high temperature because of thermal agitation or because 
the element recrystallises to some different form. Compounds 
and alloys containing one or more of these elements may be ferro¬ 
magnetic or they may only be paramagnetic. 

Manganese is presumably not ferromagnetic in the elementary 
state because the spins are too close for them to become parallel. 
In certain alloys, such as the Heusler alloys (p. 286), the spacing 
is so increased that ferromagnetism appears. Several examples 
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are now known of ferromagnetic alloys and compounds of two or 
more non-ferromagnetic elements. 

The rare earths as a class are strongly paramagnetic and this is 
thought to be due to the large separation between the essential 
spinning electrons. At very low temperatures, where thermal 
agitation is weak, gadolinium (Z—64) is found to be ferromagnetic. 

To account for the widespread para- and diamagnetism shown 
by other substances, contributions must be considered from the 
orbital electrons, from conduction electrons in solid and liquid 
metals and from the atomic nuclei themselves. The following 
books and articles will be found useful for those wishing to pursue 
the subject further: L. F. Bates, '' Modem Magnetism ” (Cam¬ 
bridge University Press, 2nd edit., 1948); E. C. Stoner, “ Mag¬ 
netism(Methuen, 1947); E. C. Stoner, ‘"Ferromagnetism": 
articles in Reports on Progress in Physics (d'he Physical Society): 
Vol. XI (1946-7), p. 43; XIII (1950), p. 83. 

Electronic Conduction. —Each atom of a typical metallic ele¬ 
ment has, in the free state, a small number of electrons which are 
easily detached, and this accounts, as we have seen, for the 
characteristic electropositive character of these elements. In the 
solid state, there are again positive ions in a formation which is 
too closely packed to allow the outermost electrons to occupy the 
more eccentric orbits which they might follow in the free state. 
Hence some of the electrons, of the order of one per atom, are no 
longer bound to one definite atom. As already discussed (p. 575), 
Drude sought to explain the characteristic electrical properties of 
metals in terms of these " conduction electrons " which were re¬ 
presented as forming a kind of electron cloud or gas permeating 
the metal. 

In general, energy must be supplied to release electrons from a 
block of metal, for if an electron leaves the surface, its repulsion 
of the other electrons in the vicinity will leave a local positive 
surface charge and it will therefore have to do work against the 
resulting attraction if it is to escape. The thermionic and photo¬ 
electric effects (see pp. 583 and 603) provide evidence of this 
energy necessary for escape. There is thus in effect a potential 
barrier, usually of the order of a few volts, which an electron must 
surmount if it is to escape. 

Thus the conduction electrons may be regarded as attached to 
the whole piece of metal and not to individual atoms. Just as in 
the case of electrons constrained by the field of a single atom in 
Bohr's theory (p. 594), quantum rules are assumed to be valid 
and there are energy-levels governed by quantum numbers and 
Pauli's Exclusion Principle (p. 613) applies. Hence each per¬ 
missible energy-state in a piece of metal may only be occupied by 
a pair of electrons, oriented with opposed spins. In the undis- 
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turbed condition at the absolute zero of temperature, all the 
lowest permissible states will be occupied and there will be a well- 
defined upper limit. 

These close energy-levels fall into bands or zones and there may 
be gaps between the bands. A substance which has a fully- 
occupied band separated from the next band above by a finite 
gap will behave as an insulator, for the application of a small 
electric field will be unable to transfer any electron to the upper 
band of levels and while the lower band is completely full, any 
electrons moving in one direction are balanced by others moving 
in the contrary sense. There cannot therefore be any net flow 
of electricity. On the other hand, when a band is only partly 
occupied, the field can do work on electrons to transfer them to 
liigher levels and the balance is upset and current flows. 

The well-defined gap between bands may be locally blurred or 
even eliminated by the presence of impurities, which may effec¬ 
tively introduce intermediate levels to which electrons from the 
lower band can be readily transferred. With rise of temperature, 
these extra levels become progressively occupied and the substance 
devcloj)s a conductivity which rises with rise of temperature, a 
characteristic property of semi-conductors. 

The emergence of the vigorously growing modem theory of 
conduction may be roughly dated as starting with the work of 
Sommerfield,^ which followed important preliminary work by 
Fermi, Pauli and others. The reader who wishes to pursue the 
subject further is referred to: N. F. Mott and H. Jones, The 
Theory of the Properties of Metals and Alloys " (Oxford Uni¬ 
versity Press, 1936); A. H. Wilson, '‘Semi-Conductors and 
Metals: An Introduction to the Electron Theory of Metals'' 
(Cambridge University Press, 1939); F. Seitz, “ The Modern 
Theory of Solids " (McGraw-Hill, 1940). 

The Nucleus.—The small size of the nucleus of the atom and the 
intense fields which surround it make examination of its structure 
very difficult. The study of y-ray spectra shows that there are 
definite energy-levels in the nuclei emitting them, but this infor¬ 
mation is limited to a comparatively few nuclei. Certain nuclear 
properties, including angular momentum (spin) and magnetic 
moment, are susceptible of indirect measurement, but the greatest 
amount of information so far has been obtained from the dis¬ 
integration and transformations of nuclei and indirectly from 
experimental and observational tests of various theories of 
nuclear structure. 

According to modem views, the nucleus is composed of neutrons 
and protons, particles of almost equal mass. Taking the isotope 
^^0 of oxygen as having 16 atomic units of mass (16 a.m.u.), the 
^ A. Sommerfield, Zeit. Phys,, 47, p. 1. 1928. 
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respective masses at rest of the neutron and the proton are 
1*00894 and 1*00758. Neglecting for the present the small devia¬ 
tions from unity, it will be seen that an atomic nucleus with N 
neutrons and P protons will have a mass of A—N+P and a 
charge, the atomic number, Z=P. The neutral atom will also have 
Z electrons, but an electron has a mass of only 0*00055 a.m.u. 

The nucleons, as the protons and neutrons of the nucleus are 
collectively called, must have strong interactions and of the true 
nature of these forces there are at present only tentative—al¬ 
though sometimes very elaborate—ideas, which are too difficult 
for the present text. However, it seems clear that the neutrons 
play an important part in preventing the larger nuclei from ex¬ 
ploding under the intense repulsions which are to be expected 
between protons at such short ranges. The a particle, which is 
so frequently ejected in radioactive changes, appears to be a 
particularly stable combination. It has 2 protons and 2 neutrons. 
Deuterium, or heavy hydrogen (-H), has 1 proton and 1 neutron. 
In tlie lighter elements, this ratio is commonly found, those 
isotopes in which protons account for more than half the mass 
being unstable. Thus carbon has 6 protons and it has 2 stable 
isotopes, (N= 6 ) and (N=7), and 3 unstable (radioactive) 

isotopes, (N==:4) with a half-life of only 8*8 sec., (N=5) 

with 20*5 min., and (N— 8 ) with half-life exceeding 5000 5 ^'$. 

In the more massive nuclei, the ratio of neutrons to protons is 
much higher than unity. The following typical examples of 
stable isotopes show this tendency:— 

?gK(P=19, N-20); |«Fe(P=26, N=30); |JKr(P=36, N-48); 

^|P(P=53, N-74); i?|Pt(P=78,N-117); 208pb(P=.82,N-:126) 

When a partial disruption of a nucleus occurs, as in radioactive 
decay, the commonest particles emitted are the a particle, the 
negative electron and the positron or positive electron. It also 
sometimes happens that a nucleus absorbs one of the K electrons, 
leading to subsequent emission of X-radiation when another 
electron falls into the vacant energy-level. It is not, however, 
believed that electrons or positrons exist as separate entities in 
the nucleus: their emission or absorption involves a transfor¬ 
mation of a nucleon from one form (neutron or proton) to the 
other so that electric charge is on the whole conserved. 

To induce changes in nuclei, bombardment is carried out by 
natural particles from radioactive substances as described earlier 
[e.g. p. 540), by artificially accelerated charged particles, by 
neutrons and by cosmic ray particles. Some of this work will be 
briefly described. 

Artificial Production of Swift Particles. —The earliest nuclear 
transformation by artificially accelerated particles was achieved 
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by Cockcroft and Walton,^ using a steady potential of some 
600,000 volts, derived from an alternating source by means of 
transformer, rectifiers and condensers, to accelerate protons which 
were generated by a discharge in hydrogen gas. The resulting 
stream of ions, carrying a current of several microamperes, im¬ 
pinged on selected light elements, such as lithium and boron, and 
gave a copious supply of a particles which were detected by the 


scintillation method (p. 516). 

Special high-tension generator have been designed to give the 
high steady potentials necessary for this work. Chief among 
these is the electrostatic generator of Van de Graaff^ (Fig. 451). 
I his uses an insulating flexible belt B kept in rapid motion by a 
motor-driven pulley P. The belt is continuously charged by a 
discharge (p. 136) from points S connected to a conventional 
high-tension unit which uses transformers and rectifiers. The 
belt transfers this charge to the inside of the . . 


spherical high-tension terminal T where point- 
discharge occurs from points C to neutralise it 
and thus virtually to transfer the charge to 
the outside of T. The points A, not present in 
some designs, spray negative charge on to the 
belt for its downward run, thereby doubling 
the effective current flowing to the terminal. 
Potentials exceeding 10 megavolts (10'^ volts) 
have been obtained by this means, steady to 
1 part in several thousand. The accelerating 
tube for the ions may be housed in the hollow 



insulating column (not shown in the figure) Fig. 451. 


which surrounds the belt. The reader will 


appreciate that great care is taken in designing the system to 
minimise discharge losses and the electrode system is frequently 
completely shielded and may be in compressed gas to improve 
the insulation. 


Alternative methods have been developed to generate streams 
of high-velocity particles without very high potentials, using the 
principle of multiple acceleration. One of the most important of 
these devices is the cyclotron of E. O. Lawrence.^ In this, the 
essential operation occurs in the gap between the poles of a large 
electromagnet. A particle of charge e and mass m, moving with 
velocity v at right angles to a magnetic field H, experiences a 


* J. D. Cockcroft and E. T. S. Walton, Proc, Roy. Soc,, 187, p. 229. 1932. - 

* R. J. Van de Graafi, Phys. Rev., 38, p. 1919 (1931) and 43, p. 149 (1933). 
See also the article : R. J. Van de Graaff, J. G. Trump and W. W. Buechner, 
“ Electrostatic generators for the acceleration of charged particles," Reports on 
Progress in Physics (The Physical Society), Vol. XI (1946-7). 

* E. O. Lawrence and N. E. Edlefsen, Science, 72, p. 376 (1930) ; E. O. 
Lawrence and M. S. Livingston, Phys, Rev., 87, p. 1707 (A) (1931). 
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constant force transverse to its path and hence has a circular track 
of radius r given by mv^eRr (p. 471). The angular velocity o) in 
the path is vjr, so a>—^H/w, and the time required to describe a 
semicircle is 7r/a) = (7r/H){m/^), depending on H and on the ratio 
ejm but not separately on the radius r nor on the velocity ik 
The vacuum chamber between the pole-pieces of the magnet is 
nearly filled by two hollow semicircular metal dees (so called 
from their shape), A and B in Fig. 452. Electrons from a heated 
tungsten filament below the centre O of the system are repelled, 
by the negative potential of the filament, into the hollow space 
within the dees close to O, where they generate by collision 
positively charged ions of ^He, JH or fD, according to the gas 
used—helium, hydrogen or deuterium. 

The potential difference between A and B is alternating. As¬ 
suming that B is momentarily at the higher potential, a positive 
ion from near C will be driven into A with appreciable velocity. 

Within A, the electric field is 
zero, so that the ion moves, 
under the action of the mag¬ 
netic field, in a circle and 
arrives at D after a time 
(7 t/H)(w/^). The periodic 
time of the alternating 
potential is chosen to be 
twice this, so that when the 
ion arrives at D the electric 
field between the dees is re- 
Fig. 452. versed, and once again the 

ion is accelerated, entering B 
with a greater velocity than it entered A. The process is repeated 
at E, F, etc., the velocity and increase of radius of path at each 
passage across the gap persisting until the outer edge of the dee 
is reached, when the velocity is Raejm, a being the radius of the 
dee. For example, with a radius of 40 cm. and a field of 1-3x10^ 
gauss, a deuteron acquires a velocity corresponding to a fall 
through a potential difference of 6-4 x 10® volts. 

When the ion reaches the boundary of the dee, at a point such 
as A or B (midway between the gaps) it may be withdrawn by 
attraction towards a plate at negative potential, the dees being 
at this moment at zero potential. Ions which make their first 
entry into a dee when the electric field is not at its maximum will 
receive less than the maximum increase in velocity at each traverse 
of the gaps and will therefore have to make more circuits before 
reaching the edge. They thus stand more chance of making a 
collision in the rarefied gas of the chamber, but if they survive 
this, they ultimately acquire the same velocity on reaching the 
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periphery. The total path of each ion may be many hundreds 
of feet. 

Among the other accelerators which use magnetic fields, men¬ 
tion may be made of the synchro-cyclotron, in which the frequency 
of alternation is periodically varied to compensate for the increase 
in mass of the particles at high speeds (cf. p. 546); and the 
betatron, first successfully operated in 1941 by Kerst, in which 
electrons arc accelereited by a magnetic field whicli increases with 
the time. In tliis case the electrons are accelerated by the 
E.M.F. induced the changing magnetic flux. The betatron 
may be used to generate very penetrating X-rays by placing a 
suitable target [e.g. a platinum wire) in the path of the high-speed 
electrons. 

There are also linear accelerators, in tlie simjdest form of which 
a number of cylindrical metal tubes in line are so coupled to a 
high-frequency oscillator that an ion may be accelerated every 
time it passes from one section to the next, the reverse changes in 
potential occurring while the ion is in the field-free space inside 
a section. 

Some of these accelerators generate particles with energies as 
high as 500 or even 1000 Mev. For further details, the following 
articles may be consulted; O. R. Frisch, Artificial Acceleration 
of Atomic Particles/' Nature, 168, p. 849 (17 Nov. 1951); D. W. 
Fry and W. Walkinshaw, “ Linear Accelerators," Reports on 
Progress in Physics, Vol. XII (1948-9), p. 102; J. H. Fremlin and 
J. S. Gooden, " Cyclic Accelerators," ibid., Vol. XIII (1950), p. 295. 

If dcuterons from a cyclotron or other accelerator impinge on a 
suitable target of a light element, a powerful beam of neutrons is 
obtained, apparently derived from the break-up of the deuterons. 
The speed of the neutrons depends on the target material and the 
speed of the original deuterons. 

Photographic Emulsions for Nuclear Study. —It was shown by 
W. MichU that a particles can affect a photographic plate, and 
Marietta Blau extended the technique first to fast protons 2 and 
then to cosmic rays.^ After development, the tracks of swift 
charged particles through the emulsion are visible under the 
microscope. The production of the primary specks of silver 
which form the " latent image " of photography may be regarded 
essentially as an ionising effect and the process of development 
leads to a deposit of silver round these primary specks. Thus 
there is a fairly close analogy betw^een these photographic tracks 
and those produced by condensation on ions in a cloud chamber. 
The particles lose their energy more rapidly in the solid emulsion 

» W. Michl. Wien, Ber., 121, p. 1431 (1912) and 123, p. 1955 (1914). 

• Marietta Blau, Zeit. Pkys., 34, p. 285. 1925. 

* M, Blau and H. Wambacher, Akad, Wien., 146, 2a, pp. 469 and 623. 

1937. 

21 
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than in a gas, so that the scale of the tracks is much smaller and 
they must be examined under high-power microscopes or be much 
enlarged. In the hands of Powell and his collaborators at Bristol, 
and others, the photographic method has proved of great value. 
For example, balloons can be sent to some 30 km., carrying a stack 
of specially coated photographic plates, suitably wrapped. After 
a pre-arranged time, the load is automatically cut adrift from the 
balloon and descends by parachute. The stack of plates is 
usually recovered intact and the plates are then processed and 
examined under microscopes. 

The photographic observations have shown that the primary 
radiation reaching the earth's atmosphere from space is mostly 
composed of protons and other atomic nuclei moving at very great 
speed. These disintegrate, sometimes into very many fragments, 
on collision with atoms in the upper terrestrial atmosphere and 
these fragments, together with radiation and other fragments 
liberated in turn from other atoms lower in the atmosphere, 
constitute the cosmic radiation experienced at the earth's surface. 

Mesons. —In 1935 Yukawa,^ in developing a theoretical ex¬ 
planation of the forces holding together the nucleons in a nucleus, 
postulated a particle, the meson, with a mass some 200 times that 
of an electron. Some time later, cloud-chamber studies of cosmic 
rays revealed tracks which corresponded, from density of ionisa¬ 
tion and curvature in a magnetic field, to particles of about this 
mass, and intensive study using the photographic emulsion 
technique has disclosed that mesons (formerly also called meso¬ 
trons) are commonly emitted when a nucleus is disrupted and 
that they may have charges of electronic magnitude but of either 
sign or they may be uncharged. These primary mesons are written 
as 7r~^, 7r~ or according to their charge. 

Charged 7 r“-mesons have a mass of about 280 where 
denotes the mass of the electron, and they decay spontaneously 
in a life-time of about 2-6 xlO**^ sec., 2 giving rise to a lighter 
meson, the /^-meson, of similar charge but mass about 215 
The TT'^-meson is repelled by atomic nuclei, but when passing 
through matter, the 7r~-meson has a high chance of entering an 
atom before it decays. When the spontaneous decay tt fi 
occurs, some undetected neutral body of high velocity and small 
rest-mass is postulated, in order to balance momentum and energy. 
Such a neutrino must have a mass less than OT nie. 

Charged ^a-mesons constitute the bulk of the ** hard or pene¬ 
trating component of cosmic rays. The ^a-meson in turn decays, 
after a mean life of some 2 x sec., to form a similarly-charged 
electron, probably also giving rise to two neutrinos. Neutral 

^ H. Yukawa, Pyoc. Phys. Math. Soc„ Japan, 17, p. 48. 1935. (In English.) 

• C. E. Wiegand, Phys. Rev., 83, p. 1085. 1951. 
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TT-mesons have masses of the order 270 nie and extremely short 
life, of order sec., and disrupt to give y-racliation which in 

turn gives rise to cascade showers of electron-pairs (positive and 
negative) and photons, these accounting for the “ softcom¬ 
ponent of cosmic radiation. 

The primary cosmic radiation contains nuclei of elements up to 
about iron (Z”26). These nuclei, on making collisions with 
molecules in the very high atmosphere, at heights mostly over 
60,000 ft., disrupt more or less completely, eacli giving rise to a 
shower of nucleons and 7r-mesons and the nucleons in turn give 
rise to more 7r-mesons by collision farther down in the atmosphere. 
The jLt-mesons observed lower still arise by decay of the 7 r-mesons. 

More massive mesons, known as r-mesons, wdth mass of the 
order 1000 have been detected on a number of occasions and 
still more types may exist. The terms p-meson and a-meson 
were provisional names referring to the originators of certain types 
of track: the a-mesons produced observable disintegrations and 
the p-mesons did not. In fact a-mesons are now believed to be 
/Lt"-mesons, and p-rnesons to be a mixture of /x+, and perhaps 
some TT‘^-mesons. 

For a fuller account the reader may refer to the article 

Mesons by C. F. Powell in Reports on Progress in Physics (The 
Physical Society), Vol. XIII (1950), p. 350. 

Nuclear Fission. —It has been mentioned (p. 511) that mass and 
energy are regarded nowadays as equivalent and the stability of 
nuclei may be discussed from this point of view. Thus the 
nucleus of the commonest isotope of uranium, has 92 pro¬ 
tons with a combined mass of 92x l*00758=92-6973 a.m.u. 
(atomic mass units) plus 146 neutrons, of 146 X 1-00894—147-3053 
a.m.u. Allowing 92 x0-000549=0-0505 a.m.u. for the 92 extra- 
nuclear electrons, the total mass of the constituents of the neutral 
atom is 240-053 a.m.u., while the observed mass of the atom is 
238-136. Thus if such an atom could be formed from its con¬ 
stituent particles, energy equivalent to T917 a.m.u, would be 
radiated, some 1-917 x l* 66 x 10-“24x9x 102o=:2-9 x 10*^erg, since 
1 a.m.u. — 1*66 X 10“24 erg. The other factor is (p. 511). This 
energy is equivalent to some 1800 Mev. 

Despite this mass-deficit or binding energy, which precludes 
spontaneous disintegration into its constituents, the uranium 
nucleus might conceivably break into fragments of even greater 
total binding energy. Thus in the various steps in a radioactive 
series, the total mass-defect (including where appropriate that of 
emitted particles) continually increases. Now the binding energy 
per nucleon is much higher for elements of moderate atomic 
number, where the neutron : proton ratio is roughly unity, than 
it is for the heavy atoms. In consequence, the fission of a heavy 
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nucleus into two or more parts of comparable mass would in 
many cases be accompanied by the liberation of energy. 

We know now that Hahn, Meitner and Strassmann obtained 
fission of uranium in 1934 by neutron bombardment of uranium, 
but at the time the observed rise in radioactivity was wrongly 
attributed to the creation of elements of higher atomic number. 
The incorrect hypothesis was disproved by Curie and Savitch in 
1939, and in the same year Hahn and Strassmann demonstrated 
the true nature of the process. The uranium nucleus first absorbs 
the neutron, forming the unstable isotope and this then dis¬ 
integrates into nuclei of unequal but comparable mass, not always 
in the same way. Many elements have been detected in the 
fission products. They all have neutron ; proton ratios nearer 
to unity th.an for the original nucleus and hence several fresh 
neutrons may be liberated by each fission. 

"5|1J only gives fission when struck by a fast neutron, although 
it will absorb neutrons of lower velocity, witliout fission. The 
isotope U, which constitutes 0*7 per cent of natural uranium, 
will give fission with both fast and " slow '' neutrons. hJeutrons 
may be slowed down by passing them through material containing 
light nuclei, hydrogen, deuterium (heavy hydrogen, ‘fH) and 
carbon being especially suitable. Fast neutrons can also give 
rise to fission in thorium. 

The liberation of fresh neutrons by a fission makes possible a 
chain reaction, which can be controlled in an atomic (or more 
appropriately, nuclear) pile or nuclear reactor, containing uranium 
rods fitted into a matrix of graphite, and adjustable rods or 
screens of cadmium or other material capable of absorbing 
neutrons. The graphite serves as moderator, that is to say, it 
slows the neutrons to the low velocities which are especially effec- 
tive in producing the fission of Some neutrons generated 

by fission escape or are absorbed; for a .steadily maintained re¬ 
action, on an average one neutron from each fission must induce 
a further fission and the rods or screens may be adjusted to attain 
this condition. The large thermal energy which may be liberated 
can be removed by a cooling agent, which may be water or a suit¬ 
able gas flowing in tubes in and around the pile. 

Within the reactor there is an intense flux of neutrons and many 
nuclear reactions can be produced by placing samples inside the 
pile. The main uranium isotope 2 38u itself provides an important 
example, giving first a short-lived radioactive isotope: 

T 2 U+Jn ^l^+y rays. 

This isotope decays by j8-emission, with a half-life of 23 min., to 
give a new element of atomic number 93, neptunium : 

(electron). 
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In this ])rocess, a neutron is presumed to change into a proton. 
Neptunium has a half-period of 2.3 days, and gives rise to pluto¬ 
nium : 

^S'Np -> “3JPu-f_?^+y rays. 

Plutonium has a long half-value period, some 24,000 yrs. It 
decays by a-emissioii and gives rise to the rarer uranium 

isotope. It is therefore shown on the chart of p. 539 as a pro¬ 
genitor of Ihe actinium series, altlioiigh in the course of geo¬ 
logical time it, and its parent element, have decayed completely, 
'riie very small amount of ])Iutonium found in nature has pre¬ 
sumably been generated fr(jm uranium by neutron action and 
does not represent aii}^ residuum from the initial elements which 
gave rise to this family. 

Plutonium is readily fissionable by neutrons and when it splits 
it liberates further neutrons, so that it may be used for a chain 
reactor. If a block of plutonium has sufficient volume and 
compac'tness to ensure the utilisation of an adequate proportion 
of the emitted neutrons, since there are always sufficient stray 
neutrons to initiate the process, the mass will spontaneously ex¬ 
plode. 'rims one way to produce and fire a nuclear bomb is to 
bring into effective contact two or more ])ortions of plutonium, 
each separately below the critical size for spontaneous disin- 
tc‘grati()ii. may also be used. 

Artificial Isotopes. —By means of artificial sources of swift 
particles, and particularly of neutrons, a very great number of 
nuclear reactions have been produced, and many of these result 
in the production of new isotopes. Some 300 different isotopes 
have been recognised in nature, but already far more have been 
])roduced artificially than previously existed. 

The majority of the new isotopes are elements already known, 
but some quite new elements have been produced. These include 
some elements previously missing from the Periodic Table [e.g. 
astatine, a halogen, Z=85, and francium, an alkali, Z—87) and 
several trans-uranic elements. These, all radioactive, include; 

93 Neptunium (Np); 94 Plutonium (Pu); 95 Americium (Am); 

96 Curium (Cm); 97 Berkelium (Bk); 98 Californium (Cf); 

99 Einsteinium; 100 Fermium; 101 Mendelevium. 

These elements are chemically closely allied and comprise a series 
somewhat like the rare earths (cf. pp. 614-5). 

Artificial isotopes have already found many uses, especially the 
strongly radioactive ones. Detection of radiations from these is 
such a delicate method of indicating their presence that a very 
small quantity of a radioactive isotope may be used as a tracer^ 
enabling the progress of the sample containing it to be followed» 
The rest of the sample, if composed of another isotope, will 
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behave chemically and physically in exactly the same way, or 
almost so, and the two isotopes therefore pursue the same course. 
In this way radioactive forms of carbon, sodium, phosphorus, 
iodine and many other elements are used to indicate the utilisation 
of foodstuffs by plants and animals and the exchanges of elements 
between tissues. Among many engineering applications, the 
transfer of traces of material in sliding friction may be followed. 
In some cases the flow and mixing of chemicals may be followed 
by detectors which are outside the system studied. I'racer 
techniques are also used in fundamental studies of chemical 
reactions. 

Further Reading in Nuclear Physics. —^'fhe reader who wishes to 
pursue further this rapidly growing subject should find any of the 
following books useful: 

S. Glasstone, Sotcrccboak on Atomic Energy (Van Nostrand: Macmillan, 
1950)—a mine of information; 

J. M. A. Lenihan, Atomic Energy and its Applications (l^itman, 1954)-— 
a concise treatment covering all branches of the subject; 

E. C. Pollard and W. L. Davidson, Applied Niiclcar Physics (Wiley: 
Chapman & Hall, 2nd ed., 1951); 

W. J. Whitehouse and J. L. Putman, Radioactive Isotopes (Oxford 
University Press, 195v3); 

E. Bleuler and G. J. Goldsmith, Experimental Nncleonics (Rinehart: 
Pitman, 1952); 

G. B. Cook and J. F. Duncan, Modern Radio-chemical Practice (Oxford 
University Press, 1952); 

R. Stt'phenson, Introduction to Nuclear Engineering (McGraw-Hill, 
1954). 



NOTES ON ATOMIC TABLES AND CHARTS 
ATOMIC CHARTS, pp. 628-9 

For each known element, the following information is given: 

1. Atomic number (Z) (see p. 496). 

2. Name and chemical symbol. 

3. The ap])roximate masses of all its well-established isotopes, 
distinguishing between stable and unstable (i.e. radioactive) 
forms (see pp. 503, 539). 

4. The arrangement of the electrons in the neutral atom (p. 610). 

Additional information about percentage abundance of naturally 
occurring isotopes and the half-value periods (p. 526) of the radioactive 
isotopes will be found in Tables of Physical and Chemical Constants by 
G. W C. Kaye and T. H. La by (Longmans, Green & Co., Ltd.). 

The electronic chart not only gives the distribution of the Z electrons 
of the neutral atom of the element of atomic number Z, but also 
indicates qualitatively the shrinking in size of the various levels as the 
nuclear charge ifLe) increases. Completed shells are indicated by 
shading and completed sub-shells by dots. Some of the assignments 
to levels are provisional only. 

THE PERIODIC TABLE, p. 630 

The arrangement of the elements in this table follows broadly the 
scheme due to Mendeleef. Each entry gives the atomic number, 
chemical symbol and atomic weight of the element. Where the 
element is only known in the form of artificial isotopes, the approximate 
“ atomic w^eight " (rounded off to the nearest integer) of the most 
stable isotope (the one of greatest half-value period) is given in brackets, 
thus: 

45 Tc 
[99] 

For a discussion of the relationship of the periodicity in properties 
of the elements to the electronic structure displayed on pp. 628-9, 
see p. 613. Each structure may be regarded as derived from the one 
preceding by the addition of an electron. Where this extra electron 
does not enter the outermost shell, the symbols *, f are used to indicate 
whether the shell enriched is one place or more below this outer one. 
Some of these cases, especially at the end of the table, are conjectural. 

Until recently, the elements thorium (90 Th), protoactinium (91 Pa) 
and uranium (92 U) were generally assigned respectively to groups 
IV, V, VL The Table shows them in brackets in this position ; the 
more modem practice is to place them, as shown, in an actinide series 
analogous to the lanthanide rare-earth series. 
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Z Element 

1 Hydrogen 

2 Helium 

3 Lithium 

4 Beryllium 

5 Boron 

6 Carbon 

7 Nitrogen 

8 Oxygen 

9 Fluorine 

10 Neon 

11 Sodium 

12 Magnesium 

13 Aluminium 

14 Silicon 

15 Phosphorus 

16 Sulphur 

17 Chlorine 

18 Argon 

19 Potassium 

20 Calcium 

21 Scandium 

22 Titanium 

23 Vanadium 

24 Chromium 

25 Manganese 

26 Iron 

27 Cobalt 

28 Nickel 

29 Copper 

30 Zinc 

31 Gallium 

32 Germanium 

33 Arsenic 

34 Selenium 

35 Bromine 

36 Krypton 

37 Rubidium 

38 Strontium 

39 Yttrium 

40 Zirconium 

41 Niobium 

42 Molybdenum 

43 Technetium 

44 Ruthenium 

45 Rhodium 

46 Palladium 

47 Silver 

48 Cadmium 

49 Indium 

50 Tin 

51 Antimony 

52 Tellurium 

53 Iodine 

54 Xenon 
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Z Element 
SB Caesium 

56 Barium 

57 Lanthanurr. 

58 Cerium 

59 Praseodymium 

60 Neodymium 

61 Prometheum 
67 Samarium 

63 Europium 

64 Gadolinium 

65 Terbium 

66 Dysprosium 

67 Holmium 

68 Erbium 

69 Thulium 

70 Ytterbium 

71 Lutecium 

72 Hafnium 

73 Tantalum 

74 Tungsten 

75 Rhenium 

76 Osmium 

77 Iridium 

78 Platinum 

79 Gold 

80 Mercury 
61 Thallium 

82 Lead 

83 Bismuth 

84 Polonium 
65 Astatine 

86 Radon 

87 Francium 

88 Radium 

89 Actinium 

90 Thorium 

91 Protactinium 

92 Uranium 

93 Neptunium 

94 Plutonium 

95 Americium 

96 Curium 

97 Berkelium 

98 Californium 


21 * 


I7» 4 


N shell 


rn.5 O shell 



Stable isotopes 
Radioactive isotopes 


O 

o 


Where both stable and radioactive isotopes of an 
element exist having the same mass, the stable 
form is indicated. 
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4. What is an electrical image? 

A point charge is placed 3 cm. in front of an infinite plane conductor. Show 
that the total induced charge on the portion of the plane which is contained by 
the circumference of a circle of radius 4 cm., and whose centre is the loot of the 
perpendicular let fall from the point charge on to the plane is numerically f of 
the point charge. (L.U., B Sc. Hon Internal.) 

5. Show that the amount of energy per unit volume of an electric field at any 


point P in the field is —— , where k is the specific inductive capacity and R 

OTT 

the electric intensity at P. 

6. Show that the electric force close to a charged surface is normal to the 
surface and equal to 477 a, where a is the surface density of charge. 

Show also that the force acting on unit area of the surface is 27ra* along th<5 
direction of the normal. (L.U., B.Sc. Hxt.) 

7. Describe the application of the method of images to the solution of electro- 
static problems. 

8. Show that in passing from one dielectric to another, electric lines of force 
undergo a change in direction. 

9. Find the force with which a point charge of electricity and a conducting 
fiphere attract each other when the sphere is earthed. [q^rd{d^ 

10. What is meant by an electrical image ? A charge of electricity is 
situated at a distance / from a large earthed plane conducting sheet. Find the 
distribution of the induced charge in terms of the distance from the pioint. 
(L.U., B.Sc. Ext.) 

11. Find an expression for the force per square centimetre of surface on a 
conductor due to its charge. What charge must there be upon a soap bubble 
of radius 1 \ cm, if the air pressure is the same inside and outside of the bubble, 
assuming the surface tension to be 27 ? (L.U., B.Sc. Hon. Internal.) [95-7 e.s.u.] 

12. Show that if there is no force inside a uniformly charged spherical surface 


the law of force between two charges and is where r is the distance 

between the two points at which and are situated. (L.U., B.Sc. Hon. Ext.) 

13. Show how the induced electrihcation distributes itself on a conducting 
sphere placed in a uniform field. (L.U., B.Sc. Hon. Internal.) 

14 Explain the method of electrical images for the solution of problems in 
electrostatics. 

Find the distribution of electricity produced on a conducting sphere insulated 
without charge, when a point charge is placed near it. (L.U., B.Sc. Hon. Ext.) 

la-qr^i-~^l4-nPU>+ql4nrd.] 


Examples V 

1. Two spheres of radii 5 and 10 cm., re.spectively have equal charges of 

50 units each. They are then joined by a thin wire so that their charges are 
shared between them. Calculate the total energy before and after sharing. 
What becomes of the difference of energy ? {L.U., B.Sc. Internal.) [375 ergs; 

333J ergs.] 

2. Describe some form of absolute electrometer and give the theory of its 
action. (L.U., B.Sc. Hon. Internal.) 

3. Define accurately the term capacity of a condenser, and show which has 
the greater capacity, the inside or the outside coating of a Leyden jar. 

Find the capacity of a sphere of 15 cm. diameter inside which there is an 
earthed concentric sphere of 10 cm. diameter. (L.U., B.Sc. Ext.) [22-5 e.s.u.] 

4. The ends of a metal tube of radius project into two larger tubes of radii 
r, and r,, the radii being small compared with the lengths of the tubes, and 
the axes being all in the same line. Find the force in dynes on the inner tube 
when the potentials of the three conducting surfaces are Vj, t/,, and v, respectively. 
(L.U., B.Sc. Hon. Ext.) [v, -if,)V910 logi^ (r,/ri) —(Vi— 1;,)*/0'21 logiJr^jr^,] 

5. A wire 1 mm. in diameter is stretched along the axis of a conducting 
cylinder whose internal radius is 1 cm. Calculate the capacity of the structure 

unit length. (L.U., B.Sc. Ext.) [0*1669 e.s.u. per cm.] 
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6. How would you determine the specific inductive capacity o< a solid sub¬ 
stance. being given a slab of the material in question ? 

7. Given a standard condenser of 1/3 microfarad, how would you use it to 
determine a very small capacity {e.g,, about the ten-thousandth part of the 
standard) ? 

8. Find the capacity, per square centimetre, of a condenser formed of two 

parallel conducting planes of inhnite extent when the intervening gap consists 
of 8 mm. of air and 4 mm. of a substance whose dielectric constant is 5. (L.U., 

B.Sc. Ext.) [0 0904 e.s.u. per sq. cm ] 

9. Deduce an expression for the electrostatic capacity of two coaxial metallic 
cylinders separated by a layer of air. Investigate the effect of inserting between 
the cylinders a coaxial cylindrical shell of a diflectnc substance of thickness less 
than that of the layer of air. (L.U., B Sc. Hon Ext.) 

10. Describe some form of quadrant electrometer and deduce a formula foi 
use with it, {L.U., B.Sc. Ext.) 

11. Two parallel conducting plates are maintained with a constant difference 
of potential between them. Find the ratio of the attractions between the 
plates when air is the only medium separating them, and when a sheet of non¬ 
conducting material whose thickness is two-thirds of the distance between the 
plates and whose dielectric constant is 6, is inserted. [16/81] 

12. A cable consisting of a solid conductor of 6 mrn. diameter is surrounded 

by two layers of insulating material, separated by a thin conducting layer, the 
inner having a thickness of 3 rnm. and a dielectric constant 7, and the other a 
thickness of 4 mm. and dielectric constant 5. Outside this is an earthed con¬ 
ducting sheath. Find the ratio of the falls of potential m the two insulating 
layers. On gradually raising the potential difference between the inner con¬ 
ductor and the earthed sheathing, which of the layers will first break down in 
insulation, assuming the electric strength of tlie two insulating materials to be 
the same ? {L.U., B Sc. Hon. Internal ) [0-969, inner.] 

13. De.fine the terms electrical potential ; capacity o/ a condenser. 

A condenser is made up of two concentric spheres of thin metal, radii 5 cm. 
and 8 cm. respectively, and there are no other conductors in the neighbourhood. 
If a charge -f 5 e.s.u. is given to the inner sphere, and 4- 15 e.s.u. to the outer 
sphere, calculate the potentials of the spheres and state how the charge is 
distributed on the outer sphere. (L.U., Scholarships.) [2-875 inner; 2*5 outer; 
— 5 e.s.u., 4-20 e.s.u ] 

14. Prove Gauss's theorem in electrostatics. 

Find the capacity of unit length of a cylindrical condenser of which the con¬ 
ductors have radii 2-5 cm and 4-5 cm respectively, and the dielectric consists 
of two layers whose cylinder of contact is 3*5 cm. in radius ; the inner layer having 
a dielectric constant 4 and the outer layer a dielectric constant of 6. (L.U., B.Sc. 

Internal.) [3-98 e.s.u. per cm.] 

15. Obtain an expression for the stress on the surface of a charged conductor 
in terms of the electric intensity at the surface and the dielectric constant of 
the material outside it. 

A condenser consists of two coaxial cylinders of radii 5 and 10 cm., separated 
by a medium of dielectric constant 3. Calculate the pull on each of the charged 
surfaces per unit area when the potential difference between the cylinders is 
200 volts. (L.U., B.Sc. Internal.) [0-00442 dyne cm.-* on inner; 0*00110 dyne 
cm.-* on outer.] 


Examples VT 

1. Describe some method of determining the specific resistance of an electrolyte. 

2. State the evidence, derived from the facts of electrolysis, that electricity is 
atomic in structure. (L.U., B.Sc. Internal.) 

3. Describe the phenomenon of electrolytic conduction and explain how ionic 
velocities have been found. 

4. Give a short account of the ionic theory of electric conduction in electro¬ 
lytes. and explain why a difference in potential should be expected when diffusion 
of a salt takes place. 

5. Discuss the relation between the K.M.F. of a Daniell cell and the chemical 
changes which take place in it. (I-U.« Hon. Snbsid.l 
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6. What is meant by the velocity of an ion in electrolysis, and how is it 
measured? 

7. Describe Kohlrausch’s method of determining the resistance of an electro¬ 
lyte ; and explain how from a knowledge of the conductivity of salt solutions, 
the degree of dissociation of a solution of given strength is usually calculated. 
(L.U., B.Sc. Internal.) 

8 . Explain how the velocities of the ions in an electrolyte have been ascer¬ 
tained, and describe a method of directly observing an ionic velocity. (L.U * 
B.Sc. Internal.) 

9. Find a relation between the rate of change with temperature of the electro¬ 
motive force of a reversible cell and the other constants of the cell. (L.U., B.Sc. 
Hon Internal.) 

10 A sphere of unit radius contains a solution of hydrochloric acid in which 
the density of the acid is 10“^ gramme per cubic centimetre. Calculate the 
electric force in volts per centimetre at the surface of the sy>here if 1 per cent, 
of the chlorine ions w'ere removed from the solution, the electrochemical equiva¬ 
lent of hydrogen being 0 000104 gramme. (Atomic weight of chlorine —35’5, 
hydrogen = 1 01.) [1 003 x 10'® volts per cm.] 

Hence, show that it would be impossible by employing forces of the order of 
a volt per centimetre to produce any separation of H and Cl ions in the solution 
that could be estimated chemically. (L.U., B.Sc. Ext.) [4 06 xl0“‘* gm cl.] 

11. Two liquid resistances, A and B, of 5 and 10 ohms resf)ectively. are con¬ 
nected in parallel, and a battery of electromotive force 8 volts and 2 ohms 
internal resistance is used to send a current through them 

Find the currents in the two Inprids, being given that the electromotive force 
of polarisation is 01 volt in A and 1-8 volts in B. (L.U., B.Sc. Ext.) [A, 103, 
B, 0-345 amp.] 

12 Explain how the electromotive force of a cell may be deduced from the 
quantities of heat evolved in the chemical reactions that take place in the cell, 
and show that the correction for the temperature-variation of the electromotive 

d'E 

force is T 3 ^. (L.U., B Sc. Hon. Ext.) 

a I 

13. Give an account of experiments to determine the transport numbers for 
ions in electrolysis. (L.U., B Sc Hon. Internal.) 

14. Show how the velocity of electrolyte ions in an electric field can be 
calculated from measurement of the specific resistance, and of the transport ratio. 

Describe, mentioning necessary precautions, experiments by which this velocity 
is directly measured (L.U., B.Sc. Internal.) 

15. What is meant by the terra Solution Pressure used in connection wdth 
Voltaic cells ? Show how an expression for the electromotive force developed 
has been deduced through this conception. (L.U., B Sc. Hon. Internal.) 

16. Explain the meaning of the expression** u and v the mobilities of the ions 
in electrolysis." 

Show that if in the electrolysis of a solution 10-36 Xl0“* gramme equivalents 
of each ion are liberated by the passage of an ampere for a second, 

10-36 X 10-•/i/N 

when k is the conductivity of the electrolyte and N the number of gramme equiva¬ 
lents of dissolved salt per cubic centimetre of the solution. (L.U., B.Sc. Ext.) 

17. Deduce from thermodynamical principles an expression for the rate of 
change of the E.M.F. of a reversible cell with temperature. 

A certain reversible cell has an E.M.F. of 1 volt at 0° C. Assuming that the 
energy provided by the chemical reactions occurring in the cell amounts to 0-26 
calories per coulomb passing through it, calculate the change in its E M.F. when 
its temperature is raised from 0° C. to 1® C. (L.U., B.Sc. Ext.) [0*000324 volt.] 

Examples VII 

1. What are the Peltier and Thomson coefficients and how are they represented 
on the tl srmo-electric diagram? (L.U., B.Sc. Internal.) 

2. Give the theory of thermo-electromotive force, and show that the coefficient 
of the Peltier efiect 
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T being the absolute temperature of the junction, and E the whole E.M.F, 
acting ID the circuit. (L.U., B.Sc. Hon.) 

3. What is the Thomson thermo-electric efiect ? Give the reasoning which 
led to its discovery. 

4. Write a short essay on the use of thermo-couples to measure temperature, 
and describe the determination of the temperature at which a molten mixture of 
two metals solidifies. 

5. Prove that the coefficient of the Peltier effect at a given junction is the 
product of the absolute temperature of the junction and the rate of change of 
the whole E.M.F. of the circuit with the temperature of that junction. (L.U., 
B.Sc. Hon. Internal.) 

6 . What is meant by the specific heat of electricity ? Assuming that the 
E.M.F. of a circuit of two metals with the cold junction kept at constant tem¬ 
perature varies with the temperature of the hot junction according to a parabolic 
law, show that the difference of the specific heats of electricity in the two metals 
is proportional to the absolute temperature. (L.U., B.Sc. Hon. Internal.) 

7. The thermo-electric power of iron is 17*34 micro-volts per degree at 0° and 
12-47 at 100 °. that of copper is 1-36 at 0° and 2*31 at 100°. Construct a thermo¬ 
electric diagram for these metals, lead being the standard ; and state how the 
amounts of heat absorbed and given out in the different parts of a copper-iron 
circuit with its junctions at 0 ° and 100 °, when there is a current of 1 ampere, 
are shown in the diagram. 

Calculate also the electromotive force in volts. (L.U., B.Sc. Internal.) [0*1307 
volt.] 

8 . Explainclearly what is meant by the‘‘specific heat of electricity." 

Along a metal rod whose area of cross-section is 1 sq. cm. there is a uniform 
temperature gradient of 1 ° C. per centimetre. The specific resistance of the 
material of the rod is 150 microhms per cm. cube. When a current of 0*05 
ampere is sent from the hot to the cold end the temperature gradient is unaltered. 
Calculate the specific heat of electricity for this metal. (L.U., B.Sc. Internal.) 
[a= —7-5 X 10"* volt per dt^gree centigiade.] 

9. The E.M.F. in a simple thermo-electric circuit, one junction of which is 
heated while the other is kept at 0° C., is given by the expression E = 6 f 4 -c<* 
where t is the temperature of the hot junction. Determine the neutral tempera¬ 
ture, and the Peltier and Thomson effects in the circuit. 

Explain the theory on which the.se determinations are made. (L.U., B.Sc. 
Hon. Internal.) [/«= —6/2c; 7r= (/-f 273)i6-f 2c/); aa=2c(/-l-273).] 

10. Describe how you would measure the thermo-electric power of copper 
with respect to iron at various temperatures. 

The thermo-electric power of iron is 17*5 micro-volts per degree at 0° C. and 
is zero at 360° C.; the thermo-electric power of copper is 5 micro-volts per degree 
at 450° C., and zero at —50° C. Draw the thermo-electric lines for these ele¬ 
ments and deduce a value for the E.M.F. in a copper-iron circuit when the cold 
junction is at 0° C., and the hot junction is at the neutral temperature. (L.U., 
B.Sc. Internal.) [2465 microvolts.] 

Examples VIII 

1. Describe some lorm of suspended coil gal v*anometer stating the conditions 
under which it is ( 1 ; dead beat or ( 2 j ballistic. 

2. Deduce an expression for the woik done in taking a unit magnetic pole 
round a closed contour embracing an electric current. The internal and external 
radii of an anchor ring are 9 and 10 cm. respectively. If the ring is wound 
with 1,000 turns of wire carrying a current of 2 amperes, find the magnetic 
intensity at a point 9-2 cms. from the axis. (L.U., B.Sc. Ext.) [43*48.] 

3. Prove the formula for calculating the magnetic field inside a long helix at 
points distant from the ends. Suggest a method for measuring the field inside 
experimentally. (L.U., B.Sc. Internal.) 

4. Find an expression for the magnetic potential at any point due to an electric 
current Sowing round a closed circuit. Hence, or otherwise, calculate the 
galvanometer constant of the Helmholtz form of tangent galvanometer, in 
which two coils are placed parallel to each other at a distance apart equal to the 
radius of either. (L.U., B.Sc. Internal.) l^lnnlaV 125 abs.] 
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5. A solenoid of 1000 turns is wound uniformly in a single layer on a tube 
50 cm. long and 10 cm. diameter. Determine the strength of the magnetic field 
in C.G.S. units, (a) at the centre of the solenoid, {b) at the centres of ends when 
a current of 0*1 ampere flows through the wire. (L.U., B.Sc. Hon.) [(a) 2-494; 
(6) 1*250.] 

6 . An electric current of 1 ampere flows round a circular circuit, the radius 
of which is 10 cm. Determine the strength and direction of the magnetic field 
at a point on the line drawn through the centre of the circle perpendicular to its 
plane and 10 cm. distant from the plane of the ring. [ 0-0222 c.g.s.] 

7. Explain the method of measuring the earth’s magnetic field by means of 
an inductor and ballistic galvanometer. (L.U., B.Sc. Internal.) 

8 . Two circular coils of wire are placed with their planes parallel to each 
other at a distance of 5 cm. apart. The larger coil has a radius of 10 cm. and 
30 turns of wire, the smaller a radius of 2 cm. and 20 turns of wire. Calculate 
approximately in grammes weight the mechanical force between the coils when 
a current of 1 ampere is passed through both, proving any formula used. 

Show how the principles thus illustrated are applied practically in the ampere- 
balance. (L.U., B.Sc. Hon. Ext.) [0 00415 gm. wt.] 

9. Find an expression for the mutual potential energy of a magnetic shell 
and an external magnetic system. Show that if the shell forms a closed surface 
it will exert no action on a magnet inside it. (L.U.. B.Sc. Hon. Internal ) 

10. Find the law of refraction of magnetic lines at a surface at which the 
permeability of the medium changes. 

Draw incident and refracted lines for media whose permeabilities are in the 
ratio 1*5, when the incident line makes an angle of 45 with the normal to the 
surface (a) in the medium (1), (fc) in the medium (2). (L.U., B.Sc. Hon. Ext.) 

[(a)33‘‘4r; (b) 56° 19'.] 

Examples IX 

1. In what respects do the magnetic properties of iron and steel differ ? 
Define the terms intensity of magnetisation (1), induction (B), and magnetic 
force (H). 

How do you obtain the relation 

B = H-f47rI, 

eithertheoretically or experimentally ? (L.U., B Sc. Ext.) 

2. Show in what features a magnet circuit is analogous to an electric circuit. 

In what respects does the analogy fail ? {L.U., B.Sc. Internal.) 

3. Show that the work per cubic centimetre performed in taking a specimen 
of iron through a cycle of magnetisation is represented by the area of the cycle 
upon the H—I diagram. Describe how the energy loss due to hysteresis may 
be determined for a given material. (L.U., B.Sc. Hon Internal.) 

4. Define magnetic induction B and magnetising force H, and give an account 
of an experimental method of determining their relation for a specimen of soft 
iron. (L.U., B.Sc. Internal.) 

5. Explain what is meant by residual magneti.sm, coercive force, permeability. 

Draw a curve showing the manner in which the magnetisation of a soft iron 

rod varies as the magnetising field is taken through a cycle, and state in a general 
way how from this diagram you would obtain the residual magnetism and 
coercive force. 

6 . Define magnetic force H and magnetic induction B. Show that the 
energy per unit volume of the magnetic field between two plane poles is given 

by (L.U., B.Sc. Ext.) 

7. Discuss the effects of and the methods of dealing experimentally with free 
magnetism in the measurement of magnetic permeability. Find an expression 
for the effect of a thin radial crevasse upon the magnetisation of an anchor ring. 
(L.U., B.Sc. Hon. Internal.) 

8 . What is the general character of the magnetic permeability of iron (a) in 
very strong, (6) in very weak fields ? How has the latter been experimentally 
investigated? (L.U., BSc Hon. Internal.) 

9. What is meant by hysteresis, and by a cycle of magnetisation ? 

Prove that the area of the H. B cycle denotes 4tr times the energy dissipated 
per c c. of metal during each magnetic cycle. (L.U., B.Sc. Internal.) 
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10. A long solenoid of ten turns to the centimetre contains an iron rod 2 cm. 
diameter cut in two. Find the force necessary to separate the two halves of 
the rod when a current of 3 amperes is flowing in the solenoid; given that on 
reversing this primary circuit 60 micro-coulombs flow through a secondary 
circuit of ten turns wound round the iron rod, and having a total resistance of 
100 ohms. (L.U., B.Sc. Internal.) [1139x10^ dynes.] 

11. Describe the effect of temperature on (1) the magnetisation of iron under 
small magnetising forces : (2) the maximum intensity of magnetisation of the iron. 

12. Describe the ballistic method of determining the relation between the 
magnetisatifin and the magnetising field in iron in the form of a ring. 

13. Explain some method of measuring the energy lost through magnetic 
hysteresis, and describe some of the principal results of experiment. 


Examples X 


1 . Define the coefficient of self induction or inductance of a circuit. Cal¬ 
culate approximately the inductance of a long straight cylindrical solenoid of 
radius r and length I, wound uniformly with N turns of wire per unit length. 
[4^2y2N*/ X 10 ”® henries.] 

2. Discuss the production of electric oscillations in a circuit containing 
capacity and inductance. 

3. De.scribe some accurate method for the measurement of a high resistance. 

A condenser of caj>acity 0-5 microfarad and resistance 10 megohms is charged 
to a certain potential and then insulated. Find the time the potential will take 
to fall to half its original value (iog« 2 ==0-6931). (L.U., B.Sc. Internal.) [3-465 

sec.] 

4. Define *' self-inductance of a circuit/' and describe in detail any two 
phenomena which depend upon it. (L.U., B.Sc. Internal.) 

5. Establish the equation representing the di.scharge of a condenser through 
an inductive circuit. Under what conditions will the discharge be oscillatory ? 
Determine the frequency of the oscillation in the case of a Leyden jar of capacity 
0-001 microfarad, di.scharged by “ tongs," the circuit having an inductance of 
0-003 henry. (L.U., B.Sc Hon.) [91910 cycles per sec.] 

6 . Assuming the equation 


R* = E — »S 


dB 

dt 


for the current i in a solenoid of n turns wound round a long iron bar of section 
S, show that B = H-f-4TrI, where I is the intensity of magnetisation of the iron 
and H the magnetic force due to the current in the solenoid. (L.U., Ext. Hon.) 

7. A solenoid coil 70 cm. in length, wound with 30 turns of wire per centi¬ 

metre, has a ladius of 4-5 cm. A second coil of 750 turns is wound upon the 
middle part of the solenoid. Calculate the coefficient of self-induction of 
the solenoid and the coefficient of mutual induction of the two coils. Will the 
inductance of the solenoid be affected by short circuiting the ends of the secondary 
coil ? (L.U., B Sc. Internal.) [50-36 m.h. ; 17-99 m.h. ; yes.] 

8 . Find whether the discharge of a condenser through an inductive circuit is 
oscillatory when 

{a) Capacity=2 microfarad. L=0-15 henry, and R=150 ohms. [Yes; 279*5] 

(fc) C—1-5 m.f., L=0-015 hy., and R= 1000 ohms. [No] 

{c) C=10”*m.f., L=0-0125 hy., and R=: 100 ohms. [Yes; 

1-423 X 10*] 

and when oscillatory, find the frequency. 

9. Find approximately the frequency of oscillation when a condenser of 0-75 

microfarad capacity discharges through a circuit consisting of a solenoid of 1200 
turns and length 80 cm. wound upon a long iron rod of diameter 0-75 cm. and 
permeability 850. [630-6 cycles per sec.] 

10. State the law of electromagnetic induction and explain how it is mathe¬ 
matically formulated. 

An earth inductor (200 turns of wire of mean diameter 40 cm.) is placed with 
the diametral axis about which it revolves horizontal and in the magnetic 
meridian. If the value of H is 0*2 gauss and the angle of dip is 60® find an 
expression for the voltage generated in the coil when it rotates 10 times per 
second. (L.U., B.Sc. Ext.) [V«54*7 sin 20trf m.v.] 
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1. Two points, to which an alternating E.M.F. is applied, are connected by a 
circuit containing capacity and inductance : give a method by which the current 
and its lag behind the E.M.F. may be determined. 

Find the current if maximum E.M.F. = 200 volts, frequency = 50, resistance 
■=10 ohms, inductance = 01 henry, capacity = 1 microfarad, [0 0897 sin (lOOw/ 

2. Distinguish between the mean value and the root mean square value of an 
alternating current. Find the relation between them. 

Prove that the power absorbed by a coil traversed by an alternating current 
IS ET cos d, where E and I are the root mean S(piare values of the E.M.F. and 
current respectively, and 0 is the difierence in phase between these two quantities. 

3. Find an exjiression for the current at any moment in a circuit of given 
resistance and capacity when subject to a simple harmonic E M.F. 

4. An alternating E.M.F. is applied to a circuit A. Show that the presence of 
a neighbouring circuit B has the apparent effect of increasing the resistance 
of A and diminishing its self-induction. (L.U., B Sc. Hon.) 

5. Describe Kelvin's ampere-balance, and exy)lain its advantages as a standard 
for calibrating ammeters and voltmeters for alternating currents. (L.U., B.Sc. 
Hon. Ext.) 

6 . Exyilain the apparent increase in resistance of a wire with the frequency 
for a rapidly alternating current. (L.U., B Sc. Hon. Internal.) 

7. Describe the construction of an electrostatic voltmeter. An electrostatic 

voltmeter gives deflections of 15. 18. and 21 scale divisions for constant potentials 
of 50, 60, and 70 volts respectively. What deflections will be produced by an 
alternating electromotive force E sin pt (a) when the amplitude E is 70 volts, 
and (b) when E is 90 volts ? (L.U., B Sc. Ext.) [14-85 ; 19 09 ] 

8 . Show that two alternating magnetic fields at right angles to each other 
may be equivalent to a rotating field, and explain how this has been utilised in 
the construction of electric motors, 

9. W'hat IS meant by impedance ? Show how to calculate the current which 
passes through a circuit of known resistance and inductance. 

10. What is an alternating current ? Describe some type of instrument suit¬ 
able for measuring it. 

An in^- adescent lamp is joined in series wdth a 4 microfarad condenser to an 
alternating supply of 50 cycles per sec. If the current is ^ ampere and the 
potential difierence across the lamp terminals is 100 volts, what is the supply 
voltage ? (L.U., B.Sc. Internal.) [222 7 volts (RMS)] 

11. Discuss the difficulties encountered in making an accurate determination 
of the power given to an inductive circuit such as the primary of a transformer, 
and dc.scribe some satisfactory method of making the measurement. (E.U., 
B.Sc. Hon Ext.) 

12. An alternating E.M.F. of 200 volts and 50 periods per second is applied 
to a condenser in series with a 20 volt 5 watt metal filament lamp. Find the 
capacity of the condenser required to run the lamp. (L.U., B.Sc. Hon. Internal.) 
[4 microfarads ] 

13. Show how the closing of the secondary circuit affects the phase and 
current in the primary of an ironless transformer due to an applied alternating 
electromotive force. (L.U., B.Sc. Hon. Internal ) 

14. An alternating electromotive force is applied to a non-inductive circuit 
consisting of a resistance and a capacity in series. Find an expression for the 
current finally produced. 

A condenser of capacity 1 mfd. and a resistance of 50 ohms are connected in 
series with an alternating supply of 100 volts amplitude and frequency 50 cycles 
per second. The addition to the circuit of an inductive coil of negligible resist¬ 
ance is found to cause the current to increase. Explain this and find the value 
of the added self-inductance to give maximum current. State also the value of 
this maximum current. (L.U., B.Sc. Internal.) [10*13 henries ; 2 anip.] 

15. Explain the method of solving alternating-current problems with the aid 
of complex quantities. Investigate by such a method the behaviour of eithef 
(a) a parallel resonance circuit (consisting of a capacity C in parallel with a 
coil of resistance R and self-inductancc i), or {b) an alternating-current bridge 
suitable for the measurement of self-inductance. (L.U., B.Sc. Special Internal.) 
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Examples XII 

1. Describe a method for determining the ohm in absolute measure. 

2. What is meant by the expression " the dimensions of a physical quantity** ? 

Taking as your fundamental quantities time, length, and force, deduce the 

dimensions of energy and electrostatic potential, (L.U., B.Sc. Ext.) 

3. Find the dimensions in mass, length and time, of electric current, capacity, 
and inductance, on both the electrostatic and the electromagnetic systems. 
What important relation involving and k can be deduced from these expres¬ 
sions ? (L U., B.Sc. Hon. Subsid.) 

4. Determine the dimensions of electric resistance in electrostatic and in 
electromagnetic units. 

5 Give Lorenz’s method of determining the value of the ohm in absolute 
measure. 

6 . Examine the dimensions of the quantity kfi where p denotes permeability 
and k dielectric constant. 

7. Ex])lain why the ratio of the electromagnetic units to the electrostatic 
units is so intimately connected with the velocity of light. 

8 . Describe some one method of determining experimentally the quantity 
“ V " involved m the ratio of the two systems of electric units, explaining the 
precautions necessary for an accurate result. (L.U., B.Sc. Hon. Ext.) 

9. Describe some methods by which the units of current and electromotive 
force may be found in the electromagnetic system. (L.U., B.Sc. Ext.) 

10. According to the usual definitions, the dimensions of capacity on the 
electromagnetic system are those of the reciprocal of an acceleration, while on 
the electrostatic system they are simply a length. Show bow these results are 
obtained, and explain the apparent discrepancy. (L.U., B Sc. Internal.) 

11. Define the terms—magnetomotive force, magnetic flux, and reluctance of 
a magnetic circuit. Find the dimensions of these quantities. (L.U., B.Sc. Hon. 
Internal.) 

12. Derive the dimensions of electric charge (a) in terms of those of dielectric 
constant, mass, length and time, and {b) in terms of those of permeability, mass 
and length. Equate the two expressions and discuss the significance of the 
result. (L.U., B.Sc. Subsid. Internal.) 

Examples XIII 

1. How has it been shown experimentally that the current in discharging a 
condenser may be alternating in character ? 

2. Give a short account of how the wave-length of electromagnetic waves in 
air has been determined. (L.U., B.Sc. Internal.) 

3. What method would you adopt to determine the dielectric constant of a 

slightly conducting liquid ? (L.U., B.Sc. Hon. Internal.) 

4. Explain the conditions necessary for periodic electromagnetic disturbances 
to be transmitted through a cable without distortion. (L.U., B.Sc. Hon.) 

5. Prove that in a plane electromagnetic wave the electric field and the 
magnetic field are in the wave front and in directions at right angles to one 
another. 

6 . Show that the discharge of a condenser may be oscillatory, and describe 
a method by which the period of the o.scillations may be measured. 

7. Describe experimental methods of finding the velocity of electromagnetic 
waves along wires. {L.U., B.Sc. Hon. Ext.) 

8 . Write down the fundamental equations of the electromagnetic field, and 
deduce from them the velocity of propagation of a plane electromagnetic wave 
in a medium of dielectric constant k and permeabihty ft. (L.U., B.Sc. Hon. 
Internal.) 

9. Describe the production of electromagnetic waves by means of Herta*S 
oscillators, and show that there is necessarily a relative change in phase of the 
electric and magnetic components accompanying the progress of the disturbance 
outward from the oscillator. (L.U., B.Sc. Hon. Internal.) 

10. Describe any three methods of detecting electric oscillations, and discuss 
their relative advantages. (L.U.. B.Sc. Hon. Internal.) 
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11. Show that the magnetic effects of a current may be regarded as due to 
the motion of the Faraday tubes, and find the paths along which the energy 
travels. (L.U., B.Sc. Hon. Internal.) 

Examples XIV 

1 . Describe experiments which show that the cathode rays are small particles 
of negative electricity. 

2. Describe a method of measuring the velocity of the ions in gases. 

3. Give a brief account of the principal phenomena of cathode rays, and 
explain how the charge carried has been determined. 

4. Give an account of some recent determination of e the electronic charge, 
and give the theory of the method. 

Taking e as 4-7 x 10~^® electrostatic units, the electrochemical equivalent of 
hydrogen as 0 0000104 gm. per coulomb, and the standard density of hydrogen 
as 0 00009 gm. per C.C., estimate the number of molecules per c.c. of hydrogen 
under standard temperature and pressure. (L.U., B Sc. Hon.) [2-762 X 10**.] 

5. How may the electrical conductivity of an ionised gas be determined ? 

What is meant by the saturation current ? (L.U., B.Sc. Ext.) 

6 - Give two methods of finding the ratio of electric charge to mass in the case 
of an ion in a gas. (L.U., B.Sc. Hon. Internal.) 

7. Find the conditions that the effect of a charge situated upon a small 
g)herical drop shall be equal and opposite to that due to surface tension. (L.U., 
B.Sc. Hon. Internal.) 

8 . Describe how the elementary ionic charge has been measured. 

A charged oil drop is suspended by a uniform field of 300 volts per cm., so 
that it neither rises nor falls. Find the charge on it, assuming its mass to be 
9-75 X lO-** gram. (L.U., B.Sc. Ext.) [9-565 X lO"® e.s.u.] 

9. A small mass m moves with speed v into (a) a magnetic field, (6) an electric 
field, each field being perpendicular to the initial direction of motion of the 
charge. Find the path of the charged particle in each case and explain how, 
by arranging the fields in a suitable manner, the quotient e/m may be found. 

How have such methods been applied to the resolution of isotopes ? (L.U., 

B.Sc. Hon.) ^Circular, parabolic, semi= .J 

10. Describe how the ratio of the charge to the mass of an electron has been 
determined. 

Electrons pass from a hot cathode across a vacuous space to a collecting plate 
which is maintained at a potential of 10 volts relative to the cathode. Find the 
velocity of the electrons when they reach the plate, assuming that e/m for 
electrons is 1-77x10’ e.m.u./gm. (L.U., B Sc. Internal.) [T881 cm. sec."^] 

11. Give several well-established examples of isotopes, and indicate the 
physical means by which they were discovered. (L.U., B Sc. Siibsid.) 

12. Explain the diffraction of X-rays by a crystal. Examine especially the 
case when parallel atom planes are of alternating strengths and spacings, and 
give examples. (L.U.. B.Sc. Hon.) 

13. Explain the method by which an absolute determination of an X-ray 
wave-length has been made. (L.U., B.Sc. Hon.) 

14. Show that the electrification of a sphere of water is favourable to the 
condensation of water vapour upon it. To what potential should a drop of 
water of 1 mm. radius be raised that its vapour pressure may be the same as 
that at a flat unelectrified surface, given that the surface tension of water 
"*75 dynes per cm. (L.U., B.Sc. Hon. Internal.) [19-42 e.s.u ] 

15. Describe the mass spectrograph of Aston, and explain its special advan¬ 
tages in the detection of isotopes. 

Give the theory of the focussing property of the instrument. (L.U., Special 
Int.) 

Examples XV 

1. Write an essay on radium, in particular discussing the changes which this 
substance undergoes. 

2. Describe experiments by which the nature of the rays emitted by radium 
has been determined. 
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3. Give an account of the various kinds of radiation emitted by a solid com¬ 
pound of radium, explaining how the properties of the difierent rays may be 
investigated experimentally. (L.U., B Sc. Hon. Ext.) 

4. Give an outline of the theory of the disintegration of radioactive materials, 
and deduce equations showing the amounts of two consecutive products present 
at any time subsequent to the isolation of the higher product. (L.U., B.Sc. 
Hon. Internal.) 

5. Find by calculation the expression for the growth of a radioactive substance 
(a) when the parent substance undergoes very slow transformation, and (b) when 
the parent substance is one whose decay is rapid. (L.U., B Sc. Hon. Subsid.) 

6 . Describe experiments by which the number and the total charge of the a 
particles emitted per second by a known quantity of a radioactive substance 
have been determined, and mention briefly some of the more important deduc¬ 
tions which may be made from the results of these experiments. (L.U., Special 
Int.) 


Examples XVI 

1. Describe the application of the electron theory to the explanation of electric 
conductivity. 

2. When radiation of frequency n falls on matter electrons are given out 
possessing a maximum velocity given by the formula : 

Explain how this has been verified. 

Radiation falls on a target within a solenoid of 20 turns per cm., carrying a 
current oi 2^ amperes. The electrons then move in circles, the largest of which 
are of radius 1 cm. Find the frequency of the radiation assuming the following 
data:— 

f/mc==l*77 X 10^ em. units. A=:6*55 X 10**’ ergs.-sec. 

w = 0-9 X 10“*’gm. 

(L.U., B.Sc. Hon.) [8*497 X 10»« cycles per sec.] 

3. Find the magnetic field due to a point charge moving with uniform velocity 
small compared with that of light, [{cv sin ^)/r*.] 

4 . Give a short account of the Zeeman effect, and of its explanation on the 
simple electronic hypothe.sis. 

5. Give an account of Bohr’s theory of atoms, considering more especially the 
hydrogen spectra. (L.U., B.Sc. Hon.) 

6 . Distinguish between diamagnetic, paramagnetic and ferromagnetic sub¬ 
stances stating briefly your reasons. 

7. Give a theory of the production of Rontgen rays, and discuss how it explains 
the leading experimental results. (L.U., B.Sc. Hon. Ext.) 

8 . Give an account of the Stern-Gerlach experiment on the magnetic deviation 
of atomic rays and discuss its theoretical significance. (L.U., B.Sc. Special 
Ext.) 

9. Discuss the nature of electrical mass,” and describe experiments in 
which the variation of electronic mass with velocity has been accurately investi¬ 
gated. (L.U., B.Sc. Special Internal.) 

10. What do you understand by the terms '* Bohr magneton ” and “ Weiss 
magneton ” ? Give an account of experimental work on the measurement of 
the magnetic moments of atoms. (L.U., B.Sc. Special Ext.) 
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